Condensation, superfluidity and lasing of coupled
light-matter systems.
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Microcavity polaritons — incoherent pumping
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Non-equilibrium features in experiment
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[Wertz et al. Nat. Phys. '10] .
Broken time-reversal symmetry.
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Pattern formation:

9 Pattern formation
@ Non-equilibrium pattern formation
@ Spontaneous vortex lattices
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Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, ps)¥

@ Local density limit:

See also [Wouters and Carusotto, PRL '07]
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Complex Gross-Pitaevskii equation
Steady state equation:

(s — wo + i) = X (¥, ps)¥

@ Local density limit: Gross-Pitaevskii equation

(1or+in = [vi) - 3] ) vy = xwir oy

Nonlinear, complex susceptibility (incoherent pump)

See also [Wouters and Carusotto, PRL '07]
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Complex Gross-Pitaevskii equation
Steady state equation:

(s —wo + iK) Y = x(¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation
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Nonlinear, complex susceptibility (incoherent pump)
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See also [Wouters and Carusotto, PRL '07]
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Stability of Thomas-Fermi solution
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Stability of Thomas-Fermi solution

o = [—Z—; T U 4 (- rW)] v
bibbbg

Unstable growth
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Stability of Thomas-Fermi solution
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Stability of Thomas-Fermi solution
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Time evolution:

[Keeling & Berloff PRL '08]
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Time evolution:

‘
.. ‘ ‘

Why? 10 = (n— 2QL,)Y Q = w, cancels trap.

[Keeling & Berloff PRL '08]
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Observability of vortex lattices
@ Not seen experimentally (yet?)

[Borgh et al. PRB ’12 in press]
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Observability of vortex lattices

@ Not seen experimentally (yet?)
@ Observation: Fast rotation
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[Borgh et al. PRB ’12 in press]
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Observability of vortex lattices

@ Not seen experimentally (yet?)
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Observability of vortex lattices

@ Not seen experimentally (yet?)
@ Observation: Fast rotation
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@ Relaxation, thermalisation?

[Borgh et al. PRB ’12 in press]
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Superfluidity

e Superfluidity
@ Non-equilibrium condensate spectrum
@ Experiments and aspects of superfluidity
@ Current-current response function
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Fluctuations above transition

When condensed
—Sound model—
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) % momentum
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Fluctuations above transition

When condensed

— ea|.
—Imaginary

—1
Det [DH(w, k)} = (wtinet)?+Y2e—E2

momentum
Poles:

With &, ~ ck
W' = — et £ \/ 5;% - ’Yﬁet

frequency

Jonathan Keeling Condensation, superfluidity and lasing RETUNE, June 2012 13/22



Fluctuations above transition

When condensed
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_ momentum
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Poles:
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@ Generic structure of Green’s function:
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Aspects of superfluidity

Quantised Landau  Metastable Two-fluid Local Solitary
vortices critical persistent hydrody- thermal waves
velocity  flow namics  equilib-

rium
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Non-interactin
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Incoherently pumped ?
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R R EE

Lagoudakis et al. Nat. Phys. '08. Utsunomiya et al. Nat. Phys. '08. Amo et al. Nature
'09; Nat. Phys. ‘09
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Superfluid density

@ Two-fluid hydrodynamics

1

Pnormal

Psuperfluid

P/Protal

@ ps, pp distinguished by slow
rotation
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Superfluid density

@ Two-fluid hydrodynamics @ Experimentally, rotation:

1

Pnormal
Psuperfluid

P/Protal

T,

@ ps, pp distinguished by slow
rotation
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Superfluid density

@ Two-fluid hydrodynamics @ Experimentally, rotation:

1

Pnormal
psupen‘luid

P/Protal

@ To calculate,
transverse/longitudinal:

1

@ ps, pp distinguished by slow
rotation
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Superfluid density

@ Currrent:

J=pv =1tV = [y[?Ve

2k + qi
@) = Vg g i

u]
i}

I
ul
it
"
S
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Superfluid density

@ Currrent:

J=pv =1tV = [y[?Ve
2k + q;
(a) — o i+ 4qi
(@) = Vg
@ Response function:

