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Coupling many atoms to light
Old question: What happens to radiation when many atoms interact
“collectively” with light.
Superradiance — dynamical and steady state.

New relevance
Superconducting qubits

Quantum dots

Nitrogen-vacancies in diamond

Ultra-cold atoms
κ
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κ
Cavity

Pump

Rydberg atoms

Microcavity Polaritons
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Dicke effect: Enhanced emission

Hint =
∑
k ,i

gk

(
ψ†kS−i e−ik·ri + H.c.

)

If |ri − rj | � λ, use
∑

i Si → S
Collective decay:

dρ
dt

= −Γ

2
[
S+S−ρ− S−ρS+ + ρS+S−

]

If Sz = |S| = N/2 initially:

I ∝ −Γ
d〈Sz〉

dt
=

ΓN2

4
sech2
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ΓN
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t
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〉
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/2

I=
-Γ
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〉/
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t

Problem: dipole interactions dephase. [Friedberg et al, Phys. Lett. 1972]
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Collective radiation with a cavity: Dynamics

Hint =
∑

i

(
ψ†S−i + ψS+

i

)
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Single cavity mode: oscillations

If Sz = |S| = N/2 initially

[Bonifacio and Preparata PRA ’70]

Jonathan Keeling Condensation lasing & superradiance November 2012 5 / 30



Collective radiation with a cavity: Dynamics

Hint =
∑

i

(
ψ†S−i + ψS+

i

)

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

|ψ
(t

)|
2

Time

T=2ln(√N
__

)/√N
__

1/√N
__

Single cavity mode: oscillations
If Sz = |S| = N/2 initially

[Bonifacio and Preparata PRA ’70]

Jonathan Keeling Condensation lasing & superradiance November 2012 5 / 30



Dicke model: Equilibrium superradiance transition

H = ωψ†ψ + ω0Sz + g
(
ψ†S− + ψS+

)
.

Coherent state: |Ψ〉 → eλψ
†+ηS+ |Ω〉

Small g, min at λ, η = 0

Spontaneous polarisation if: Ng2 > ωω0

0
0

ω

g-√N

⇓ SR

[Hepp, Lieb, Ann. Phys. ’73]
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Dicke model: Superradiance at T 6= 0

H = ωψ†ψ + ω0Sz + g
(
ψ†S− + ψS+

)
.

T = 0 ground state if:

Ng2 > ωω0 0
0

ω

g-√N

⇓ SR

T > 0, minimum free energy if

Ng2 tanh(βω0)

ω0
> ω

0

T

g-√N

⇓ SR

[Hepp, Lieb, Ann. Phys. ’73]
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No go theorem and transition

Spontaneous polarisation if: Ng2 > ωω0

No go theorem:. Minimal coupling (p − eA)2/2m

−
∑

i

e
m

A · pi ⇔ g(ψ†S− + ψS+),
∑

i

A2

2m
⇔ Nζ(ψ + ψ†)2

For large N, ω → ω + 2Nζ. (RWA)

Need Ng2 > ω0(ω+ 2Nζ).

But Thomas-Reiche-Kuhn sum rule states: g2/ω0 < 2ζ. No transition

[Rzazewski et al PRL ’75]
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Dicke phase transition: ways out

Problem: g2/ω0 < 2ζ for intrinsic parameters. Solutions:
Interpretation
Ferroelectric transition in D · r gauge.
[JK JPCM ’07, Vukics & Domokos arXiv:1206.0752 ]

Circuit QED [Nataf and Ciuti, Nat. Comm. ’10; Viehmann et al. PRL ’11]

Grand canonical ensemble:
I If H → H − µ(Sz + ψ†ψ), need only:

g2N > (ω − µ)(ω0 − µ)
I Incoherent pumping — polariton

condensation.

