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Reminder of cold-atom extended Dicke model

κ

Pump

κ

2 Level System
x

z

Ω

gψ
0

2 Level system, | ⇓〉, | ⇑〉:
⇓: Ψ(x , z) = 1
⇑: Ψ(x , z) =

∑
σ,σ′=±

eik(σx+σ′z)

Feedback: U ∝
g2

0
ωc − ωa

H = ωψ†ψ + ω0Sz + g(ψ + ψ†)(S− + S+)+USzψ
†ψ.

∂tρ = −i[H, ρ]−κ(ψ†ψρ− 2ψρψ† + ρψ†ψ)

ω0 ∼ kHz� ω, κ, g
√

N ∼ MHz.

[Baumann et al Nature ’10 ]
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Classical dynamics of the extended Dicke model

Open dynamical system:

H = ωψ†ψ + ω0Sz + g(ψ + ψ†)(S− + S+)+USzψ
†ψ.

∂tρ = −i[H, ρ]−κ(ψ†ψρ− 2ψρψ† + ρψ†ψ)

Classical EOM
(|S| = N/2� 1)

Ṡ− = −i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz

Ṡz = ig(ψ + ψ∗)(S− − S+)

ψ̇ = − [κ+ i(ω+USz)]ψ − ig(S− + S+)

Neglects quantum fluctuations — restore via Wigner distributed
initial conditions.
Linearisation about fixed point:

I Recover Retarded Green’s function (spectrum)
I Cannot recover occupations
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Classical dynamics of the extended Dicke model

Open dynamical system:

H = ωψ†ψ + ω0Sz + g(ψ + ψ†)(S− + S+)+USzψ
†ψ.

∂tρ = −i[H, ρ]−κ(ψ†ψρ− 2ψρψ† + ρψ†ψ)

Classical EOM
(|S| = N/2� 1)
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Fixed points (steady states)

0 = i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz

0 = ig(ψ + ψ∗)(S− − S+)

0 = − [κ+ i(ω+USz)]ψ − ig(S− + S+)

ψ = 0,S = (0,0,±N/2)
always a solution.
If g > gc , ψ 6= 0 too

A Sy = −=[S−] = 0
B ψ′ = <[ψ] = 0

x

Sy

Sz

S
Small g: ⇑,⇓ only. Larger g: SR too.

(ω = 30MHz, UN = −40MHz)
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Steady state phase diagram

0 = i(ω0+U|ψ|2)S− + 2ig(ψ + ψ∗)Sz

0 = ig(ψ + ψ∗)(S− − S+)

0 = − [κ+ i(ω+USz)]ψ − ig(S− + S+)

-40

-20

 0

 20

 40

0 0.5 1 1.5

ω
 (

M
H

z)

g√N (MHz)

⇓

⇑

SR

SR

UN=0
⇓ SR(A): Sy = 0

⇓ + ⇑ SR(B): ψ′ = 0

See also Domokos and Ritsch PRL ’02, Domokos et al. PRL ’10
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Comparison to experiment

-40
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ω
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 M
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2
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Adapted from: [Bhaseen et al. PRA ’12]

[Baumann et al Nature ’10 ]

ω = ωc − ωp +
5
2

UN, UN = −
g2

0
4(ωa − ωc)
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Dynamics: Evolution from normal state

Gray: S = (
√

N,
√

N,−N/2)
Black: Wigner distribution of S, ψ
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Asymptotic state: Evolution from normal state

(Near to experimental UN = −13MHz).

All stable attractors:
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Timescales for dynamics: What are they?
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Timescales for dynamics: Consequences for
experiment
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Timescales for dynamics: Consequences for
experiment

-40

-20

 0

 20

 40

0 0.5 1 1.5

ω
 (

M
H

z)

g√N (MHz)

⇑

⇓

SRA

SRB

SRA

10
-1

10
0

10
1

10
2

10
3

|ψ
|2

Asymptotic state

-40

-20

 0

 20

 40

 60

0.0 0.5 1.0 1.5 2.0 2.5

ω
 (

M
H

z)

g
2
 N (MHz

2
)

10
-1

10
0

10
1

10
2

10
310ms sweep

-40

-20

 0

 20

 40

 60

0.0 0.5 1.0 1.5 2.0 2.5

ω
 (

M
H

z)

g
2
 N (MHz

2
)

10
-1

10
0

10
1

10
2

10
3200ms sweep

Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 13 / 26
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

2 Level System
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ψ
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a b
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∆

ψg
0

g
0

H = . . .+ g(ψ†S− + ψS+) + g′(ψ†S+ + ψS−) + . . .

δg = g′ − g, 2ḡ = g′ + g
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Regions without fixed points
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Persistent (optomechanical) oscillations
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Ṡz = ig(ψ + ψ∗)(S− − S+)

ψ̇ = − [κ+ i(ω + USz)]ψ − ig(S− + S+)

Fix ω + USz = 0 if ψ′ = 0.