H—H=> f(q)-Jdi(@) Jia)=x;(a)fa)
q
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Superfluid density

@ Currrent:

J=pv =1tV = [y[?Ve
2k + q;
(a) — o i+ 4qi
(@) = Vg
@ Response function:

H—H=> f(q)-Jdi(@) Jia)=x;(a)fa)
q

Ps4iqi  pN
xjj(w = 0,9 — 0) = ([Ji(a), J(—q)]) = - 6'72’ + i
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Superfluid density

@ Currrent:

J=pv =1tV = [y[?Ve
2k + q;
(a) — o i+ 4qi
@ Response function:

H—H=> f(q)-J;i@) Ji(q) = xz(a)f(q)
q

Xil = 0.0 0) = (@) J(-a)) = 2T+ O,

@ Vertex corrections essential for superfluid part.
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R _ 1\ og;
29 (1,1 0 (qw = 0) (] )

[JK PRL "11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R 1\ og;
AN — — — =
29 (1,1 0 (qw = 0) (] )
@ DF(w = 0)  1/¢q despite pumping/decay — superfluid response
exists.
[JK PRL ’11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

ioq; R 1\ og;
AN — o — — — =
29 (1,1 0 (qw = 0) (] )
@ DF(w = 0)  1/¢q despite pumping/decay — superfluid response

exists.
@ Normal density:

dw R A

[JK PRL "11]
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Non-equilibrium superfluid response
@ Superfluid response exists because:

e = T (1 1) D0 = 0) () T

@ DF(w=0)«x 1/eq despite pumping/decay — superfluid response
exists.

@ Normal density:
PN = /ddkek/dwTr |:O'ZDK0'2(DR+DA)]
2r

@ Is affected by pump/decay: 3

. — Yo/t = 0.0
Does not vanish at T — 0. Y /u=0.1
5 2 F —Yae/t=05
£
Z
S|
0

[e]
—
S}
w F
~
W

[JK PRL "11]
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Coherence:

e Coherence
@ Experiments
@ Power law decay of coherence
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Correlations in a 2D Gas

Correlations: + =

gi(r.¥, 1) = (vH(r.u(r,0) )

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]
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Correlations in a 2D Gas

Correlations: (in 2D) + =

a(r. ¥ 1) = (wi(r, (¢, 0))
~ [t exp |~Dj,(r. ¥ )]

e D<=DK_DR 4+ DA

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]
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Correlations in a 2D Gas

Correlations: (in 2D) + =

a(r. ¥ 1) = (wi(r, (¢, 0))
~ [t exp |~Dj,(r. ¥ )]

@ D<=DK_DF DA
@ Generally, get:

(01(r.0(0,0)) = ol exp [—ap{

[Szymanska et al. PRL '06; PRB '07] [Wouters and Savona PRB '09]

In(r/ro) t~0
$In(c?t/netrd) r~0
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Experimental observation of power-law decay

5 | M
10 -15 -10 -5 0o 5 10 15 10—15 -10 -5 o 5 10 15
X (um) X (um)

G. Rompos, Y. Yamamoto et al. submitted
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Experimental observation of power-law decay
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Exponent in a non-equilibrium 2D gas

ringo <¢T(r, 0)y(-r, 0)> = |4o|? exp [—D(jq&(r, —r)} x exp [—apln (

@ Experimentally, ap ~ 1.2

r

W)

1.25
1.2
1.15)
1.1

ap

1.05

0.95|

=)
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Exponent in a non-equilibrium 2D gas

2r

<¢T(r, 0)y(-r, 0)> = |4o|? exp [—D(jq&(r, —r)} x exp [—apln (E)}

lim
r—oo

@ Experimentally, ap ~ 1.2

—_ mkgT 1 "
@ In equilibrium a, = ﬁ < I (BKT transition)
™ s
1.25
1.2]
24
115 ¢ ¢
4
a 1.1
S 1.05) o@
1 ¢
¢
. ¢
0.95 QOI
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

