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Abstrac t. A computer-generated hologram is used for the production of
high-order multiringed Laguerre± Gaussian modes. These holograms di� er
from those previously reported in that they have an additional circular dis-
continuity. The holograms are used in transmission and are designed to convert
the fundamental Hermite± Gaussian laser mode into aLaguerre± Gaussian mode
with speci® c azimuthal and radial indices. The optical e� ciency exceeds 40%
with a radial mode purity of approximately 80%.

In recent years, considerable interest has been shown in the generation of laser
beams containing phase singularities [1± 4]. These beams are best described in
terms of Laguerre± Gaussian modes which have an azimuthal phase term of
exp (iz u ) and possess a well de® ned orbital angular momentum of z h per photon
[5]. The identi® cation of light beams with a well de® ned orbital angular momen-
tum, which is distinct from the spin component, has led to a number of exciting
studies. These include the transfer of the orbital angular momentum to macro-
scopic objects [6, 7], the mode transformation upon nonlinear frequency doubling
[8], and the interaction of these beams with atomic systems [9, 10].

For a Laguerre± Gaussian (LG) mode, the amplitude uz
p is given by

uz
p(r, u , z) ~ exp - ikr2

2R( ) exp - r2

w2( ) exp (- i(2p + z + 1) y ) exp (- iz u )(- 1)p

´ 2
r2

w2( ) z /2

L z
p

2r2

w2( ) , (1)

where R is the wave-front radius of curvature, w is the radius for which the
Gaussian term falls to 1/e of its on-axis value, y is the Guoy phase and L z

p(x) is a
generalized Laguerre polynomial. LG modes with p = 0 are single annular rings
with a well de® ned azimuthal phase given by z . For p >0, the modes are multi-
ringed with p + 1 equal to the number of radial nodes.

LG beams may be produced directly from a laser [4] or, more usually, by the
conversion of Hermite± Gaussian (HG) laser modes. The Gouy phase shift
introduced by a pair of cylindrical lenses can be used to convert a high-order
HG mode of indices m and n into a pure LG mode with z = m - n and
p = min(m, n) [2]. However, this relies on the ability to generate high-order HG
modes, which most commercial lasers are designed to avoid. Consequently, if a
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commercial laser is to be used as the source, it is desirable to generate the LG
mode directly from the fundamental zero-order Gaussian mode. Spiral phase
plates [11, 12] and computer-generated holograms [13] have both been used.
However, to date, e� cient conversion has only been demonstrated for single-
ringed LG modes, that is those with radial mode index p = 0.

In this paper we extend the use of computer generated holograms to the
generation of LG modes with p >0. The holograms comprise a forked di� raction
grating with z dislocations. The resulting screw phase dislocation produced on the
axis of the di� racted beams gives the exp (i z u ) phase structure and the character-
istic annular intensity pattern in the far ® eld. When the forked-grating holograms
are illuminated with a fundamental Gaussian mode, the resulting beam is a
superposition of an in® nite number of LG modes of the same z index but with a
range of values of p. The decomposition of the resulting beam can be performed
analytically and the p = 0 mode is found to contribute to 78.5%to the intensity of
the ® rst-order di� racted beam [11, 13]. Other hologram designs which allow one to
generate pure LG modes have also been demonstrated but their design inevitably
leads to a low e� ciency [14].

The form of the forked holograms is calculated from a simple general formula.
For a binary grating the boundaries between the transparent and opaque areas are
given, in polar coordinates, by

z
u

p
= n +

2r
L cos u , (2)

where n = 0, 6 1, 6 2,. . . and L is the period of the grating at large distances away
from the fork. The e� ciency of the hologram can be increased by making it a phase
hologram and blazing it to maximize the power in the chosen di� racted order. The
transmittance function T (r, u ) of the hologram can then be expressed as [15]

T (r, u ) = exp[id H(r, u )], (3)

where d is the amplitude of the phase modulation. The pattern of the hologram
H(r, u ) is given by

H(r, u ) =
1
2p

mod z u - 2p

L r cos u , 2p( ) , (4)

where mod (a, b) = a - bint (a /b). For p = 0 modes, such phase holograms have
been reported [15] to have optical e� ciencies higher than 50%.

To generate LG modes with p >0 we introduce a circular discontinuity, of
radius wholo, into the blazed hologram about which the phase of the grating is
advanced by p ( ® gure 1). Although the holograms still do not produce pure LG
modes, the resulting di� racted beams can again be expressed as a superposition of
LG modes. The two free Gaussian beam parameters, that is the waist size w0 and
the position of the waist, give an in® nite number of LG basis sets. Only after
choice of these two parameters is the decomposition unique. The complex
expansion coe� cients of the decomposition of the mth di� raction order can then
be calculated by means of a scalar product [11]:
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ap z = T (r, u )Ein(r),uz
p(r, u ,0) exp - im

2p
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= ò ò T (r, u )Ein(r) uz

p(r, u ,0) exp - im
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L rcos u( )[ ]*
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where

Ein(r) =
2
p( ) 1 /2 1

wbeam
exp - r2

w2
beam( ) (6)

is the ® eld amplitude of the normalized incident beam with waist size wbeam and
T (r, u ) the transmittance of the hologram. The relative weight of the modes is
given by

Ipz = |apz |2. (7)

