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Condensation, Lasing, Superradiance

i ~ 107 Polariton Condensate T ~ 20K
Atomic BE T~10""K I

i

[Anderson et al. Science '95] [Kasprzak et al. Nature, '06]
Photon Condensate Laser Superradiance transition
T ~ 300K T ~7,<0,00

[Klaers et al. Nature, *10] [Baumann et al. Nature '10]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing
T ~ 300K

[Kena Cohen and Forrest, Nat.
Photon ’10]

=] = = E = DAl
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
SR = Q3. Lasing vs
= condensation?

[Kena Cohen and Forrest, Nat.
Photon ’10]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
E Q3. Lasing vs
condensation?

[Kena Cohen and Forrest, Nat.

Y Photon ’10]

[Plumhoff et al. Nat. Materials '14, Daskalakis
et al. ibid "14]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
o IE= Q3. Lasing vs
condensation?

W [Kena Cohen and Forrest, Nat.
T Photon '10]

L

Q1. Frenkel to Wannier
crossover?

Q2. Optimal vibrational
properties?

[Plumhoff et al. Nat. Materials '14, Daskalakis
et al. ibid "14]
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Paradigms & Models

@ Weakly interacting dilute Bose gas
H= [ il (- V)5 + U311 37

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics
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Paradigms & Models

@ Weakly interacting dilute Bose gas
H= [ il (- V)5 + U311 37

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.
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Paradigms & Models

@ Weakly interacting dilute Bose gas
H= [ il (- V)5 + U311 37

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.

@ Complex Gross-Pitaevskii/Ginzburg Landau equations
i) = (=V2 + V() + URR) v + i (P(w, n, 1) = k)

» Applies to laser, condensate — fluids of light
» Continuum theory
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Paradigms & Models

@ Weakly interacting dilute Bose gas
H= [ il (- V)5 + U311 37

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.

@ Complex Gross-Pitaevskii/Ginzburg Landau equations
i) = (=V2 + V() + URR) v + i (P(w, n, 1) = k)

» Applies to laser, condensate — fluids of light
» Continuum theory

@ Microscopic model ...
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What kinds of modelling

@ Top-down
» Equilibrium stat. mech.
» (complex/stochastic/...)GPE (+
Boltzmann) — condensate
» Rate equations — laser
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What kinds of modelling

@ Top-down
» Equilibrium stat. mech.
» (complex/stochastic/...)GPE (+
Boltzmann) — condensate
» Rate equations — laser

@ Bottom up
» DFT (or quantum chemistry)
— electronic structure
» Time-dependent DFT /MD
— vibrational spectra
» FDTD/transfer-matrix
— cavity modes
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What kinds of modelling

@ Top-down
» Equilibrium stat. mech.
» (complex/stochastic/...)GPE (+
Boltzmann) — condensate
» Rate equations — laser

@ Tractable microscopic toy models
@ Bottom up
» DFT (or quantum chemistry)
— electronic structure
» Time-dependent DFT /MD
— vibrational spectra
» FDTD/transfer-matrix

Tilustration by Dick Codor. — CaVity modes
[Auerbach, Interacting Electrons (Springer, 1998)]

[From Auerbach, Interacting
electrons and quantum magnetism]
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Toy models

Q1. Full molecular spectra electronic
structure & Raman spectrum
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Toy models

Q1. Full molecular spectra electronic
structure & Raman spectrum

1.00
| 0.90

\ 0580
N 5 070
_‘éuso
£ 050
i 040
£ o0
3
2 020 ‘ 'ﬂ
L

Energy

010

000
0 1000 2000 3000
Frequency (em-1)

. 0 i
Q2. Focus on low-energy effective theory \ﬁ‘i‘f coordinate

@ Two-level system, HOMO/LUMO See also [Galego, Garcia-Vidal,
@ Single DoF PES Feist. PRX '15]
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Toy models

Q1. Full molecular spectra electronic
structure & Raman spectrum
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Q2. Focus on low-energy effective theory \wﬁf coordinare
 Two-level system, HOMO/LUMO See also [Galego, Garcia-Vidal,
@ Single DoF PES Feist. PRX '15]
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Toy models

Q1. Full molecular spectra electronic
structure & Raman spectrum
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Energy

@ Two-level system, HOMO/LUMO See also [Galego, Garcia-Vidal,
@ Single DoF PES Feist. PRX '15]
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Toy models

Q1. Full molecular spectra electronic
structure & Raman spectrum

1.00
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2 040
£ o0
35
% 020 ‘

\ l
0.00 /
0 1000 2000 3000 S

Frequency (cm-1) P-hoton

Energy

Q2. Focus on low-energy effective theory \éj ?,w'ﬁiﬁf coordinate
=
 Two-level system, HOMO/LUMO See also [Galego, Garcia-Vidal,
@ Single DoF PES Feist. PRX '15]

Q3. Simplified archetypal model: Dicke-Holstein

@ Each molecule: two DoF

» Electronic state: 2LS
» Vibrational state: harmonic oscillator
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Tavis-Cummings & Dicke model

Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model

N
H=wa'a+ Z [wxalﬂ'ai_ +9 (O'?_(é-i- an + H.C.) }

i=1
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Tavis-Cummings & Dicke model

Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model + baths

N
H=uwaa+ Z [wxofrai +9 (U;L(é—l— an + H.C.) }
i—1

@ Weak pumping — Superradiance/BEC transition
@ High temperature: Maxwell-Bloch laser
Szymanska et al. PRL 06; Keeling et al. book chapter 1010.3338
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wala+> [wxa,.*a, +g <0,-+(31 +ah)+ H.c.)
i=1

+ o (bl — oo o (B + By) ]
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wa'a+ Z [wxafrai +g <0,-+(31 + &) + H.C.)
i=1
+ o (bl — oo o (B + By) ]

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..
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Holstein-Tavis-Cummings & Holstein-Dicke model

I

N
H=wa'a+ Z [wxafrai +9 <0-+(,Aa—|— an + H.C.)

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..

@ Weak coupling
Kirton & JK, PRL 2013, PRA 2015; PRA 2016 ...
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wdla+y [wxm, +g(of(a+a)+He)
v (/B ~ Yoo o (B + By) |

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..

@ Weak coupling
Kirton & JK, PRL 2013, PRA 2015; PRA 2016 ...

@ Full model
Cwik et al. EPL 105 2014; Spano, J. Chem. Phys 2015; Galego et al. PRX 2015;
Cwik et al. PRA 2016; Herrera & Spano PRL 2016; Wu et al. arXiv:1608.08019;
Zeb et al. arXiv:1608.08929; Herrera & Spano arXiv:1610.04252; . ..
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Introduction and models

@ Introduction and models
@ Holstein-Dicke model

9 Weak coupling: Photon BEC
@ Homogeneous model & threshold
@ Spatial profile
@ Spatial dynamics

e Strong coupling: polariton states
@ Exact solutions
@ Scaling with N
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Weak coupling: Photon BEC

e Weak coupling: Photon BEC
@ Homogeneous model & threshold
@ Spatial profile
@ Spatial dynamics
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Photon BEC experiments

Mirror

Pump beam
Dye
=
: I
S
Camera/
spectrometer

x

@ (Curved) microcavity
@ R6G dye (in solvent)

[Klaers et al, Nature, 2010]
Madrid 2017 11
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Photon BEC experiments

Pump beam Mirror

Vix.y)

Camera/
spectrometer

= 014
. . % ] 018
@ (Curved) microcavity 013

@ R6G dye (in solvent)
@ Thermalisation of light

565 570 575 580 585 ©0.53

10031
00.18

Signal (a.u.)
3

| Zioxir L
565 570 575 580 585

A (nm)
[Klaers et al, Nature, 2010]
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Photon BEC experiments

Pump beam Mirror

<1

Camera/
spectrometer

Vix.y)

x

@ (Curved) microcavity

@ R6G dye (in solvent)

@ Thermalisation of light

@ Condensation at P > Py,

[Klaers et al, Nature, 2010]
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] 0031
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Photon: Microscopic Model

N
H=> wnihin+Y_ |wxofo; +g (o] am+H.c.)
m

i=1

+ wy (bITE)I — )\OO'I—*_O'I_(B;" + E)I)) :|

@ 2D harmonic oscillator
Wm = Weutoff + MWK, 0.
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Photon: Microscopic Model

N
m

i=1

+ wy (bITE)I — )\OO'I+O'7(E);" + 6,)) :|

@ 2D harmonic oscillator
Wm = Weutoff T MWH.0.

@ Incoherent processes: excitation,
decay, loss, vibrational
thermalisation.
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Photon: Microscopic Model

N
m

i=1

+ wy (bITE)I — )\OO'I+O"7(E);" + 6,)) :|

@ 2D harmonic oscillator
Wm = Weutoff T MWH.0.

@ Incoherent processes: excitation,
decay, loss, vibrational
thermalisation.

@ Weak coupling, perturbative in g

Jonathan Keeling Polariton and photon condensates Madrid 2017 12



Microscopic model — all orders in A
@ Polaron transform (exact), H = 3=, wm®htom + 3, Pas

ho = X072 + g (bmod Do+ He.) +wyblb,, Dy = e?olba=tl)
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Microscopic model — all orders in A
@ Polaron transform (exact), H = 3=, wm®htom + 3, Pas

ho = %07 + g (bmof Do +He) +wyblb,, Dy = et

@ Master equation

= =ilbous] + 3 5 LTl + X | Lot + el ]

3 o= g 4 HE ) )
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Microscopic model — all orders in A

@ Polaron transform (exact), H = 3=, wm®htom + 3, Pas

w
h, = X

5407+ (¥mof Do+ He) +wyblh,, Do = eobatl)
@ Master equation

= =ilbous] + 3 5 LTl + X | Lot + el ]

P30 | g )+ = 2 g
@ Correlation function:

r(5) = 29°Re [ / dte""”‘(”*ri)t/z<DL(t)Da(O))]