<z/ﬁ(r, 0)y(—r, 0)> = [o|? exp [—D(jq&(r, —r)} ox exp [—apln (%)}

lim
r—oo

@ Experimentally, ap ~ 1.2

A kaT 1 .,
@ In equilibrium a, = ———— < - (BKT transition
9 b= oren: <4l )
oy . 1.25,
@ Non-equilibrium theory depends on b
thermalisation. ek 00
¢
a 1.1F
S 1.05F Oo
1k 4
L4
.95 L4
0.95| QOI
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

2r

YRS SRR P I )

@ Experimentally, ap ~ 1.2

@ In equilibrium a, = ———— < - (BKT transition
9 P = 2un2n; < 4\ )
@ Non-equilibrium theory depends on 112
thermalisation. ek 0%
» Thermalised (yet diffusive modes) < b M
a, — kaT S 1.05f o‘)
b 27‘('712[73 1 oo
0.95| QOI L
%% 100 400

200 300
Pumping power (mW)
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Exponent in a non-equilibrium 2D gas

2r

YRS SRR P I )

@ Experimentally, ap ~ 1.2

@ In equilibrium a, = ——— < - (BKT transition
9 P = 2un2n; < 4\ )
e . 1.25
@ Non-equilibrium theory depends on b
thermalisation. ek 000
» Thermalised (yet diffusive modes) < b ¢
kaT S 1.05 M
8 = 535 0 ®
2nh nsl 1 o
» Non-thermalised, ot o 0
Pumping noise 0 3 : .
ap X ——. ) 100 200 300 400
Ng Pumping power (mW)
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Conclusion

@ Instability of Thomas-Fermi and spontaneous rotation

@ Power law decay of correlations

h %) ﬁ' (@ 3

5 w .W o

x(im) o

Plamping power ()
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Extra slides

e Condensation vs Lasing

© GPE stability

Q Detecting vortex lattice

@ Calculating superfluid density
e Measuring superfluid density

@ Finite size coherence and Schawlow-Townes
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Simple Laser: Maxwell Bloch equations

%szgf +H.c.

VA
Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
3t¢ = —iw0¢ — K+ Za gozPoz
0tPy = —2ieq Py — 2vP + gu N,
atNoz = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)

H=woplp + > eaSE+
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Simple Laser: Maxwell Bloch equations

H=woplp + > eaSE+ %Qf)s&’— +H.c.

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)

O = —lwotp — K + Za 9aPu
0Py = —2ieq Py — 2vP + 9oty N,
atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P2¢)

6| 1# 02
o 0
£ 4 1 .
£ 02 2 @ Strong coupling. s,y < gv/n
z M 04

0 -0.6

-1 0 1
w/g
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Simple Laser: Maxwell Bloch equations

H= wO@ZJWJ + Zeas,i +

%zps; +H.c.

VA

Maxwell-Bloch egns: P = —i(S7), N = 2(§%)

3t¢ = —iw0¢ - "ﬂp + Za gozPoz
0Py = —2ieq Py — 2vP + 9oty N,

atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P;iﬁ)

6,
5
S 4t
=y
]
2 21
<
0
N\ . /.
-1 0 1
w/g
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Simple Laser: Maxwell Bloch equations

H = woypTy + za:ea% + %szgf +H.c.
Maxwell-Bloch egns: P = —i(S7), N = 2(§%)
3t¢ = —iw0¢ — K+ Za gozPoz
0tPy = —2ieq Py — 2vP + gu N,
atNa = 2’7(N0 - NO&) - Zga(¢*Pa + P;iﬂ)

6| 1B 02

o 0

2 4 1 .

E . ; 02 2 @ Strong coupling. s,y < gv/n

§ 2 / \ 0.4 @ Inversion causes collapse
0.6 before lasing

1 0 1
w/g
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

=N

IS

Absorption
0~
s 6
e [
No

=}

@ Introduce D (w):
Response to perturbation

@ Absorption = —23[D(w)]
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

=N

IS

Absorption
0~
s 6
e [
No

=}

Onp = —iwoh — K + 32, Ga P
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[D(w)]

g°No
w—2¢+ 2y

Jonathan Keeling Condensation, superfluidity and lasing RETUNE, June 2012 26/35

[DR(W)] . w—wk + ik +



Maxwell-Bloch Equations: Retarded Green’s function

0.2

Absorption
< 0~ - (=)}
s S
e [
N

Onp = —iwoh — K + 32, Ga P
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = ﬁ(wg(w)g

