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Dicke model & Superradiance phase transition
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H = woS* +wily +g (415~ +ps™)
Mean-field: [W) = |Q) — eM'+157|Q)

Spontaneous polarisation if: Ng? > wow J

[Hepp, Lieb, Ann. Phys. 1973]

Problem: never occurs.  Minimal coupling (p — eA)?/2m

e _ e?A?
=Y Ap e gWiST+ush), Y o e N(v+ o)
For large N, w — w + 4NC. Need Ng?2 > wo(w + 4N().
But g2/wo < 4¢. No transition [Rzazewski et al Phys. Rev. Lett 1975]
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Dicke phase transition: ways out

Problem: g2 /wy < 4¢ for intrinsic parameters.
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Dicke phase transition: ways out

Problem: g2/wy < 4¢ for intrinsic parameters. Solutions:
@ Introduce chemical potential:
> H = H— p(S* + 614), need: g2N = (wo — u)(w — 1)
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Dicke phase transition: ways out

Problem: g2/wy < 4¢ for intrinsic parameters. Solutions:
@ Introduce chemical potential:
> H = H— p(S* + 614), need: g2N = (wo — )(w — 1)
» Pumped system — polariton condensation/lasing

» Dissociate g, wp, e.g. Raman scheme: wy < w. -/ﬁ B\-
[Baumann et al Nature 2010 ] 1,\[
Pump
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@ Dicke model and superradiance

© Microcavity Polariton condensation
@ Polariton experiments
@ Non-equilibrium condensation and lasing
@ Non-equilibrium pattern formation

9 Superradiance in atom-cavity system
@ Superradiant steady states
@ Long-lived & persistent oscillations

@ Conclusions
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Microcavity polaritons
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Microcavity polaritons
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Cavity photons:
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Polariton experiments: Momentum /Energy distribution

Emission angle, 6 (degree)
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[Kasprzak, et al., Nature, 2006]
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© Microcavity Polariton condensation

@ Non-equilibrium condensation and lasing

o & = E = Dae
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Polariton system model

Polariton model

@ Disorder-localised excitons
@ Treat disorder sites as e AN

two-level (exciton/no-exciton) & Y
e Propagating (2D) photons b %
@ Exciton—photon coupling g. ®| den,
Position ST kel
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Non-equilibrium model: baths

Bulk photon modes

Pumping Bath K \/\/\/\
= = Excitons i \N\/\

— .
> =

H = Hsys + Hsys,bath + Hbath
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Non-equilibrium model: baths

Bulk photon modes

Pumping Bath
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Non-equilibrium model: baths

Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hopsbatn = Vit Wp + 3 v/7 (aLAg + bLBﬁ) +H.c.
p.k a,fB

Bath correlations, (WTW), (ATA), (BTB) fixed: e @
W bath is empty. Pumping bath thermal, pg, T: | |

Ll T
g2 0 Hi,/2
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Non-equilibrium theory; mean-field

Look for mean-field solution, ¥(r, t) = e kst

o & = E = Dae
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Non-equilibrium theory; mean-field

Look for mean-field solution, %(r, t) = vpe~"#st. Gap equation:

(iD= wo + ik)Y =) galSy)
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Non-equilibrium theory; mean-field
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Limits of gap equation

dv (Fs+ Fo)v + (Fp = Fa)(iv+ €a — 5115)
ps—wotin = —g*y ) / [(v — Ea)2 +2[(v + Ea)? +7§]

excitons
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Limits of gap equation

. dv (Fb — Fa)(ivy )
=8 D | o B+ B

excitons

@ Laser limit: Gain vs Loss.
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Limits of gap equation

B dv (Fs — Fa)(iy )
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Limits of gap equation
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© Microcavity Polariton condensation

@ Non-equilibrium pattern formation

o & = E = Dae
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Limits of gap equation
Gap equation:

(ps — wo + ik) ¥ = x(¢¥, us)y

@ Local density limit:

o <& = E = Dac
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Limits of gap equation
Gap equation:
(s —wo + ik) W = X (¥, ps)¥)

@ Local density limit: Gross-Pitaevskii equation

V2
- 2m

(/at i [V(r) ]) () = (@ (r, O)(r, )

Nonlinear, complex susceptibility x(u(r, t))
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Gross-Pitaevskii equation: Harmonic trap