[Marthaler et al PRL ’11, Kirton & JK PRL "13]

200 -100

v
8 [THz|

Jonathan Keeling Polariton and photon condensates
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Steady state populations and equilibrium
@ Rate equation:

[m] = = =
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Steady state populations and equilibrium
@ Rate equation:
OtNm = —KkNm + T (=0m)(Nm + 1)NT — F(dm)an
@ Steady state distribution:

Nm+1  k+T(0m)N,
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Steady state populations and equilibrium
@ Rate equation:
OtNm = —KkNm + T (=0m)(Nm + 1)NT — I'((Sm)nmN¢
@ Steady state distribution:

@ Microscopic conditions for equilibrium:
» Emission/absorption rate:

r(6) =2g%Re [ / dte=Pt=(M++T)12(pf (1)D,,(0))
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Steady state populations and equilibrium
@ Rate equation:
OtNm = —KkNm + T (=0m)(Nm + 1)NT — I'((Sm)nmN¢
@ Steady state distribution:

@ Microscopic conditions for equilibrium:
» Emission/absorption rate:

r(6) =2g%Re [ / dte="t=(T+T)12(pt (£)D,(0))
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Steady state populations and equilibrium
@ Rate equation:

@ Steady state distribution:

@ Microscopic conditions for equilibrium:
» Emission/absorption rate:

r(6) =2g%Re [ / dte="t=(T+T)12(pt (£)D,(0))

» Equilibrium, — Kubo-Martin-Schwinger condition:

(DL(1)Da(0)) = (DL(~t — i3)Da(0))
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Steady state populations and equilibrium
@ Rate equation:

OtNm = —KkNm + T (=0m)(Nm + 1)NT — F(ém)an
@ Steady state distribution:

@ Microscopic conditions for equilibrium:
» Emission/absorption rate:

r(s) =2g°Re [ / dte~ "0t (102Dt (1) D, (0))
» Equilibrium, — Kubo-Martin-Schwinger condition:
(DL(1)Da(0)) = (DL(~t — i8)Da(0))
> [(+0) =T (—6)e*



Steady state populations vs loss
@ Steady state distribution:

Nm o T(=0m)N; _ 56
Nm+1 w4+ T(6m)N, M(+0) =T(=9)e

[Kirton & JK PRL '13]
Jonathan Keeling Polariton and photon condensates Madrid 2017 15



Steady state populations vs loss
@ Steady state distribution:
M T(=0m)Ny

@ Bose-Einstein distribution without losses
10° T T T

[(+0) = r(—6)e”

-3 1 1 1
10-200 -150 100 -50 0

8, (THz)

Low loss: Thermal
[Kirton & JK PRL ’13]



Steady state populations vs loss
@ Steady state distribution:
Nm F(—0m)Ny
Nm+1  x+T(0m)N,
@ Bose-Einstein distribution without losses

109-(

[(+0) = r(—6)e”

10°F
g
QE 10°F
(=) x*
100, x X% *%
x"xxx
10 ™ 950 100 50 0 10500 150 —100 =50 0
Sy (THz) 5, (THz)
Low loss: Thermal High loss — Laser

[Kirton & JK PRL ’13]
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Chemical potential?
@ Steady state distribution:

@ k < NI'(9), Kennard-Stepanov

Nm
Nm-+1

Ny

[Kirton & JK, PRA *15]

— e_ﬁém"rﬁﬂf’ eﬂ/J' = _1 =

107
200 -150 -100 _ -50

m (THz)

Tr + 2 m T (0m)Nm

Ny T+ 30T (=0m)(nm + 1)
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Chemical potential?

@ Steady state distribution:

@ k < NI'(9), Kennard-Stepanov

Mm _ somtbn o= M Tt 2 m(Om)m
m 1 | Ny T+ 30 T (=0m)(nm + 1)

@ Below threshold,

pw=kgTIn[l4+/I]

[Kirton & JK, PRA '15]
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Chemical potential?
@ Steady state distribution:

@ k < NI'(9), Kennard-Stepanov

Nm
Nm-+1

Ny

@ Below threshold,

p=kgTIn[l+/T]

@ At/above threshold, 1 — dg

[Kirton & JK, PRA *15]

Tr + 2 m T (0m)Nm

_ e PomtBu gfn= M
Ny T+ m T (=0m)(Nm +1)
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Chemical potential?
@ Steady state distribution:

@ k < NI'(9), Kennard-Stepanov

nmni1 _ g Oontbu B = % _
@ Below threshold,
o= KgTIn[M/T]
@ At/above threshold, 1 — dg

[Kirton & JK, PRA *15]

Tr + 2 m T (0m)Nm

T+, T(=6m)(Nm + 1)

10"°F T T T
IODI

-100 ”,,f”
-200
-300 _—
400
10° 10" 10° 10' 10°
I'4/Tthresh
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Weak coupling: Photon BEC

@ Weak coupling: Photon BEC

@ Spatial profile

=} = = = = DAl
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Spatially varying pump intensity

_ _ Iy exp(—r?/203)
@ Consider effects of pump profile, I'+(r) = 2ro2)d2
Yixe
p
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Spatially varying pump intensity

_ _ Iy exp(—r?/203)
@ Consider effects of pump profile, I'+(r) = 2ro2)d2
Yixe
p

@ Experiments: [Marelic & Nyman, PRA *15]

.

