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Condensation, superfluidity and lasing of coupled
light-matter systems

1 Non-equilibrium model
Limiting cases, condensation and lasing

2 Stability of normal state — coherence while in strong coupling

3 Condensed spectrum and superfluidity
Current-current response function
Power law decay of coherence
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Non-equilibrium model: baths
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Excitons Cavity mode

System

γ
κ

Bulk photon modes
Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump γ, decay κ

Hsys,bath '
∑
p,k

√
κψkΨ†p +

∑
α,β

√
γ
(
a†αAβ + b†αBβ

)
+ H.c.

Bath correlations, 〈Ψ†Ψ〉, 〈A†A〉, 〈B†B〉 fixed:
Ψ bath is empty. Pumping bath thermal, µB ,T :
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Non-equilibrium theory; mean-field

Look for mean-field solution, ψ(r, t) = ψ0e
−iµS t .

Gap equation:

(i∂t

µs

− ω0 + iκ)ψ

ψ0

=
∑
α

g〈S−α 〉

χ(ψ0, µs)ψ0

Susceptibility:

E 2 = ε2 + g2|ψ0|2 , Fa,b(ν) = tanh[ 1
2β(ν ∓ 1

2 (µs − µB))]

χ(ψ0, µs) = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + ε− 1
2µS)

[(ν − E)2 + γ2][(ν + E)2 + γ2]
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Limits of gap equation

µs − ω0 + iκ = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + ε− 1
2µS)

[(ν − E )2 + γ2][(ν + E )2 + γ2]

Laser limit: Gain vs Loss.

If Fb(ω)− Fa(ω)→ −2N0

κ = g2γ
∑

excitons

N0

2(E 2 + γ2)

=
g2

2γ
× Inversion

Equilibrium limit: finite T set by pumping, need κ� γ.
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Fluctuations spectrum and stability
DR − DA = − i

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉

= (2n(ω) + 1)(DR − DA)

[
DR(ω)

]−1
= A(ω) + iB(ω),[

D−1(ω)
]K

= iC (ω),

DK

=
−iC (ω)

B(ω)2 + A(ω)2

DR − DA

=
2B(ω)

B(ω)2 + A(ω)2

[
DR(ω)

]−1
= (ω − ω∗k)+iα(ω − µeff)
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0

1

A(ω)

-1.5 -1 -0.5 0 0.5 1
Energy (units of g)

0
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3

In
te
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ity

 (
a.

u.
) Density of states, 2 Im[D

R
]
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Linewidth, inverse Green’s function and gap equation

[
DR(ω)

]−1
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[DR ]−1 for a laser

κ

N

g

ΓN0Γ Maxwell-Bloch equations:

∂tψ = −iωkψ − κψ + gP

∂tP = −2iεP − 2γP + gψN

∂tN = 2γ(N0 − N)− 2g(ψ∗P + P∗ψ)

[
DR(ω)

]−1
= ω−ωk+iκ+

g2N0

ω − 2ε+ i2γ

ω

A(ω)
B(ω)

ω

A(ω)
B(ω) -(2γ/g)2 (2γκ/g2)

E
ne

rg
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 z
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System inversion, N

Zero of Re 
Zero of Im 
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Strong coupling and lasing — low temperature
phenomenon

Laser result: B(ω) = Im

{[
DR(ω)

]−1
}

= κ− 2γ
g2N0

(ω − 2ε)2 + 4γ2

Uniformly invert TLS

Non-equilibrium model

B(ω) = κ+

∫
dν

2π

∑
α

γ2g2(Fb(ν + ω)− Fa(ω))[
(ν + ω − ε)2 + γ2

] [
(ν + ε)2 + γ2

]
Inverts low energy part of homogeneous spectrum

Non-equilibrium model, T � γ

B(ω) ' κ+
∑
α

g2
αγ

[Fb(εα)− Fa(εα − ω)]

(ω − 2εα)2 + 4γ2

Inhomogeneous broadening required for strong-coupling lasing
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1 Non-equilibrium model
Limiting cases, condensation and lasing

2 Stability of normal state — coherence while in strong coupling

3 Condensed spectrum and superfluidity
Current-current response function
Power law decay of coherence

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 13 / 23



Fluctuations above transition

When condensed

Det
[
DR(ω, k)