. V2 mw? .
i0p) = [—% + Twrz + U2 +i (’Yeff — K- I'|¢|2) 1

EERE
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Gross-Pitaevskii equation: Harmonic trap

i0ph = [—; + mTwzrz + U +i (e — K — FI@bIZ)} V
l l l l l 0] ) ‘D‘er"ls‘ity‘ “““““““
N
0 2 4 6 8 Radius
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Stability of Thomas-Fermi solution

RERR

1
EathrV-(/N) = (et — p)p
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Stability of Thomas-Fermi solution

High m modes: éppm ~ eimdym

RARR

Unstable growth

1
Eatp‘i‘v'(/)") = (et = p)p
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Stability of Thomas-Fermi solution

High m modes: éppm ~ eimdym

ERRR

Stabilised

1
Eat/H-V'(pV) = (7nete(r0_r)_rp)p
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Time evolution:
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Why vortices
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Why vortices
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9 Superradiance in atom-cavity system
@ Superradiant steady states
@ Long-lived & persistent oscillations
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Dicke phase transition: ways out

Problem: g2/wy < 4¢ for intrinsic parameters. Solutions:
@ Introduce chemical potential:
> H = H— p(S* + 614), need: g2N = (wo — )(w — 1)
» Pumped system — polariton condensation/lasing

» Dissociate g, wp, e.g. Raman scheme: wy < w. -/ﬁ B\-
[Baumann et al Nature 2010 ] 1,\[
Pump
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Raman scheme for Dicke model

Pump lattice depth (E,)

K
AVAS

Pump-cavity detuning (MHz)

hoton number f
|

|
600 800
Pump power (W)
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Extended Dicke model

— —— 2 Level system, | |.),| M):

I ke, kz) =10,0),
1 ks, kz) = | = k, £k),
wWo = 2Wrecoil

r\fPump

H :wa@D-I—wOSZ
N atoms: |S| = N/2
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Extended Dicke model

— —— 2 Level system, | |.),| M):

I ke, kz) =10,0),
1 ks, kz) = | = k, £k),
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H= w@pw +woS* + g(¢ + ¢ (ST + S7)+US Ty
N atoms: |S| = N/2
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Extended Dicke model

— —— 2 Level system, | |.),| M):

I ke, kz) =10,0),
1 ks, kz) = | = k, £k),
wWo = 2Wrecoil

2
_ 8
We — W,

H= w@pw +woS* + g(¢ + ¢ (ST + S7)+US Ty
N atoms: |S| = N/2

Pum 4
'l/\f e Feedback: U

0:S™ = —i(wo+UvT)S™ + 2ig(y + o) §?

Add d :
e 0:5% = +ig(y + ¢1) (S~ — 5T)

Orp = — [k + i(w+US?)] Y — ig(S™ 4+ ST)
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Phase diagram

15+ SR 1
_ SR+ SR
T10¢ 1
3
zm SR+0 Limit Cycle

05 F ]

ISR+[H o
O
00 ; / . / .
-80 -60 -40 -20 0 20 60 80
UN (MH2)
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Phase diagram
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_ SR+ SR
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%1 SR+0 Limit Cycle
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SR: Need 0,5% = ig(v) + ") (S™—St) =0
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Phase diagram

15+ SR
_ SR+ SR
T10
3
%1 SR+0 Limit Cycle
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O
0.0 -

80 60 -4 20 0 20 40 60 80
UN (MH2)

SR: Need 0,5% = ig(v) + ") (S™—St) =0
o |UN| < w/2, Regular SR, ST =S~
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Phase diagram

15+ SR
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SR: Need 0,5% = ig(v) + ") (S™—St) =0
o |UN| < w/2, Regular SR, ST =S~
e UN < —w/2, 2nd SR soln ¢ = —f
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Phase diagram

15+ SR
_ SR+ SR
T 10
3
%’ SR+0 Limit Cycle
05 F ]
ISR+[H
(RIS )
O
0.0 -

80 60 -4 20 0 20 40 60 80
UN (MH2)

SR: Need 0,5% = ig(v) + ") (S™—St) =0
o |UN| < w/2, Regular SR, ST =S~
e UN < —w/2, 2nd SR soln ¢ = —f
e UN > w/2 No SR Fixed point
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Large U and persistent oscillations