=]
=]

S
Lot

)
.

[}
(=]

S
o

n
S

---- Pump spot size
— Expected thermal size

Thermalised cloud size (um)

50 100 150 200
Pump spot size (um)
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Modelling spatial profile.

=] = = E = DA
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Modelling spatial profile.

@ Gauss-Hermite modes

I(r) = 3= 1y Ao (P2

w_

=} = = = = DAl
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Modelling spatial profile.

@ Gauss-Hermite modes

I(r) = 3= 1y Ao (P2

__w._

I

@ Varying excited density — differential coupling to modes

On= [ dtpy(®lim(OF, o1+ 0. = ou

Jonathan Keeling Polariton and photon condensates
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Modelling spatial profile.

@ Gauss-Hermite modes @ Use exact R6G spectrum
/(r) = Zm nm‘wm(r)|2 1 Ty
og | @ f
_w_ £ 06 2
f@ 0.4 / %
-400  -200 0 200 400

=0 - ozpp,

@ Varying excited density — differential coupling to modes

On= [ dtorlm(® pr+ sy = pu
Drpy(r) = =T (Npr(r) + Fr(npy(r))
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Spatially varying pump: below threshold

@ Far below threshold:

> 1k < pul (6m), m

Nm+ 1

1
= e [ a0

[m] = = =
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Spatially varying pump: below threshold

C1()/T1(0)

1(r)/1(0)

Jonathan Keeling Polariton and photon condensates

@ Far below threshold:

Nm
> If (0m),
k< pml(dm) PR
@ Resulting profile, I(r) = 3=, Nm|vYm(r)[?
! ‘ Pump §hape ‘
0.5
0
! 1)
Boltzmann -----
0.5 ¢ N
. | <
0 5 10 15
/o

~ 6P / dr—m O)ldm(n)P
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Spatially varying pump: below threshold

@ Far below threshold:

Nm
» If v < pul (6m),
put (om) Nm+1
® Resulting profile, I(r) = 3= Mn|tém(r)|?
S 1 ‘ Pump shape ‘
=
Sos
4
= 0
1 “ )
@ \\\ Boltzmann -----
%05 \\\
0 . s
0 5 10 15
/o
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Spatially varying pump: below threshold

@ Far below threshold:
» If kv < pul(0m),

@ Resulting profile, I(r)
1 T

Nm
Nm+ 1

=3 Nl om(r) 2

Pump §hape

C1()/T1(0)
(=)

—o

< ; ; o
. Boltzmann

1(r)/1(0)
(=]

Jonathan Keeling Polariton and photon condensates
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~ 6P / dr—m O)ldm(n)P
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Spatially varying pump: below threshold

@ Far below threshold:

> 1k < pul (6m), m

~ @ Bm _
o [ 0

@ Resulting profile, I(r) = 3=, Nm|vYm(r)[?
1 . T

Pump §hape

S 6
=
Sos st
=
— L
= 9 ::g N

1 < ‘ ‘ =

1) z3

-~ N Boltzmann ----- o 2t
= ™ Ocloud
=05 . clou
8 . 1 Gpump
1 \\\\ 0 ‘ ‘ ‘ ‘ ‘ GT‘---‘--
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Near threshold behaviour

0.004 ; ; : . . f(‘) :
T
by Pump = -~-~-
8 Eqbm
=
2
=] L 4
g 0.002
o
2
5 /_\
=
0
? L L L L L L L
g 7\ 1) —
§ 05F by L Boltz. - - -~ 1
= ‘ ‘ s

0 ‘ ‘
20 -15 -10 -5 0 5 10 15 20
/o

@ Large spot, op > ho
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Near threshold behaviour

0.004 \ \ ‘ : :

£(r)
Pump - - - -
Eqbm

0.002 | 1

Excited molecules, f

0 L L L L L L L

1 I(‘) .
I

0.5r . \\Boltz, ---- 7

Photons

0 ‘ ‘
20 -15 -10 -5 0 5 10 15 20
/o

@ Large spot, op > ho
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Near threshold behaviour

0.004

Excited molecules, f

0

Photons

1 —
Y ENEET)
05} ’,'/\\‘Boltz.

@ Large spot, op > ho
@ “Gain saturation” at centre

0 ‘
20 -15 -10 -5

10 15

20

@ Saturation of f(r) = 1/(1 + e #*) — spatial equilibriation
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Near threshold behaviour

0.004

Excited molecules, f

£(r)
Pump - - - -
Eqbm

0

Photons

1 —
Y ENEET)
05} ’,'/\\‘Boltz.