For an ideal blazed grating all intensity would be di� racted in one order with
m = 1. Integration of equation (5) over u shows that all the modes present in the
beam di� racted by the hologram have the same azimuthal mode index z . The
weighting of the di� erent p indices, however, depends on the ratio of the waist size
wbeam to the radius wholo of the discontinuity. The decomposition may readily be
performed numerically using routines written within the software package Math-
ematica [16]. For the numerical evaluation the hologram was assumed to be placed
exactly at the beam waist of the incident beam. The LG modes used for the
decomposition have their waist at the same position but their waist size is de® ned
as wholo. Figure 2 shows the calculated decomposition of the beam produced by a
hologram with a single discontinuity. As can be seen from the ® gure, when
wbeam /wholo < 2, the contribution of the p = 1 mode peaks at approximately 80%.
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Figure 1. Blazed hologram to generate a higher-order LG beam with p = 1, z = 1.



In this work we used blazed holograms with a period L = 0.175 mm and radii
wholo typically between 0.8 and 1.5 mm. The computer-generated pattern was
written directly onto colour ® lm (Kodak Ektachrome Professional 100) using an
Agfa slide writer ® lm recorder (4096 ´ 2732 pixels on a slide of 35mm ´ 23 mm
size). Contact prints were then made onto holographic ® lm. The ® lm was
developed and bleached using a rehalogenation bleach [17]. The combination of
blazing and bleaching gave a typical optical e� ciency into the ® rst di� racted order
of approximately 40%. This is not as high as the earlier work on modes with p = 0,
which used specialist holographic glass plates. However, we felt that the simplicity
gained by using the combination of standard photographic ® lm and the slide writer
justi® ed the loss in overall optical e� ciency. By changing to better holographic
material and by compensating for the nonlinearities of the ® lm by adjusting the
computer-generated grey scale, further improvement in e� ciency should be
readily achievable.

A number of holograms have been fabricated and the mode decomposition of
the resulting beams analysed as a function of wbeam /wholo. Figure 3 shows the far-
® eld di� raction patterns and the resulting mode decomposition for a hologram
designed to give z = 1 in the ® rst order. As expected, the p = 1 component peaks at
just over 80%when wbeam /wholo < 2.

This approach can be extended to the generation of modes with p >1 by the
inclusion of additional circular discontinuities at larger radii. The discontinuities
are canonically spaced according to the radii of the zeros of the desired LG mode.
For example to generate a LG mode with p = 2, z = 1, two discontinuities with
radii r1 = [(3 - 31 /2) /2]1 /2wholo and r2 = [(3 + 31 /2) /2]1 /2wholo are used. Figure 4
shows the far-® eld di� raction pattern for such a hologram with two circular
discontinuities illuminated with a fundamental mode with wbeam /wholo < 2.5 to
give a beam with three rings. Decomposition of the resulting beam shows that
more than 75%is associated with the p = 2 mode.
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Figure 2. Intensity of di� erent LG (p, z = 1) modes as a function of the ratio wbeam /wholo.
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The intensity distribution is in good agreement with that predicted, but a question
remains as to the phase structure of the beams produced. The phase structure of
LG beams has previously been con® rmed by observing the interference pattern
between the LG mode and a plane wave [18]. Figure 5 shows a similar experi-
mental con® guration to observe the phase structure of the holographically gener-
ated beams. Figure 6 shows the resulting interferogram obtained using a hologram
designed to give z = 1 in the ® rst order. The zero-order non-di� racted beam
exhibits straight fringes showing a plane-wave phase structure. The ® rst-order
beam exhibits a single fork in the fringes, indicating an exp (iu ) phase structure.
Note also that the inner and outer ring are out of phase. The second-order beam
has a double fork, indicating an exp (i2u ) phase structure. However, the second-
order beam has only a single ring. This is because the phase advance of p for the
® rst order produces an advance of 2p for the second order; this gives no
discontinuity in phase in the far ® eld. The third-order beam, not shown here,
has two rings with three forks indicating an exp (i3u ) phase structure.
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Figure 4. LG mode with z = 1 and p = 2 generated by a hologram with two annular
discontinuities.

Figure 5. Experimental set-up to measure the phase structure of the generated beams.
CCD, charge-coupled device.

Figure 6. Interference experiment revealing the phase structure of the generated beams.



In this work we have extended the production of LG modes using computer-
generated holograms to include modes with p >0. The beams produced have a
uniquely de® ned azimuthal index z , and high radial mode purity. Holographic
converters use the fundamental Gaussian mode. This is particularly useful if a
commercial laser is to be used as the source. In addition, removing the need for
cylindrical lenses eliminates any risk of introducing astigmatism into the beam;
even a small amount of astigmatism can lead to a break up of the LG mode in
anisotropic media [19]. Our speci® c interest in these modes is their interaction
with nonlinear media where the orbital angular momentum results in additional
constraints. Our earlier investigation of frequency doubling has shown that LG
modes with p >0 behave di� erently from the p = 0 modes. Frequency-doubled
p = 0 modes are themselves LG modes, whereas higher radial modes produce a
new class of mode, which we call Gegenbauer± Gaussian modes [20]. We aim to
extend this work to investigate the process of parametric down-conversion with
modes possessing orbital angular momentum.
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