Dissociate g, ω0,
e.g. Raman scheme: ω0 � ω.
[Dimer et al. PRA ’07; Baumann et al. Nature
’10. Also, Black et al. PRL ’03 ]

κ

Pump

κ
Cavity

Pump
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Microcavity polaritons

Quantum WellsCavity

Cavity

θ

Cavity photons:

ωk =
√
ω2

0 + c2k2

' ω0 + k2/2m∗

m∗ ∼ 10−4me

E
ne

rg
y

Momentum

n=1

n=2

n=3

n=4

Bulk
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Polariton experiments: occupation and coherence

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al. Nature, ’06]
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(Some) other polariton condensation experiments

Quantised vortices
[Lagoudakis et al. Nat. Phys. ’08. Science ’09,
PRL ’10; Sanvitto et al. Nat. Phys. ’10; Roumpos
et al. Nat. Phys. ’10 ]

+

=

Josephson oscillations
[Lagoudakis et al. PRL ’10]

Pattern formation/Hydrodynamics
[Amo et al. Science ’11, Nature ’09;
Wertz et al. Nat. Phys ’10]

Jonathan Keeling Condensation lasing & superradiance November 2012 14 / 30



Lasing-condensation crossover model

Use model that can show lasing and condensation:

κ

N

g

γN0γ

⇔
In−plane momentum

Exciton

E
ne

rg
y

Ph
ot

on

Dicke model:

Hsys =
∑

k

ωkψ
†
kψk +

∑
α

[
εαSz

α +
1√
A

gα,kψkS+
α + H.c.

]
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Polariton model and equilibrium results
Localised excitons, propagating photons

H − µN =
∑

k

(ωk − µ)ψ†kψk +
∑
α

(εα − µ)Sz
α +

gα,k√
A
ψkS+

α + H.c.

Self-consistent polarisation and field

(ω − µ)ψ =
1
A

∑
α

g2
αψ

2Eα
tanh (βEα) , Eα2 =

(
εα − µ

2

)2

+ g2
α|ψ|2

Phase diagram:
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Simple Laser: Maxwell Bloch equations

H = ωψ†ψ +
∑
α

εαSz
α +

gα,k√
A
ψS+

α + H.c.

Maxwell-Bloch eqns: P = −i〈S−〉,N = 2〈Sz〉
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Poles of Retarded Green’s function and gain[
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Non-equilibrium description: baths
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Stability and evolution with pumping
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Strong coupling and lasing — low temperature
phenomenon
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Coherence, inversion, strong-coupling
Polariton condensation:

Inversionless
allows strong coupling
requires low T ↔ condensation
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NB NOT thresholdless/single atom lasing.

Related weak-coupling inversionless lasing:

Circuit QED [Marthaler et al. PRL ’11]

ωTLS
ω

Cavity

Noise
assisted

I Noise-assisted
I Off-resonant cavity
I Emission/absorption Γ± ∼ 2nB(±δω) + 1
I Low T → inversionless threshold

Photon condensation [Klaers et al. Nature ’10]
I Vibrational modes→ thermalisation
I Inversionless weak coupling lasing
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Raman pumped Dicke model (atoms)

1 Dicke model and superradiance

2 Microcavity Polariton condensation
Polariton Introduction
Non-equilibrium condensation vs lasing

3 Raman pumped atoms
Raman pumped atoms – Introduction
Attractors of dynamics (fixed points)
Attractors of dynamics (oscillations)
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Extended Dicke model [Baumann et al. Nature 2010]

κ

Pump

κ

2 Level System
x

z

Ω

gψ
0

2 Level system, | ⇓〉, | ⇑〉:
⇓: Ψ(x , z) = 1
⇑: Ψ(x , z) =

∑
σ,σ′=±

eik(σx+σ′z)

ω0 = 2ωrecoil

Feedback: U ∝
g2

0
ωc − ωa

H = ωψ†ψ + ω0Sz + g(ψ + ψ†)(S− + S+)+USzψ
†ψ.

∂tρ = −i[H, ρ]−κ(ψ†ψρ− 2ψρψ† + ρψ†ψ)

Classical EOM
(|S| = N/2� 1)

Ṡ− = −i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz

Ṡz = ig(ψ + ψ∗)(S− − S+)

ψ̇ = − [κ+ i(ω+USz)]ψ − ig(S− + S+)
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Ṡ− = −i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz
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Fixed points (steady states)

0 = i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz

0 = ig(ψ + ψ∗)(S− − S+)

0 = − [κ+ i(ω+USz)]ψ − ig(S− + S+)

ψ = 0,S = (0,0,±N/2)
always a solution.
If g > gc , ψ 6= 0 too

A Sy = −=[S−] = 0
B ψ′ = <[ψ] = 0

x

Sy

Sz

S
Small g: ⇑,⇓ only. Larger g: SR too.
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Steady state phase diagram