]−1
= ω2 − ξ2

k

(ω+iγnet)
2+γ2

net−ξ2
k

With ξk ' ck
Poles:

ω∗ = ξk

− iγnet ±
√
ξ2
k − γ2

net

fr
eq

ue
nc

y

momentum

Sound mode

Generic structure of Green’s function:

[DR ]−1 =

(
ω + iγnet − εk − µ iγnet − µ
−iγnet − µ −ω − iγnet − εk − µ

)
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Non-equilibrium superfluidity checklist

Lagoudakis et al Nature Phys. 4, 706 (2008). Utsunomiya et al Nature Phys. 4 700
(2008). Amo et al Nature 457 291 (2009); Nature Phys (2009)
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Asking about non-equilibrium superfluidity

Currrent:

J = ρv = Ψ†i∇Ψ = |Ψ|2∇φ

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������

������������ ������������

Response function:

χij(ω = 0,q→ 0) = 〈[Ji (q), Jj(−q)]〉 = χS
qiqj
q2

+ χNδij

In equilibrium, current conservation → χS + χN = ρtotal/m.

χS = ρS/m.

Given D and Ji = ψ†(k + q)
2ki + qi

2m
ψk

Vertex corrections essential for superfluid part.
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Calculating superfluid response function

Using Keldysh generating functional

χij(q) = − i

2

d2Z[f , θ]

dfi (q)dθj(−q)
, Z[f , θ] =

∫
Dψ exp(iS [f , θ])

f , θ couple as force/response current.

S [f , θ] = S +
∑
k,q

(
ψ̄cl ψ̄q

)
k+q

(
θi fi + θi

fi − θi −θi

)
q

2ki + qi
2m

(
ψcl

ψq

)
k

Saddle point + fluctuations:

Only one diagram for χN

+ +

+ + . . . +
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Non-equilibrium superfluid response

Superfluid response exists because:

=
iψ0qi
2m

(1,−1)DR(q, ω = 0)

(
1
−1

)
iψ0qj
2m

DR(ω = 0) ∝ 1/εq despite pumping/decay — superfluid response
exists.

Normal density:

ρN =

∫
ddkεk

∫
dω

2π
Tr
[
σzD

Kσz(DR + DA)
]

Is affected by pump/decay:
Does not vanish at T → 0.

 0

 1

 2

 3

 0  1  2  3  4  5

ρ
N

 /
 m

 µ

T/µ

γ
net

/µ = 0.0

γ
net

/µ = 0.1

γ
net

/µ = 0.5

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 18 / 23



Non-equilibrium superfluid response

Superfluid response exists because:

=
iψ0qi
2m

(1,−1)DR(q, ω = 0)

(
1
−1

)
iψ0qj
2m

DR(ω = 0) ∝ 1/εq despite pumping/decay — superfluid response
exists.

Normal density:

ρN =

∫
ddkεk

∫
dω

2π
Tr
[
σzD

Kσz(DR + DA)
]

Is affected by pump/decay:
Does not vanish at T → 0.

 0

 1

 2

 3

 0  1  2  3  4  5

ρ
N

 /
 m

 µ

T/µ

γ
net

/µ = 0.0

γ
net

/µ = 0.1

γ
net

/µ = 0.5

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 18 / 23



Non-equilibrium superfluid response

Superfluid response exists because:

=
iψ0qi
2m

(1,−1)DR(q, ω = 0)

(
1
−1

)
iψ0qj
2m

DR(ω = 0) ∝ 1/εq despite pumping/decay — superfluid response
exists.

Normal density:

ρN =

∫
ddkεk

∫
dω

2π
Tr
[
σzD

Kσz(DR + DA)
]

Is affected by pump/decay:
Does not vanish at T → 0.

 0

 1

 2

 3

 0  1  2  3  4  5

ρ
N

 /
 m

 µ

T/µ

γ
net

/µ = 0.0

γ
net

/µ = 0.1

γ
net

/µ = 0.5

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 18 / 23



Non-equilibrium superfluid response

Superfluid response exists because:

=
iψ0qi
2m

(1,−1)DR(q, ω = 0)

(
1
−1

)
iψ0qj
2m

DR(ω = 0) ∝ 1/εq despite pumping/decay — superfluid response
exists.

