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Coupling many atoms to light
Old question: What happens to radiation when many atoms interact

“collectively” with light.
Superradiance — dynamical and steady state.
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Coupling many atoms to light

Old question: What happens to radiation when many atoms interact

“collectively” with light.

Superradiance — dynamical and steady state.
New relevance

@ Superconducting qubits

Quantum dots “

Nitrogen-Vacancies in diamond Df&\&\l
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Dicke effect: Enhanced emission

PHYSICAL REVIEW VOLUME 93, NUMBER 1 JANUARY 1, 1954

Coherence in Spontaneous Radiation Processes

R. H. Dicke
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

MMU% >.:;Si—S
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Dicke effect: Enhanced emission

PHYSICAL REVIEW VOLUME 93, NUMBER 1 JANUARY 1, 1954

Coherence in Spontaneous Radiation Processes

R. H. Dicke
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

MMU% >.:;Si—S

Dicke model:

H=wilt + " woS7 +g (vS7 + w5 ).

AT A=
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Dicke model: Equilibrium superradiance transition

AT AN

H=wily +weS? + g (1/1*5’ + ws+).

Hepp, Lieb, Ann. Phys.
[Hepp y
73]
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Dicke model: Equilibrium superradiance transition

AT AN

H=wily +weS? + g (1/1*5’ + ws+).

o Coherent state: |V) — eAwT+’75+\Q>

Hepp, Lieb, Ann. Phys.
[Hepp y
73]
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Dicke model: Equilibrium superradiance transition

AT AN

H = wil +woS® + g (w1S™ +457),
o Coherent state: |V) — eAwT+’75+\Q>
o Energy:

N [yf? -1 A+
E w2 4 <ol I A+ X'

2 P+1 8 TP

Hepp, Lieb, Ann. Phys.
[Hepp y
73]
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Dicke model: Equilibrium superradiance transition

T AT A S
H=wily +weS? + g (1/1*5’ + ws+).
o Coherent state: |W) — e/ +15"|Q) s U -
o Energy:
N|nl? -1 A+ AT
E=w\+ @ _|77\2 g mAt 277 0
2 n2+1 1+ |n| 0 N

@ Small g, minat A\,n =0
[Hepp, Lieb, Ann. Phys.

Spontaneous polarisation if: Ng? > wwoJ 73]
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No go theorem and transition

Spontaneous polarisation if: Ng? > wwo J

o & = E = Dae
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No go theorem and transition

Spontaneous polarisation if: Ng2 > wwg J

No go theorem:.  Minimal coupling (p — eA)?/2m
e Feo n A? 2
=Y A e gWisTHesh), Yo e NC(v+ )

1

[Rzazewski et al PRL '75]
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No go theorem and transition

Spontaneous polarisation if: Ng2 > wwg J

No go theorem:.  Minimal coupling (p — eA)?/2m

2

A
—Z%A-Pf & gWiSTHush). Yoo e No(+uly

1

For large N, w — w + 4NC.
[Rzazewski et al PRL '75]
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No go theorem and transition

Spontaneous polarisation if: Ng2 > wwg J

No go theorem:.  Minimal coupling (p — eA)?/2m

2

A
—Z%A'Pf & gWiSTHush). Yoo e No(+uly

1

Need Ng? 4NCQ).
For large N, w — w + 4NC. 0 8 > wo(w+4NC() J
But g2 < wo4(. No transition [Rzazewski et al PRL '75]
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No go theorem and transition

Spontaneous polarisation if: Ng2 > wwg J

No go theorem:.  Minimal coupling (p — eA)?/2m

2

A
_Z%A'p" o gWlsT+us), Y & NG+l

i

2
For large N, w — w + 4NC. Need Ng= > WO(W"“”VC)-J

But g2 < wo4¢. No transition [Rzazewski et a/ PRL '75]
Solutions:

@ Fixed excitation density
(Grand canonical ensemble)
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No go theorem and transition

Spontaneous polarisation if: Ng2 > wwg J

No go theorem:.  Minimal coupling (p — eA)?/2m

2

A
_Z%A'p" & gWiSTHush). Yoo e No(+uly

1

2
For large N, w — w + 4NC. Need Ng= > WO(W"“”VC)-J

But g2 < wo4¢. No transition [Rzazewski et a/ PRL '75]
Solutions:

@ Fixed excitation density
(Grand canonical ensemble) Cavity

@ Dissociate g,wy, e.g. Raman Scheme: Pump
wo < w. 'I/\[pump
[Dimer et al PRA '07; Baumann et al
Nature '10 |
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Outline

@ Introduction: Dicke model and superradiance
@ Rayleigh scheme: Generalised Dicke model

@ Attractors of dynamics (fixed points)
© Approach to attractors: timescales

@ Attractors of dynamics (oscillations)
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Outline

@ Introduction: Dicke model and superradiance

@ Rayleigh scheme: Generalised Dicke model

o = = = = Dae
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
'ﬁﬁ E“’ B W(xz)= ¥ ekoxo
o,0' =%
_ wo = 2Wrecoil

ﬁPump

H = wipTp + wpS?
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
'ﬁﬁ E“’ I Wiz = ¥ ekl
o,0' =%
wn — .

0 = 2Wrecoil
r\fPump

H = wiTp +woS* + gt + 1) (S~ + ST)
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
'ﬁﬁ E“’ I Wiz = ¥ ekl
o,0' =%
wn — .

0 = 2Wrecoil
r\fPump

g2
Feedback: U o 0
We — W,

H = wipTp + woS* + g(v + 1) (S~ + ST+ US4,
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
./ﬁ E\ ﬂ \U(X’ Z) - Z eik(UX+UIZ)
o,0' =%

wWo = 2Wrecoil
r\fPump

g2
Feedback: U o 0
We — W,

H = wiTp +woS* + gt + 1) (S + ST+ US4,
Oep = —i[H, pl—k(1pp — 2ppypt + pipTep)

Jonathan Keeling Collective dynamics Windsor, August 2011 8 /19



Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
'ﬁﬁ E“’ B W(xz)= ¥ ekoxo
o,0' =%
_ wo = 2Wrecoil

(\rPump

e
Feedback: U oc —29
We — Wy

H = wiTp +woS* + gt + 1) (S + ST+ US4,
Oep = —i[H, pl—k(1pp — 2ppypt + pipTep)

Semiclassical EOM S™ = —i(wot+U|*)S™ + 2ig (¢ + ¢*)S?

(ISI=N/2>1) §F =gy +¢*)(S™ - ST)

= — [k +i(wt+USH)]y —ig(S™ +ST)
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Extended Dicke model [Baumann et al. Nature 2010]
2 Level system, | {),| f):

I V(x,z)=1
'ﬁﬁ E“’ B W(xz)= ¥ ekoxo
o,0' =%
_ wo = 2Wrecoil

(\rPump

e
Feedback: U oc —29
We — Wy

H = wiTp +woS* + gt + 1) (S + ST+ US4,
Oep = —i[H, pl—k(1pp — 2ppypt + pipTep)

Semiclassical EOM S = —i(wo+Ulv[)S™ + 2ig(eh + ¥*)S?
(ISl =N/2>1) S*=ig(y+¢*)(S™ —ST)

h = — [+ i(w+US?)] v — ig(S™ + ST)
wo ~ kHz <« w,/i,g\/N ~ MHz.
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Fixed points (steady states)

0 = i(wo+U|1|2)S™ + 2ig(h + 1*)S?
0=ig(¥+¢*)(S~ —S5T)
0=—[x+i(w+US)]y—ig(S +ST)

[m] = = =

Jonathan Keeling Collective dynamics
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Fixed points (steady states)

o ¥ =0,S = (0,0,+£N/2)

0 = i(wot+Ul[*)S™ 4 2ig(yp 4 1*)S? always a solution.
0=ig(y +¢")(S™ —S7)
0=—[rn+i(wtUSH]y —ig(S™ +ST)

Q

Small g: 1, only.
(w = 30MHz, UN = —40MHz)
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Fixed points (steady states)

o ¥ =0,S = (0,0,+£N/2)

0 = i(wot+Ul[*)S™ 4 2ig(yp 4 1*)S? always a solution.
0=ig(yp +v*)(S —ST) o If g > gc,9 # 0 too
_ , AN (G 4 G A SY=-8[s7]=0
0=—[k+i(wt+US?)]—ig(S™+SM) B o — R[Y] = 0
Q 0]

[ J X

Small g: 1, only. Larger g: SR too.
(w = 30MHz, UN = —40MHz)
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Steady state phase diagram

UN=0, k=0
0 = i(wo+U[W")S™ +2ig(s) + ¢*)S* ° ! b
0=ig(v+¢)(S™ —ST)
0= —[r+i(wtUSH)] e — ig(S™ +5") "o .
aN

See also Domokos and Ritsch PRL '02, Domokos et al. PRL '10
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Steady state phase diagram

0= i(wotU|1[*)S™ + 2ig(w 4 *)S?