QZNO . .
w—2e+ 02y Alw) +1B(w)
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Maxwell-Bloch Equations: Retarded Green’s function

0.2

(a)

=N

IS

<
Absorption
0~
s S
e [
N

o
Lo
oS 9 ¢
=N

-1 — A

w/g /g

Op = —lwop — K + 3, 9aPa
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = ﬁ(‘g(w)z
- 2
Df(w)] W wetint #’:’fm — Aw) + iB(w)
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Maxwell-Bloch Equations: Retarded Green’s function

0.2
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(a)

IS

<
Absorption
0~
s S
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N

o
Lo
oS 9 ¢
=N

1 — @
- /g w/g
oY = —lwo — kY + 3, GaPa

@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DA(w)] = #WB)(W
—_ 2
D)) = e+ in + % = Aw) + iB(w)
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Maxwell-Bloch Equations: Retarded Green’s function
. (b) /
)é/: By
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=1
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Absorption
0~
=)
e

o
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S
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— A(w)
-1 — B(®
-1 0 1 -1 0 1 -1 0 1
wlg o/g /g

Op = —lwop — K + 3, 9aPa
@ Introduce D (w): OtPy = —2ieq Py — 29P + gatv N,
Response to perturbation 9\, = 2(Ny — N,) — 29a(v* Pa + PEth)

@ Absorption = —23[DF(w)] = #WB)(W
- 2
Df(w)] W wetint #’:’fm — Aw) +iB(w)
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Evolution of poles with Inversion

@ 6 02 1t
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Inversion, N
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Evolution of poles with Inversion

(a) 6 0.2 1 (b)
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w)

[Dﬂ(w)} T AWw) + iB(w)

DoS(w) =
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)

[Dﬂ(w)} T AWw) + iB(w)

DoS(w) =
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)

[Dﬂ(w)} T AWw) + iB(w)

DoS(w) =
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)
—1 -1.5 -1 0.5 0 0.5 1
[Dﬂ(w)} — A(w) + iB(w) e
2B(w 07
PoS(W) = g )245/2(@2 =
M-Olr.s 1 0 05 1

-0.5
Energy (units of g)
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)

[Dﬂ(w)} T A(w) + iB(w)

_ 2Bw) o
DoS(w) = B+ A2 )
3,

g 17

05 0 05 1
Energy (units of g)

o

5 a1
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)

05 0 05 1
Energy (units of g)

[Df(w)] T A(w) + iB(w) i
2B(w 07
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. C(w |
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Luminescence spectrum and Green’s functions

— 23[DR(w)] = DoS(w) iDK(w) = (2n(w) + 1)DoS(w)
R —1 i -1.5 -1 ‘—0.5‘ 0 ‘ 0.5‘ 1 ‘
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K = — Occupation, n(®
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Stability and evolution with pumping
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Stability and evolution with pumping
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Stability and evolution with pumping
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Stability and evolution with pumping
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Strong coupling and lasing — low temperature
phenomenon
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Strong coupling and lasing — low temperature
phenomenon
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Strong coupling and lasing — low temperature
phenomenon
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Instability of Thomas-Fermi: details

EERE

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0
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Instability of Thomas-Fermi: details

EERE

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

5,0n’m(r, 9, t) — eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)
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Instability of Thomas-Fermi: details

EERR

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)

Add weak pumping/decay:

m(1 +2n)+2n(n+1)—m?
2m(1 +2n) +4n(n+1) + m?

Wn,n — Wnm + [Vnet
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Instability of Thomas-Fermi: details

L1

Unstable growth

1
Eatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)

Add weak pumping/decay:

m(1 +2n)+2n(n+1)—m?
2m(1 +2n) +4n(n+1) + m?

Wn,n — Wnm + [Vnet
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Instability of Thomas-Fermi: details

ERRR

Stabilised

1
éatp + V- (pV) = (met — Tp)p
2

o+ V(Up+ T+ Tv?) = 0

Normal modes for ynet, [ — 0:

i
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

5pn’m(r, 9, t) == eimehmm(r)eiwn’mt

wnm = w2y/m(1 +2n) +2n(n+1)

Add weak pumping/decay:

m(1 +2n)+2n(n+1)—m?
2m(1 +2n) +4n(n+1) + m?