0 = i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz
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⇓ + ⇑ SR(B): ψ′ = 0

See also Domokos and Ritsch PRL ’02, Domokos et al. PRL ’10
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Comparison to experiment
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Regions without fixed points

Changing U:

2 Level System
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Persistent (optomechanical) oscillations
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Summary
Non-equilibrium Dicke relevant to increasing number of systems
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Extra slides

4 Ferroelectric transition

5 Dicke vs JCHM

6 Retarded Green’s function for laser
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Ferroelectric transition
Atoms in Coulomb gauge

H =
∑

ωka†kak +
∑

i

[pi − eA(ri)]2 + Vcoul

Two-level systems — dipole-dipole coupling

H = ω0Sz + ωψ†ψ + g(S+ + S−)(ψ +ψ†) + Nζ(ψ +ψ†)2−η(S+ − S−)2

(nb g2, ζ, η ∝ 1/V ).
Ferroelectric polarisation if ω0 < 2ηN

Gauge transform to dipole gauge D · r

H = ω0Sz + ωψ†ψ + ḡ(S+ − S−)(ψ − ψ†)

“Dicke” transition at ω0 < Nḡ2/ω ≡ 2ηN

But, ψ describes electric displacement
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Equilibrium: Dicke model with chemical potential

H − µN = (ω − µ)ψ†ψ + (ω0 − µ)Sz + g
(
ψ†S− + ψS+

)
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(µ
-ω

)/
g

(ω0 - ω)/g

SR
Transition at:
g2N > (ω − µ)(ω0 − µ)

Reduce critical g
Unstable if µ > ω

Inverted if µ > ω0

[Eastham and Littlewood, PRB ’01]
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Jaynes-Cummings Hubbard model

H = −J
z

∑
ij

ψ†i ψj +
∑

i

∆

2
σz

i + g(ψ†i σ
−
i + H.c.)
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Dicke vs JCHM

JCHM
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Maxwell-Bloch Equations: Retarded Green’s function
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Introduce DR(ω):
Response to perturbation

∂tψ = −iω0ψ − κψ +
∑

α gαPα
∂tPα = −2iεαPα − 2γP + gαψNα

∂tNα = 2γ(N0 − Nα)− 2gα(ψ∗Pα + P∗αψ)

Absorption = −2=[DR(ω)]

=
2B(ω)

A(ω)2 + B(ω)2[
DR(ω)

]−1
= ω − ωk + iκ+

g2N0

ω − 2ε+ i2γ

= A(ω) + iB(ω)
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Introduce DR(ω):
Response to perturbation

∂tψ = −iω0ψ − κψ +
∑

α gαPα
∂tPα = −2iεαPα − 2γP + gαψNα

∂tNα = 2γ(N0 − Nα)− 2gα(ψ∗Pα + P∗αψ)

Absorption = −2=[DR(ω)] =
2B(ω)
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Extra slides

4 Ferroelectric transition

5 Dicke vs JCHM

6 Retarded Green’s function for laser

7 Timescales for Raman pumped experiment
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Dynamics: Evolution from normal state

Gray: S = (
√

N,
√

N,−N/2)
Black: Wigner distribution of S, ψ
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Asymptotic state: Evolution from normal state

(Near to experimental UN = −13MHz).

All stable attractors:
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Timescales for dynamics: What are they?
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Timescales for dynamics: Consequences for
experiment
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

2 Level System
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δg = g′ − g, 2ḡ = g′ + g
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-40

-20

 0

 20

 40

0 0.5 1 1.5

ω
 (

M
H

z)

g√N (MHz)

⇑

⇓ SRA

SRA

⇓+⇑ SRB

UN=-10

-40

-20

 0

 20

 40

-0.01 -0.005 0 0.005 0.01

ω
 (

M
H

z)

δg/g-

g-√N=1

SR(A) near phase boundary at small δg → Critical slowing down
SR(A), SR(B) continuously connect

Jonathan Keeling Condensation lasing & superradiance November 2012 45 / 45



Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

2 Level System

Ω

∆

Ω

ψ
b

a b

a

∆

ψg
0

g
0

H = . . .+ g(ψ†S− + ψS+) + g′(ψ†S+ + ψS−) + . . .

δg = g′ − g, 2ḡ = g′ + g
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