0=ig(t) +v7)(S™ —S*)

0=—[k+i(wtUSH)]Y —ig(S™ +ST)

40

20

® (MHz)
[

-20 |

-40

See also Domokos and Ritsch PRL '02, Domokos et al. PRL '10

UN=0 u
4 SR
e
S
) SR
0 1 15
2N (MHz)

Jonathan Keeling
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UN=0, k=0
4 SR
N
SR(A): Sy =0
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Steady state phase diagram

UN=0, k=0
0= i(wotU|1[*)S™ + 2ig(w 4 *)S? S| U SR
0=ig(t+¢") (S~ —5%)
0=—[k+i(wtUSH)]Y —ig(S™ +ST) °, o
40 : e ) SR(A)O: S, =0
200 A SRA
S of Uat C SRB s s
° Y+ SR(B): ¢/ =0
20 T \ SRA . x
40 :
0 0.5 1 1.5
2N (MHz) = S
See also Domokos and Ritsch PRL '02, Domokos et al. PRL '10
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Steady state phase diagram

UN=0, k=0
0= i(wotU|1[*)S™ + 2ig(w 4 *)S? S| U SR
0=ig(y+v*)(S™ —5%)
0=—[k+i(wtUSH)]Y —ig(S™ +ST) °, o
40 e A} ) SR(A)O: S, =0
U SRA
20
S oflst SRB = .
° U+ 1 SR(B): ¢/ =0
-20 ) X
N \ SRA e
40
0 1 1.5
2N (MHz) = S
See also Domokos and Ritsch PRL '02, Domokos et al. PRL '10
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Steady state phase diagram

0= i(wotU|1[*)S™ + 2ig(w 4 *)S?

0=ig(t) +v7)(S™ —S*)

0=—[k+i(wtUSH)]Y —ig(S™ +ST)

40

20

® (MHz)
[

-20

-40

L J
See also Domokos and Ritsch PRL '02, Domokos et al. PRL '10

0

SRB+T UN=-40 ¢
U \\V// SRA
SRB+1
B v 8 SRB
SRB+1
) SRA
suseh \
o 2N (MHi) '

Jonathan Keeling
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UN=0, k=0
4 SR
N
SR(A): Sy =0
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Outline

© Approach to attractors: timescales

o & = E El= DA
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Dynamics: Evolution from normal state

40 UN=-40
SRA
20
S
= 0 SRB
e
\gm) SRA
-40
0.5 1 15
VN (MHz)

Windsor, August 2011
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Dynamics: Evolution from normal state

(i) SR(A)

Gray: S = (\m VN, —N/2)
Black: Wigner distribution of S, v

40 ‘ o) UN=-40 b ’ ’ 0 2‘0 4;0 (;0 80

I I SRA o

20
_ Eii)
S ol SRB
1

20T \gii) SRA

-40 ‘

0 0.5 1 1.5
VN (MHz)

Oscillations: ~ 0.1ms
Decay: 20ms
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Dynamics: Evolution from normal state

(i) SR(A)

Gray: S = (\m VN, —N/2)
Black: Wigner distribution of S, v

40 ‘ @) UN=-40 80
i’ SRA
20
(ii)
=
S ordn SRB
e
20
i \(iii) SRA - ‘
. 3 . 04
40 . t (ms)
0 0.5 1 L5
VN (MHz)

Oscillations: ~ 0.1ms
Decay: 20ms, 0.1ms
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Dynamics: Evolution from normal state

(i) SR(A)

Gray: S = (\m VN, —N/2)
Black: Wigner distribution of S, v

40 ‘ ) UN=-40
i’ SRA
20
(ii)
=
S ordn SRB
e
20
m \gii) SRA
-40 :
0 0.5 1 15
VN (MHz)
Oscillations: ~ 0.1ms
Decay: 20ms, 0.1ms, 20ms
2]
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Dynamics: Evolution from normal state

(i) SR(A)