Normal density:

ρN =

∫
ddkεk

∫
dω

2π
Tr
[
σzD

Kσz(DR + DA)
]

Is affected by pump/decay:
Does not vanish at T → 0.

 0

 1

 2

 3

 0  1  2  3  4  5

ρ
N

 /
 m

 µ

T/µ

γ
net

/µ = 0.0

γ
net

/µ = 0.1

γ
net

/µ = 0.5

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 18 / 23



1 Non-equilibrium model
Limiting cases, condensation and lasing

2 Stability of normal state — coherence while in strong coupling

3 Condensed spectrum and superfluidity
Current-current response function
Power law decay of coherence
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Correlations in a 2D Gas

Correlations (in 2D):

g1(r, r′) =
〈
ψ†(r, t)ψ(0, r ′)

〉
' |ψ0|2 exp

[
−D<

φφ(t, r , r ′)
]

D< = DK − DR + DA

Generally, get:
〈
ψ†(r, t)ψ(0, 0)

〉
'

|ψ0|2 exp

[
−ap

{
ln(r/r0) r →∞, t ' 0
1
2 ln(c2t/γnetr

2
0 ) r ', t →∞

]
[Szymańska et al., PRL ’06; PRB ’07]
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Power law experiment

G. Rompos, Y. Yamamoto et al., submitted
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Power law experiment — non-equilibrium theory

lim
r→∞

〈
ψ†(r, 0)ψ(−r, 0)

〉
= |ψ0|2 exp

[
−D<

φφ(r ,−r)
]
∝ exp

[
−ap ln

(
2r

r0

)]

Experimentally, aP ' 1.1

In equilibrium ap = mkBT/2π~2ns < 1/4 (BKT transition)

Non-equilibrium theory depends on thermalisation.

[
D−1

]K
(ω) =

(
2if (µ+ ω) 0

0 2if (µ− ω)

)

A In Eqbm, f (x) = γnet coth(β(x − µ)/2).

Singularity at k = 0 pole: recover equilibrium ap

B Generally, no singularity at x = µ, f (x) ' ζ.
ap ∝ ζ.

G. Rompos, Y. Yamamoto et al., submitted
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Summary

Non-equilibrium mean field theory of polaritons
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Extra slides

4 Non-equilibrium pattern formation

5 Other polariton experiments

6 Equilibrium results

7 Non-equilibrium polariton timescales

8 Spinor problem

9 T=0 Keldysh results
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Limits of gap equation
Gap equation:

(µs − ω0 + iκ)ψ = χ(ψ, µs)ψ

Local density limit:

Gross-Pitaevskii equation(
i∂t + iκ−

[
V (r)− ∇

2

2m

])
ψ(r) = χ(ψ(r , t))ψ(r , t)

Nonlinear, complex susceptibility χ(ψ(r , t))

, E 2
α = ε2

α + g2|ψ0|2

i∂tψ|nlin = U|ψ|2ψ
i∂tψ|loss = −iκψ i∂tψ|gain = iγeff(µB)ψ − iΓ|ψ|2ψ

i∂tψ =

[
−∇

2

2m
+ V (r) + U|ψ|2 + i

(
γeff(µB)− κ− Γ|ψ|2

)]
ψ
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Gross-Pitaevskii equation: Harmonic trap

i∂tψ =

[
−∇

2

2m
+

mω2

2
r2 + U|ψ|2 + i

(
γeff − κ− Γ|ψ|2

)]
ψ
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Stability of Thomas-Fermi solution

High m modes: δρn,m ' e imθrm . . .

1

2
∂tρ+∇·(ρv) = (γnet − Γρ)ρ

(γnetΘ(r0−r)−Γρ)ρ

3γnet
2Γ
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Time evolution:

t=0 t=2 t=22 t=30

t=35 t=40 t=45 t=56
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Polariton experiments: Momentum/Energy distribution

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al., Nature, 2006]
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Other polariton condensation experiments

Stress traps for polaritons
[Balili et al Science 316 1007 (2007)]

Temporal coherence and line narrowing
[Love et al Phys. Rev. Lett. 101 067404
(2008)]
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Other polariton condensation experiments

Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

Soliton propagation
[Amo et al Nature 457 291 (2009)]

Driven superfluidity
[Amo et al Nature Phys. (2009)
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Polariton experiments: Strong coupling

[Bajoni et al PRL 2008]

[Kasprzak, et al., Nature, 2006]

Strong coupling via:

Small blueshift compared to ΩR

Polaritonic dispersion, m > mphot

Separate photon threshold
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Equilibrium: Mean-field theory

Hsys =
∑
k

ωkψ
†
kψk +

∑
α

[
εα

(
b†αbα − a†αaα

)
+

gα,k√
A
ψkb

†
αaα + H.c.