@ Large spot, op > ho
@ “Gain saturation” at centre

0 ‘
20 -15 -10 -5

10 15

20

@ Saturation of f(r) = 1/(1 + e #*) — spatial equilibriation
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Near threshold behaviour

0.004

0.002 /

Excited molecules, f

£(r)
Pump - - - -
Eqbm

0

Photons

1 —
Y ENEET)
05} ’,"/\\‘Boltz.

@ Large spot, op > ho
@ “Gain saturation” at centre
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@ Saturation of f(r) = 1/(1 + e #*) — spatial equilibriation
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Off centre pumping; oscillations

@ Experiments [Schmitt et al. PRA '15]

Position, x (um)
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Off centre pumping; oscillations

@ Experiments [Schmitt et al. PRA '15]

0 50
x (um)

Position, x (um)

@ Oscillations in space — beating of normal modes
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Off centre pumping; oscillations

@ Experiments [Schmitt et al. PRA '15]

0 50
x (um)

Position, x (um)

@ Oscillations in space — beating of normal modes
@ Thermalisation depends on cutoff
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Limit of rate equations

Position, x (um)

0 100 200 300
Time, t (ps)
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Limit of rate equations

Position, x (um)

SR TR R e oy

Emission into Gauss-Hermite mode m:

0 100 200 30

Time, t (ps) ° /(X) = Z an’m(X)’z
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Limit of rate equations

Position, x (um)

SR TR R e oy

Emission into Gauss-Hermite mode m:

0 100 200 30

Time, t (ps) ° /(X) = Z an’m(X)’z

@ Oscillations: beating of modes.

Jonathan Keeling Polariton and photon condensates Madrid 2017 23



Limit of rate equations

Position, x (um)

B, Do e s o vooond

Emission into Gauss-Hermite mode m:

0 100 200 30

Time, t (ps) ° /(X) = Z an’m(X)’z

@ Oscillations: beating of modes.

Emission must create coherence between non-degenerate modes. J

Jonathan Keeling Polariton and photon condensates Madrid 2017 23



Limit of rate equations

Position, x (um)

Emission into Gauss-Hermite mode m:

0 100 200 300
Time, t(ps) I(X) =" Nmlthm(x)|?
m

@ Oscillations: beating of modes.

® Need /(x) = 3 1 v My ¥m(X) o (X)
@ Thermalisation from I'(+4)

Emission must create coherence between non-degenerate modes. J
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Modelling

@ Wavepacket emission: use Redfield theory:

Z wmamam7

+ K(—6m)[éin&i‘ﬁ, émfal-*]> + H.c. + (pumping, decay .. .),

(91,0 =—j

Y n)wm/(n)( (O a6 5. 8167

m,m’ i

@ K(0) analytic continuation of I'(¢).

Jonathan Keeling Polariton and photon condensates Madrid 2017 24



Modelling

@ Wavepacket emission: use Redfield theory:

(91,0 =—j

Z Wmamam,

+ K(—ém)[éin&i‘ﬁ, ém,a,*]> + H.c. + (pumping, decay . . .),

Y n)wm/(m( (O a6 5. 8167

m,m’ i

@ K(0) analytic continuation of I'(¢).
@ Not secular approximation

» Must have emission into m, m’ superposition
» Must have K = K(d,) (Kennard-Stepanov)
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Modelling

@ Wavepacket emission: use Redfield theory:

(91,0 =—j

Z Wmalnam, p

+ K(—ém)[éin&i‘ﬁ, ém,a,*]> + H.c. + (pumping, decay . . .),

Y n)wm/(r,)( (O a6 5. 8167

m,m’ i

@ K(0) analytic continuation of I'(¢).
@ Not secular approximation

» Must have emission into m, m’ superposition
» Must have K = K(d,) (Kennard-Stepanov)

@ Semiclassical equations for npy, vy = <a;fnam,> and f(r).
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Dynamics from model

Longer cavity Shorter cavity

Y proton intensity I(r)

3x10°

2x10°

SV

Jonathan Keeling Polariton and photon condensates
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Dynamics from model
Shorter cavity

Longer cavity
10 Photon intensity 1(r) ek 10 Photon intensity I(r)
\ 4x10°
‘ ¥ \ \ \ 111
0 2x10f °
= i = 2x10°
| a7 ! «10%
o | 'y / / / 1x10
-10
8 50 100 o 0 0 50 100 0
@ Origin of thermalisation — reabsorption, see (%)
Madrid 2017
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Dynamics from model
Longer cavity Shorter cavity

10 Photon intensity 1(r) 10 Photon intensity I(r)

vadt 4x10°
X
o 2x10¢ °
< I
) ‘ il i B 2x10°
‘ARARRRALALE
10 -10
0 50 100 150 0 0 50 100 0
@ Origin of thermalisation — reabsorption, see (%)
10 Dye excitation f(r) 10 Dye excitation f(r)
0.01 0.01
£ E:
- 0.005 h 0.005
10 -10
100 50  © 50 100 50  ©
tlpg tlpg
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Thermalisation at late times
@ Reabsorption “fills-in” excited molecules

Dye excitation f(r)