S− = re−iθ r =

√
N2

4
− (Sz)2

Get:

θ̇ = ω0 + U|ψ|2

ψ̇ + κψ = −2igr cos(θ)
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Ṡz = ig(ψ + ψ∗)(S− − S+)

ψ̇ = − [κ+ i(ω + USz)]ψ − ig(S− + S+)

Fix ω + USz = 0 if ψ′ = 0.

S− = re−iθ r =

√
N2

4
− (Sz)2

Get:

θ̇ = ω0 + U|ψ|2

ψ̇ + κψ = −2igr cos(θ)

 0

 200

 400

 600

 800

 1000

 1200

18.00 18.02 18.04 18.06 18.08

-0.4

-0.2

 0

 0.2

 0.4

|ψ
|2

S
x
, 
S

y
, 
S

z

t(ms)

|ψ|
2

Sx
Sy
Sz

Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 17 / 26
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Equilibrium: Dicke model with chemical potential

H − µN = (ω − µ)ψ†ψ + (ω0 − µ)Sz + g
(
ψ†S− + ψS+

)
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SR
Transition at:
g2N > (ω − µ)(ω0 − µ)

Reduce critical g
Unstable if µ > ω

Inverted if µ > ω0

[Eastham and Littlewood, PRB ’01]
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Jaynes-Cummings Hubbard model

H = −J
z
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Dicke vs JCHM
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Dicke vs JCHM

JCHM

-10

-8

-6

-4

-2

 0

 0  1  2  3  4  5  6  7  8  9  10

µ
/g

J/g

Unstable

Normal

∆/g=-6 E

k

UP

Photon

LP

2LS

∆
JCHM

∆
Dicke

Dicke

-5

-4

-3

-2

-1

 0

 1

 2

-4 -3 -2 -1  0  1  2

(µ
-ω

)/
g

(ω0 - ω)/g

⇑

⇓

unstable

SR

k = 0 mode of JCHM ↔ Dicke photon mode
⇑ ↔ n = 1 Mott lobe

Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 21 / 26



Coherently pumped JCHM

H = −J
z

∑
ij

ψ†i ψj +
∑

i
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i + g(a†i σ
−
i + H.c.)+f (ψieiωLt + H.c.)

∂tρ = −i[H, ρ]−κ
2

Lψ[ρ]− γ

2
Lσ− [ρ]
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Coherently pumped single cavity [Bishop et al. Nat. Phys ’09]

g H =
∆

2
σz + g(a†σ− + H.c.)+f (ψeiωpump t + H.c.)

∂tρ = −i[H, ρ]−κ
2

Lψ[ρ]− γ

2
Lσ− [ρ]

Anti-resonance in |〈ψ〉|.
Effective 2LS:
|Empty〉, |1 polariton〉

Increasing P
um

ping

Mollow triplet fluorescence

[Lang et al. PRL ’11]
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Coherently pumped dimer & array
Chose detuning a la Dicke model
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Coherently pumped array: correlations & fluorescence
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Large J: Off resonance
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I Pump at collective

resonance
I Mismatch if J 6= 0.
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Coherently pumped array: correlations & fluorescence

 0

 0.5

 1

g
2
(t

=
0

)

 0.1

 0.2

 0.3

 0.001  0.01  0.1  1  10

|〈
a
〉|

Hopping zJ/g

Correlations
g2 : 0→ 1 crossover.

Flourescence
Small J: Mollow triplet
Large J: Off resonance
fluorescence
I Pump at collective

resonance
I Mismatch if J 6= 0.

Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 25 / 26
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Coherently pumped array: correlations & fluorescence

 0

 0.5

 1

g
2
(t

=
0

)

 0.1

 0.2

 0.3

 0.001  0.01  0.1  1  10

|〈
a
〉|

Hopping zJ/g

Correlations
g2 : 0→ 1 crossover.

Flourescence
Small J: Mollow triplet
Large J: Off resonance
fluorescence
I Pump at collective

resonance
I Mismatch if J 6= 0.

Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 25 / 26



Summary
Wide variety of dynamical phases
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Dicke model and JCHM: connection at J →∞
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Jonathan Keeling Non-eqbm. phases of matter-light systems Mátraháza, May 2012 27 / 28



Dicke vs JCHM, T 6= 0
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 0.01

 0.1

 1

 10

-3 -2.5 -2 -1.5 -1 -0.5

T
c/

g

µJCHM = µDicke - J

J=1
J=2
J=4
J=8

J=16
J=32

Dicke

-5

-4

-3

-2

-1

 0

 1

 2

-4 -3 -2 -1  0  1  2

(µ
-ω

)/
g

(ω0 - ω)/g

⇑

⇓

unstable

SR

∆Dicke = −1.8

 0.01

 0.1

 1

 10

-2 -1.5 -1 -0.5

T
c/

g

µJCHM = µDicke - J

J=1
J=2
J=4
J=8

J=16
J=32

Dicke

Match improves as J →∞
Finite bandwidth: fluctuations suppresses Tc .

I Fluctuation mass m ∼ 1/J, fluctuations suppress Tc < ρ/m
I Fluctuations can induce re-entrance [JK et al. PRB ’05]
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