Gray: S = (\m VN, —N/2)
Black: Wigner distribution of S, v

40 ‘ ) UN=-40
i’ SRA
20
(ii)
=
S ordn SRB
e
20
m \gii) SRA
-40 :
0 0.5 1 15
VN (MHz)
Oscillations: ~ 0.1ms
Decay: 20ms, 0.1ms, 20ms
Jonathan Keeling Collective dynamics
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Asymptotic state: Evolution from normal state

All stable attractors:

40 ! (i) UN=-40
4 SRA
20
2
= 0 SRB
3
20
m \Siii) SRA
-40 ‘
0 0.5 15

1
VN (MHz)
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Asymptotic state: Evolution from normal state

Starting from |
All stable attractors:

3
40 7 40 Asymptotic state ,/ g 10
/ o) UN=40 /.
20 L SRA 20 ¥ | 10
(i) _ ' Y.
2 : = 4
S ol SRB S o y o',
3 5 § 5
-20 20 F-——--- RS Ll n0
0 \(iii) SRA 10
Y i)
0 ‘ 40 U o
0 0.5 1 15
2N (MHz) 0 0.5 1 15
2N (MHz)
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Timescales for dynamics: What are they?

40

20

o (MHz)
S

Asymptotic state /

7

/ SRA
/
P~
s
u /
’
F SRB
II
I\
_________:_:\_—_—_—
m \ SRA
0 0.5 1 1.5
2N (MHz)

Growth Most unstable eigenvalues

S = (0,0, —N/2)

10°
10
=
1 T
10", =)
E 3
10()
107
near

40

20

0.5

Jonathan Keeling Collective dynamics

10s

Initial growth time
1s
100ms
10ms

One unstable direction
Ims
100us

Two unstable directions 10us

1 1.5
VN (MHz)
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Timescales for dynamics: What are they?

3 40 10s
40 Asymptotic state / g 107 Initial growth time
/ SRA 1s
! 2 20
2 S [ 10 100ms
= ¢ /! 5
7
=) d 1 = ny 10ms
s 0 F SRB 10 o E 0 One unstable direction
8 .'l Es El Ims
<
—————— 0
20 T TTTTR [ 10 20 100us
\
" \\\ g Two unstable directions 10us
-40 U qo!
-40
0 05 ! 13 0 0.5 1 1.5
gVN (MHz) N (MHz)

Growth Most unstable eigenvalues near
S =(0,0,—-N/2)

Expand in wp/k:
Oscillations: ~ wyg,
Decay: ~ wg or w3 /k
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Timescales for dynamics:

40
Asymptotic state /
/ SRA
20 //i -
I~ 4 /
T /
= 0 / SRB
3 £
-20 -———————__‘_:\_—_——
T Y SRA
40 k
0 0.5 1 1.5
2N (MHz)

Growth Most unstable eigenvalues near

S = (0,0, —N/2)

Decay Slowest stable eigenvalues near

final state

Expand in wp/k:
Oscillations: ~ wyg,
Decay: ~ wg or w3 /k

® (MHz)

© (MHz)

40

20

-20

40

What are they?

0.5

0.5

Jonathan Keeling Collective dynamics

Initial growth time

One unstable direction

Two unstable directions

1 L5
VN (MHz)

1 15
2N (MHz)
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Timescales for dynamics: Why so slow and varied?

Suppose co- and counter-rotating terms differ

H=.. . +g@W'sS™+¢St)+g' (@St +4S7)+...
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

H=.. . +g@W'sS™+¢St)+g' (@St +4S7)+...

UN=-40
SRA

® (MHz)
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

H=... +g'S™ +¢ST) + g (@ISt +4S7)+...

40 ‘ 40 ‘ :
UN=-40 A \
U SRA
20 20 - ——=ex TROONNNNRNRRY
S oplen SRB S o
s 3
20 20 EEE e
T \ SRA \</
-40 L 40 L \
0 0. 1 15 20.01  -0.005 0 0.005 001
2N (MHz) dg/g
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Timescales for dynamics: Why so slow and varied?
Suppose co- and counter-rotating terms differ

H=... +g'S™ +¢ST) + g (@ISt +4S7)+...