0.005
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Thermalisation at late times

@ Reabsorption “fills-in” excited molecules
@ Reach thermal equilibrium, f = [e=#% + 1]~1

Dye excitation f(r) t=5ps ——
— =50 ps ——
001 g 0027 =150 ps —
e =600 ps ——
2 Eqbm
8
% 001
0.005 o
>
[a] J
o STy 5 0 3 10
100 1/,
t[ps| “HO
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Thermalisation at late times

@ Reabsorption “fills-in” excited molecules
@ Reach thermal equilibrium, f = [e=#% + 1]~1

Dye excitation f(r) t=5ps ——
— =50 ps ——
001 g 0027 =150 ps —
e =600 ps ——
2 Eqbm
]
% 001
0.005 o
>
[a] J
0 05— 0 3 10
100 150 10
t[ps] tHo

@ Photon occupation thermalises later

=5 ps
t=50 ps
% =150 ps
x =600 ps
% BE fit (u.T) ——

e 0@ x

Population: n,,

10; S T —
3250 3260 3270 3280 3290 3300
Mode frequency: o, (21 x THz)

Jonathan Keeling Polariton and photon condensates Madrid 2017



Strong coupling: polariton states

e Strong coupling: polariton states
@ Exact solutions
@ Scaling with N
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
@ Restrict, a’'a+ )"0 0, =1.
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
@ Restrict, a’'a+ )"0 0, =1.
@ Questions:

» Competition of gv/N vs wy, wy A3
» Scaling with N
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Exact solution, N =2
Vibrational Wigner function:

. b + b
W(x,p) = /dY<X+Y/2|p|X—Y/2>ie’yp, (b':/%b’) [X)i = X|X)i
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Exact solution, N =2
Vibrational Wigner function:

. b + b
W(x,p) = /dY<X+Y/2|ﬂ|X—Y/2>ie’yp, (b':/%b’) [X)i = X|X)i

Conditioned on Photon |P)/Exciton at /, |X)/Other site [X); ;

1P) 12X 12X j%i

- ' ‘ ' ”
- o -

0.00

2.0
-

Ao
o

-

2.5
p
)

Ao
o

-10 12 3 4 -10 12 3 4 1012 3 4
T T x

N=2w=wx,wg=9g/VN=1
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Exact solution, N =2
Vibrational Wigner function:

B,‘ + B}L
V2
Conditioned on Photon |P)/Exciton at /, | X),/Other site |X)

W(x,p) = /d}’<X+Y/2|p|X—Y/2>ieiyp, ( ) X)i = x[x)i

J#i
1P) 1X)i 1X) i
1
=1
N ao 024
= 2
a 1
0.16 0
Vie, -1
1 2
w 3
W . 0.08 4
= B

-

0.00
-10 12 3 4 -10 12 3 4 1012 3 4

T T x

N=2w=wx,wg=9g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Djpert = M

=] = = E = DA
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1
;I' a0 . 0.24 .
2 (*) |aneaS|ng N, suppress
1
Wip, (x #0)
1
;I‘f,l- s . ‘ . 0.08
< 1
0.00
101234 101234 1012334

N =20,w=wx,wg=g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1
;I' a0 ’ 0.24
2 @ Increasing N, suppress
-1
016 Wipy(x # 0)
1 @ Distinct behaviour vs \g
cl\l‘» a0 . ' . 0.08
< -1
0.00
1012 3 4 1012 3 4 1012 3 4

N =20,w=wx,wg=g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1
;I' a0 ’ 0.24 .
2 @ Increasing N, suppress
-1
0.16 VV|P> (X 7'5 0)
1 @ Distinct behaviour vs \g
= 0.08
se . ‘ . @ Exact energy and state
1 000 VS wpg, Ag for validation

-1012 3 4 -1012 3 4 1012 3 4
x x x

N =20,w=wx,wg=g/VN=1
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(E}L - B,-))

=} = = = = DAl
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - B,-))

@ Single molecule ansatz:

W) = [aD(M) [1) + BD(A) [1)][0)y
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - f),-))

@ Single molecule ansatz:

(W) = [aD(M) [1) + BD(A) [WT10)y

@ Extend to N sites

W) = |a|P) ][] Pi(Na) +—Z|X Di(Ap) [[ Di(Ae) | 10)y
J J#

[Wu et al. arXiv:1608.08019, Zeb et al. arXiv:1608.08929]
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - f),-))
@ Single molecule ansatz:
(W) = [@D(M) [1) + 5D(A) [1]10)y

@ Extend to N sites

W) = |a|P) ][] Pi(Na) +—Z|X Di(Ap) [[ Di(Ae) | 10)y
J J#

[Wu et al. arXiv:1608.08019, Zeb et al. arXiv:1608.08929]

> Allows distinct Wigner functions |P) , [X);, [X),;
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Polaron ansatz energy

. - SN
@ Polaron energy: E p = wxtwp _ \/(M> + &4

2
Ox = wx +wr(Ap2 —2X0hp + (N — 1A2),  @p = w + wyNAS2
i = whexp [~(\a = 2)2 = (N = 1)(\a — Ao)?]

Jonathan Keeling Polariton and photon condensates Madrid 2017
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Polaron ansatz energy

. - SN
e Polaron energy: E;p = X +op _ \/(wx wP) + &4

2 2
Ox = wx +wy(Ap2 =200 + (N — 1)A2), @p = w + wy N2
i = whexp [~(\a = 2)2 = (N = 1)(\a — Ao)?]