]

Self-consistent polarisation and field[
− i∂t − ω0 +

∇2

2m

]
ψ = − 1√

A

∑
α

gα

Eα
2 =

(
εα − µ

2

)2

+ g2
αψ

2

Density

ρ = |ψ|2+
1

A

∑
α

[
1

2
− εα − µ

4Eα
tanh(βEα)

]
0 1×10

9
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n [cm-2]
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Non-equilibrium: Timescales

ExPh

In−plane momentum

ExcitonPh
ot

on
E

ne
rg

y

Lifetime Thermalisation Linewidth Temperature
Atoms 10s 10ms 2.5× 10−13meV 10−8K 10−9meV
Excitonsa 50ns 0.2ns 5× 10−5meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnonsb 1µs(??) 100ns(?) 2.5× 10−6meV 300K 30meV

aCoupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Spin in terms of twofour-level systems

To include spin, replace 2 level system with 4 levels: |0〉, |L〉, |R|〉, |LR〉

ĥα =


0 gψL gψR 0

gψ∗L εα −∆− µ 0 gψL

gψ∗R 0 εα + ∆− µ gψR

0 gψ∗L gψ∗R 2(εα − µ)− EXX



Bi-exciton binding EXX ↔ U1

Mean-field: find polarisation
given ψL, ψR .

EXX has weak effect on Tc
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[Marchetti et al PRB, ’08]
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ĥα =


0 gψL gψR 0

gψ∗L εα −∆− µ 0 gψL

gψ∗R 0 εα + ∆− µ gψR

0 gψ∗L gψ∗R 2(εα − µ)− EXX



Bi-exciton binding EXX ↔ U1

Mean-field: find polarisation
given ψL, ψR .

EXX has weak effect on Tc

0 5×10
9

1×10
10

2×10
10

2×10
10

n [cm
-2

]

0

5

10

15

20

25

30

T
[K

]

No binding
E

XX
 = 4 meV

E
XX

 = 8 meV

10
-4

10
0

10
4

10
8

5

10

[Marchetti et al PRB, ’08]

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 36 / 39



Spin in terms of twofour-level systems

To include spin, replace 2 level system with 4 levels: |0〉, |L〉, |R|〉, |LR〉
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Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2

+ (U0 − 2U1)|ψR |2 +
∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL

+ J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2

+ (U0 − 2U1)|ψR |2 +
∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL

+ J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2 + (U0 − 2U1)|ψR |2

+
∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL

+ J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2 + (U0 − 2U1)|ψR |2 +

∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL

+ J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2 + (U0 − 2U1)|ψR |2 +

∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL + J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Polariton spin degree of freedom

Left- and Right-circular polarised states.

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−∇

2

2m
+ V (r) + U0|ψL|2 + (U0 − 2U1)|ψR |2 +

∆

2

+ i
(
γeff − κ− Γ|ψL|2

)]
ψL + J1ψR

I Tendency to biexciton formation: U1

I Magnetic field: ∆
I Broken rotation symmetry: J1

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

Many modes — interaction of J1 and currents.

Jonathan Keeling Polariton condensation and superfluidity Stellenbosch 37 / 39



Non-equilibrium spinor system: two-mode model

Write:

ψL =
√
R + ze iφ+iθ/2, ψR =

√
R − ze iφ−iθ/2

Josephson regime: J1 � U1R, z � R,

θ̇ = −∆− 4U1z ,

ż = −2γnetz − 2J1
γnet

Γ
sin(θ)

Damped, driven pendulum

θ̈ + 2γnetθ̇ = 8U1J1
γnet

Γ
sin(θ)− 2γnet∆

γnet ∆

8U J
1 1

θ

net

γn
et

∆

γ1.5

Stable fixed point

Stable limit cycle

Bistable
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Zero temperature phase diagram

ω̃0 − iκ = g2γ
∑
α

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(ε̃α + iγ)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
.
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