15 ¢

gVN (MHz)

05 F

SR+

SR
\// Limit Cycle

0

0.0
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Oep = — [k + i(w + USH)] ¢ — ig(S™ + ST)
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Large U and persistent oscillations

15 SR
— SR+ SR
Y10t —
=
% SR+0 Limit Cycle
05 F 1
ISR+[H o
+O
00 : { s . .
-80 -60 -40 -20 0 20 40 60 80
UN (MHz)

S~ = —iwo + U[Y|?)S™ + 2ig(y + v)S?
0:5% = +ig( +¥)(S™ — ST)

Oep = — [k + i(w + USH)] ¢ — ig(S™ + ST)

Fix S% = —w/U if Re(¢) = 0.
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Large U and persistent oscillations

15 ¢

gVN (MHz)

05 F

SR+

SR
\// Limit Cycle

0

0.0

-40

-20 0 20 40 60 80

UN (MH2)
0rS™ = —i(wo + UJ1[*)S™
op=—1r 4 —ig(S™+57)

Fix S% = —w/U if Re(¢)) = 0.
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Large U and persistent oscillations

) | ,
1100.0 1100.1,1100.2 1100.3

1000 1100
t (ms)

14 —ig(S™+5S%)

15 S;? 300
«_ 200
Tio} Sk = Es
=
100
% SR+0 Limit Cycle
05 ° 1
ISR+[H o 0900
0
00 : s : : ‘
80 -60 20 0 20 40 60 80
UN (MH2)
S~ = —i(wo + U[y|*)S™
8t'lp = — [H
Fix S7 = —w/U if Re(y) = 0.
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Comparison to experiment UN = —40MHz

Pump lattice depth (E)

0
g SR

e 10 ] z
g i
-
€2 1 g

30 / ) N

0.0 1.0 20 o ver ™

gZN P P W
UK et al arXiv:1002.3108 ] [Baumann et al Nature 2010 ]
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Summary

@ Non-equilibrium mean field theory of polaritons

2
EA T — £°1
Pumping Bath K : e
. \YAVAVARIH %
= .- VN 5
I 2 /
H
T

@ Instability of Thomas-Fermi and spontaneous rotation

IZERR! =22 =35 =56
\ 4

@ Atomic realisation: many phases & non-trivial dynamics

w
= = o w0
5
““““““ o 100
01001 11002 1100
10 1200

oo 1o 110g
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Extra slides

© Introduction
@ Other types of superradiance
@ Ferroelectric transition

@ Polaritons
@ Other polariton experiments
@ Equilibrium results
@ Non-equilibrium polariton timescales
@ Condensation vs lasing
@ Spinor problem
@ T=0 Keldysh results

@ Cold atom Dicke
@ Zero U boundaries
@ Fixed points vs U.
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Dicke effect and superradiance without a cavity

Fii=_ & (VLS7e™™" + H.c) M
k,i

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Fii=_ & (VLS7e™™" + H.c) M
k,i

If |ri —vj| < A use ) ;S; —S. Many modes v, — integrate out:

dp_r+_ — c+ +c—
i 2[55;) S7pS —i—pSS]

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Fii=_ & (VLS7e™™" + H.c) M
k,i

If |ri —vj| < A use ) ;S; —S. Many modes v, — integrate out:

% = —g [5+5_p — S pSt+ p5+5_]
el _ N d(M) TN> [N
If S = |S| = N/2 initially: [ _FT = Tsech Tt

™
~
[\S)

N/2 j N
-N/2 L

) tp

(s
=

-I'd(S*)/dt

I

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Fii=_ & (VLS7e™™" + H.c) M
k,i

If |ri —vj| < A use ) ;S; —S. Many modes v, — integrate out:

% = —g [5+5_p — S pSt+ p5+5_]
el _ N d(M) TN> [N
If S = |S| = N/2 initially: [ _FT = Tsech Tt

™
~
[\S)

N/2 j N
-N/2 L

) tp

(s
=

-I'd(S*)/dt

I

[Dicke, Phys. Rev. 1954]
Problem: dipole-dipole interactions dephase.
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Collective radiation with a cavity: Dynamics

STANT A

Hint:Z (@Tslf + 1/;5i+) Single cavity mode: oscillations

i

[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Collective radiation with a cavity: Dynamics