@ At N — oo Suggests \g = A\c ~ 1/vVN = 0
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Polaron ansatz energy

. - SN
@ Polaron energy: E p = wxtwp _ \/(M> + &4

2
ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
i = whexp [~(\a = 2)2 = (N = 1)(\a — Ao)?]

@ At N — oo Suggests \g = A\c ~ 1/vVN = 0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]
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Polaron ansatz energy

. - SN
@ Polaron energy: E p = WXTJFWP - \/(M> + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0

@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]

@ Minimisation:

0 . T T T 1

0.8+

01 PPAENEA, —— 0.6y
] EP: A=A =0 —— 04} ]

5
02 0.2 q
6 or 6
e 0ol N=10U A=l ]
0 0.5 1 1.5 2 25 0 0.5 1
) O

Jonathan Keeling Polariton and photon condensates Madrid 2017 32



Polaron ansatz energy

. - SN
@ Polaron energy: E p = WXTJFWP - \/(M> + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]
@ Minimisation:
S

-0.1

Erp

-0.2

O L
| N=20, A=l

0 0.5 1
o
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Polaron ansatz energy

. - SN
@ Polaron energy: E p = WXTJFWP - \/(M> + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]
@ Minimisation:
P

-0.1

Erp

-0.2

O L
N=20, Ag=1 b

0 0.5 1
o
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Polaron crossover

@ Crossover near wg ~ wyA3

01 Neooz?

Erp
7

-0.2

Jonathan Keeling Polariton and photon condensates
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Polaron crossover

@ Crossover near wp ~ wv)\g [Silbey and Harris, J. Chem. Phys. 1984]

wr/wy

=] = = E == DA
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Polaron crossover

@ Crossover near wp ~ wv)\g [Silbey and Harris, J. Chem. Phys. 1984]

0.00
i
e mm—— P J [l EX
v S TmemT
LomT TS - e g
\\\ /;ﬁ’ ~~~~~~ - ',' 3.
o 0.1 §:==:”‘ _____ R : N
o SszzEemTT O 3
AN Sso ,// 5: 6.
-0.2 N, T -
\\\ ’/I -7.!
Ep ----- 5.
-0.3!
0 0.5 1 1.5 2 25 3 B

3

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]

» Superpose multiple polarons
» Multimodal Wigner function
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Polaron crossover

o Crossover near wg ~ wy A3

[Silbey and Harris, J. Chem. Phys. 1984]

wpr/w,

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]
» Superpose multiple polarons
» Multimodal Wigner function

@ Simplifed 2-polaron form [Zeb et al. arXiv:1608.08929]

) = [1P) 3 3 (an +a2Di() + 7= 371X (51 -+ AP | 0}y
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Polaron crossover

o Crossover near wg ~ wy A3

[Silbey and Harris, J. Chem. Phys. 1984]

wpr/w,

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]
» Superpose multiple polarons
» Multimodal Wigner function

@ Simplifed 2-polaron form [Zeb et al. arXiv:1608.08929]

) = [1P) 3 3 (an +a2Di() + 7= 371X (51 -+ AP | 0}y
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Simplified two-polaron physics

@ Accurate energy & wavefunction
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Simplified two-polaron physics

@ Accurate energy & wavefunction

Jonathan Keeling Polariton and photon condensates Madrid 2017 34



Simplified two-polaron physics

@ Accurate energy & wavefunction

-0.1

Erp

-0.2

Jonathan Keeling Polariton and photon condensates

PP: A =hy=A,

EP: A=A =0 —— 0.4
2P§ -----
Exact  x 0.21 =
0
N=20, wg=1 N=20, Ap=1
R 0.2 Mo
0 0.5 1 1.5 25 0 0.5
o

. 0.30

|P) 1X): 1X) j2i
o L)

. 0.20

[

. 0.00

2101234 2101234 2101234
z z

z
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Simplified two-polaron physics

@ Accurate energy & wavefunction

|P) 1X): 1X) j2i

. . . 0.30

=2.0
P

o
3
Ao

-0.1 PP: A =A,=A,

2.5
P

2
1
0
1
2
2
1
& EP: A=A =0 —— 04 NI B ‘ . 020
I 2P§ ----- B
02 Exact  x 0.21 =3 :
0 N s 1
= = = = o
N=20, =1 0ol N0 i L ' I 1o
0 05 1 15 2 25 0 0.5 1 I :
Ao og 2.t
N oa [
i @ LI I
2

2101234 2101234 2101234
z z z

@ NB, a1, as, 81, B2, A finite at N — ~c.
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Simplified two-polaron physics

@ Accurate energy & wavefunction

|P) 1X); 1X)
En: ® . . 0.30
U
E“.g . . . 0.20
E"'j . . . 0.10
i e LI
@ NB, a1, as, 81, B2, A finite at N — ~c.
@ Recovers Wigner function (analytic)
» Wpy(x # 0,p) ~ 1/N, no other suppression
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Summary

o Photon BEC and thermallsatlon [Kirton & JK, PRL '13, PRA '15]

k= 10"
‘g .
Y om(THz) um(THzZ)

° Photon BEC pattern formatlon physics [JK & Kirton, PRA '16]
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Toy problem: two bosonic modes

@ Basic problem: Emission from thermal bath

.........