Wn,n — Wnm + [Vnet
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Detecting vortex lattices

25 - -
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®45 = =
Snapshot Spectrum: " —
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Defocussed homodyne intereference:

0
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x
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Calculating superfluid response function
@ Using Keldysh generating functional

i 2
X”(q):_écﬁ,-?cy)i—[efjf—]cy)’ Z[f,0] = / Dy exp(iS[f, 0])
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Calculating superfluid response function
@ Using Keldysh generating functional

i 2
X”(q):_écﬁ,?q)i—[ec’(e—]q)’ Z[f,0] = / Dy exp(iS[f, 0])

@ f,0 couple as force/response current.

- - 0; fi+0;\ 2K+Qq (Vg
SIf.0] =S+ (Yo ¢q)k+q<f,—9,- —0; >q 2m (i‘JI)k

k’q
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Calculating superfluid response function
@ Using Keldysh generating functional
i d?Z[f,0] / .
i(Q) = —c— ', Z[f, 0] = | Dy exp(iS[f,o
@ f,0 couple as force/response current.

_ - 0,’ f,—{—@, 2kl—i_ i C
S[f.01=S+> (Y ¢q)k+q<fi_9i _9/_) zmq (i;)k

k’q
@ Saddle point + fluctuations:
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Calculating superfluid response function
@ Using Keldysh generating functional
i d?Z[f,0] / .
i(Q) = —c— ', Z[f, 0] = | Dy exp(iS[f,o
@ f,0 couple as force/response current.

_ - 0,’ f,—{—@, 2kl—i_ i C
S[f.01=S+> (Y ¢q)k+q<fi_9i _9/_) zmq (i;)k

k.q
@ Saddle point + fluctuations: Only one diagram for y
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Measuring superfluid density

1. Effect rotating frame
Polariton polarization: (¢, ¢r)) @

2 r2 g2ic
H= )\( Re-2i6  _ 42 )
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Measuring superfluid density

1. Effect rotating frame
Polariton polarization: (¢, ¢r))

2 r2 g2ic
H= )\( Re-2i6  _ 42 )

Ground state Berry phase:

~ [

QAgii = Mw X F =

]
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Measuring superfluid density

1. Effect rotating frame

Polariton polarization: (¢, ¢r)) @
/2 r2g2id
HZ)\( rRre—2ip  _y2 )

®9-
Ground state Berry phase: ol

5 0.
b [ 2 ] Bl

At =mMw xr=—-|1—- ——

Pen=mex = 1" VA :

2. Measure resulting current
Energy shift of normal state:
AE = (1/2)mv? = 0.08/m¢? ~ 0.1meV

Energy (meV)
P
&

3-2-10 1 2 3
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Finite size effects: Single mode vs many mode

(w(r 0y, 0)) = [P exp [~ D5, (1, ¥, )]

u]
i}
I
ul
it
"
<
el
¢
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Finite size effects: Single mode vs many mode

(w1(r, (¥, 0)) = [0l exp [~ D5, (r. ¥, 1)]
D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

Nmax

¢¢rrt)o<2/2w|(w

lon(r)2(1 — e1)
+/’Ynet) +'7net fn‘
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Finite size effects: Single mode vs many mode

(w(r 0y, 0)) = [P exp [~ D5, (1, ¥, )]

D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

Nmax

¢¢rrt)o<2/27r|(w

lon(r)2(1 — e1)
+/’Ynet) +'7net fn‘
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Finite size effects: Single mode vs many mode

(01(r, 00(F,0)) = [vol exp [~D3,(r, ¥ 1)

D5, (r, ¥, t) from sum of phase modes. Study ct > r limit:

n ,
. |on(r)[Z(1 — ")
(r,r,t) /
R oy

/’Ynet) + ’Vnet fn‘
A¢ < \/%;et < Emax

D§¢ ~ 1 +In(Emax/ ﬁ)

Epoy!
Ynet e < 7C t
\/T <K AE < Emax M@L D <2’Ynet> (27net>

(Recovers Schawlow-Townes laser linewidth)
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