40 ‘ 40 ‘ :
UN=-40 A \
U SRA
20 20 - ——=ex TROONNNNRNRRY
S oplen SRB S o
s 3
20 20 EEE e
T \ SRA \<
40 . 40 / \
0 05 1 15 20.01  -0.005 0 0005 001
2N (MHz) dg/g

@ SR(A) near phase boundary at small g — Critical slowing down
@ SR(A), SR(B) continuously connect
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Outline

@ Attractors of dynamics (oscillations)

o & = E = Dae
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Regions without fixed points

Changing U:
40 UN=-40
U SRA
20
S o| s SRB
3
-20
n \ SRA
-40
0 1.5

Jonathan Keeling

Collective dynamics

Uo 80
We — Wy
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Regions without fixed points

X 4
. g2
Changing U: Uox —20
We — W;
2 Level System
40 ‘ UN=-40
4 SRA
20
S of s SRB
3
20
] \ SRA
40 ‘
0 0.5 1 L5
2N (MHz)
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Regions without fixed points

X 4
. g2
Changing U: Uox —20
We — Wy
2 Level System
40 UN=0
200 4 SR
§ 0 —_—
B X |
20 b SR
40
0 1 L5
2N (MHz)
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Regions without fixed points

X 4
Changing U:
2 Level System
40 / UN=20
200 4 SRA
~_ ¥
S o
3 /_(
20 T \ SRA
40 ‘
0.5 1 L5
2N (MHz)

Jonathan Keeling Collective dynamics
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Regions without fixed points

Changing U:
2 Level System
40 / UN=40
% Y N SRA
S o
3
20
) > SRA
40 \
0 0.5 L5

Jonathan Keeling Collective dynamics

1
2N (MHz)

&0
We — Wy
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Regions without fixed points

X 4
. g2
Changing U: U 0
We — Wy
2 Level System
0 / UN=40 1200
20 U i SRA 1000 o}
800 |-
2 ) .
S 0o Persistent Oscillations { Z 600 |
e 400 |
-20 200 | —_
X SRA o l
0 L L L L L L
_40 \ 0O 2 4 6 8 10 12 14 16 18
0 15 t (ms)

1
2N (MHz)

Jonathan Keeling Collective dynamics Windsor, August 2011 17 /19



Persistent (optomechanical) oscillations

1200

Son § = —i(wo + U[Y?)S™ + 2ig(y +¢*)S*
N $* = ig(y +v")(S™ - S)
0 2 4 6 f(mg)o 1214 16 18 ,Lp - _ [K/ + I(OJ _'_ USZ)],l/) _ Ig(s— + S+)
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Persistent (optomechanical) oscillations

1200

Son § = —i(wo + U[Y?)S™ + 2ig(y +¢*)S*
- $* = ig(y +v")(S™ - S)
0 2 4 6 f(mg)o 1214 16 18 ,Lp - _ [K/ + I(OJ _'_ USZ)],l/) _ Ig(s— + S+)

Fix w+ US*=0if ¢/ =0.
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Persistent (optomechanical) oscillations

1200

1000 o}

. 57 = —ifwo + U5
400
200 -

o .

0 2 4 6 f(mg)o 12 14 16 18 'Lb — [’{/ ]’l/) _ ig(s— + S+)

Fix w+ US*=0if ¢/ =0.
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Persistent (optomechanical) oscillations

1200

o §" = —i(wo + UlY[*)S™
0 2 4 6 %(mg)o 1214 16 18 ¢ — [’€ ]’l/) _ ig(s— + S+)
Get:
Fix w+ US* =0 if ¢/ = 0. .
v 0 =wo+ Uy
. 2 .
ST=re " r= NT —(5%)? Y + Kkp = —2igr cos()
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Persistent (optomechanical) oscillations

1200

Sun §” = —i(wo + UlP)S™
0 2 4 6 f(mg)o 1214 16 18 w:_[ﬁ ]w—lg(5_+5+)

Fix w+ USZ=0if ¢ =0. .
v 0 = wo + Uy

¥+ K = —2igr cos(0)

18.00 18.02 18.04 18.06 18.08
t(ms)
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Jonathan Keeling Collective dynamics

Summary

o Wide variety of dynamical phases

; T “ T =y I
o[ . 4 SR e S 2

ooy

N
£
£
2
2
o
e
5
i
gl %
Zl g
i
'

s ool 005 0 ows oo
i

@ Slow dynamics

0 » AR

« 80 40150 151
5
40 M—'—
0
0 100 200
t(ms)

100

@ Persistent oscillations if U > 0

100 o

S

w0

o
02

T

[Postdoc position available in St Andrews]
JK et al. PRL '10, M. J. Bhaseen et al. in preparation
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Extra slides

o & = E El= DA
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