: H = wadl, + wb?ﬁwb + Haath
E J(v) + (90212; + @Z@L)Z giéi + H.c.
' i

Jonathan Keeling Polariton and photon condensates Madrid 2017 37



Toy problem: naive solutions

@ Two “expected” behaviours:
» At resonance: “weak lasing” — coupling to bath dominates

d ~ ~ * 7 * 7
a’ = M Llp0s + optp) + T Lp50h + W/}Z]
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Toy problem: naive solutions

@ Two “expected” behaviours:
» At resonance: “weak lasing” — coupling to bath dominates

d ~ ~ * 7 * 7
a’ = M Llp0s + optp) + T Lp50h + S%lbz;]

» Far from resonance: pointer states are eigenstates

o= 3 Thld) + Tl

i=a,b
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Toy problem: naive solutions

@ Two “expected” behaviours:
» At resonance: “weak lasing” — coupling to bath dominates

d ~ ~ * 7 * 7
P = M Lleata + euiol + T LIpZ0E + 0]

» Far from resonance: pointer states are eigenstates

o= 3 Thld) + Tl

i=a,b
@ Explicit derivation — Redfield theory

Op = ~ilH, pl + > L} (20,00] — o, TZ;,TTZ;j]Jr)
-

+> L,Tj (Zﬁpﬂgi —lp, 12/1/3;]+) :
;
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Toy problem: Redfield theory

Unsecularised Redfield theory:

atp = —I[H ,0] + Z 901 @j |: (W’,/WT [p7 wij]-i-)

ff

K] (28]t~ 1 bid]1) |
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Toy problem: Redfield theory

Unsecularised Redfield theory:

atp = —I[H p] + Z QOI @j |: (2¢,P¢T [p7 wij]+>
ff
+—K;(2¢¥P¢i—[0ﬂ%¢?h>]-

~

@ Compare to exact solution: Fj = (1)1

0.1 w ;
t=200 X 0.011) A=0.2
2 0.05" (| 2 I NAan,
o 005 I = oll [l [\ \\N v As~——
Q || o] ] IV ¥
=2 | ~ |V Exact
Qb N Al YA AAAAA \f Redfield
’ VY yvVVvV v -0.01r
-0.4 -0.2 0 0.2 0.4 0 200 400 600 800
A=2(0,-0,) Time

Madrid 2017 39



Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

[m] = = =

Jonathan Keeling Polariton and photon condensates



Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

[m] = = =

Jonathan Keeling Polariton and photon condensates



Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

@ Secularisation often invoked to cure negative eigenvalues of L}’i.
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Toy problem: Secularisation
@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

@ Secularisation often invoked to cure negative eigenvalues of L}’L.
— Non-positivity of density matrix,
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Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

@ Secularisation often invoked to cure negative eigenvalues of L}’i.

— Non-positivity of density matrix,
— Unstable (unbounded growth).
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Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): Ll* — Lj*6; — Fap =0

@ Secularisation often invoked to cure negative eigenvalues of L}’i.

— Non-positivity of density matrix,
— Unstable (unbounded growth).

@ Check stability: consider f = (Faa, Fop, Re[Fap], IM[Fas])

oif = —Mf + 1y
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Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): L,Tj’i — L;’ié,-j — Fap=0

@ Secularisation often invoked to cure negative eigenvalues of L}’i.

— Non-positivity of density matrix,
— Unstable (unbounded growth).

@ Check stability: consider f = (Faa, Fps, Re[Fab], IM[Fap))

8tf = —Mf + fo

0.02

@ Eigenvalues of M exist in closed form:

Z 001
z

» Unstable (negative only if dJ(v)/dv > 1
— Markov breakdown)

0
0 02 04 06 08 1 12 14
v
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Toy problem: Secularisation

@ Secularisation (in eigenbasis of H): L,Tj’i — L;’ié,-j — Fap=0

@ Secularisation often invoked to cure negative eigenvalues of L}’i.

— Non-positivity of density matrix,
— Unstable (unbounded growth).

@ Check stability: consider f = (Faa, Fps, Re[Fab], IM[Fap))

8tf = —Mf + fo
0.02
@ Eigenvalues of M exist in closed form: \
» Unstable (negative only if dJ(v)/dv >1 2 °"
— Markov breakdown)
00 6.2 6.4 6.6 08 1 12 14

v
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