STANT A

Hint:Z (@Tslf + 1/;5i+) Single cavity mode: oscillations
i If 7 = |S| = N/2 initially:

T=2In(/N)/

1600
1400
1200

WP
g

200 1/

0 01 02 03 04 05 06 07 08
Time

[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Collective radiation with a cavity: Dynamics

STANT A

Hine= (q/ﬂslf + 1/,5i+) Single cavity mode: oscillations
i If S = |S| = N/2 initially:
10T [r=2nemy ] teor N=2000
1400 | 1400
1200 | 1200 |
o 1000 L 1000

600 600 H
400 400
200 1/ q 200

e — ‘ 0 : : ‘ ‘

0O 01 02 03 04 05 06 07 08 0 1 2 3 4 5
Time Time

[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Ferroelectric transition

Atoms in Coulomb gauge

H= Zwkalak + Z[Pi — eA(r))? + Vieoul

o & = E = Dae
Jonathan Keeling Non-equilibrium light-matter systems



Ferroelectric transition

Atoms in Coulomb gauge

H= Zwkalak + Z[Pi - eA(ri)]2 + Veoul

Two-level systems — dipole-dipole coupling

H = woS* +wiply + g(S* + S7)( + 1) + NC( + w1)2n(S+ — 57

(nb g2,(,n x 1/V).
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Ferroelectric transition

Atoms in Coulomb gauge

H= Zwkalak + Z[Pi - eA(ri)]2 + Veoul

Two-level systems — dipole-dipole coupling
H = woS” + wiplep + (ST + S7) (¥ + 1) + N¢(v + 912 —n(ST - 57)?

Ferroelectric polarisation if wy < 2nN )

(nb g2,(,n x 1/V).
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Ferroelectric transition

Atoms in Coulomb gauge
H= Zwkaiak + Z[Pi - eA(ri)]2 + Veoul
Two-level systems — dipole-dipole coupling
H = woS” +wiplp + (ST + S7)(¢ + ¢1) + N¢(y + 1) —n(ST = 57)°

(nb g2,¢,n x 1/V). Ferroelectric polarisation if wo < 2nN |

Gauge transform to dipole gauge D - r
H=woS™ +wiply + g(ST - §7) (¥ — v

“Dicke" transition at wp < Ng2/w = 2nN J

But, v describes electric displacement
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Other polariton condensation experiments

@ Stress traps for polaritons . teos
[Balili et al Science 316 1007 (2007)] 2 1605
@ Temporal coherence and line narrowing 2 toos
1.603
[Love et al Phys. Rev. Lett. 101 067404
(2008)] 1608
<
T m ) 2 1605
2 ? 1.604
g 1.0 e
;_—f ; E =1.6721 eV 1603
@ / £
- B A N 1506
E |/ s =
2 i 2 1608
0.0 3
1.670 1.672 1674 ) b 0] E 1.604
Photon Enereyy (6V) E-167247ev | E=1.67269ev S ens

95 um
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Other polariton condensation experiments

@ Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

@ Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

@ Soliton propagation
[Amo et al Nature 457 291 (2009)]

@ Driven superfluidity
[Amo et al Nature Phys. (2009)

Jonathan Keeling Non-equilibrium light-matter systems Herriot-Watt 34 /48



Polariton experiments: Strong coupling

T V2P

12
o 10“ Fa) Polariton
% S0 F laser >
o8 10°F 1ot &
EZ10°F 10 &
§% 10°F 10° 8
88 10 03
= -4
5= 0k w0 5
@
107k 10" ©
/T/ =
__ 1600 b)
. o
[3
[Bajoni et al PRL 2008] 52 1500 el
0 >
£ g 1598 L laser
“5
1597 -
—
1.75 [
S 180 Lc)
SE 125 Polariton
2< 100l laser /
E g ors /
w H .
= 0.50 |
025, o
0.00

0.1 1 10 100
Excitation power (mW)
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Equilibrium: Mean-field theory

Heys = zk:wkw,ﬁwk + za: [ea <bLba - agaa) ‘i’j’_lb bla, +H.c.

u]
)
I
il
it
i
5
Py
Pl
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z [ea <bLba — aLaa> + %wkblaa +H.c.
k a

Self-consistent polarisation and field

— O, — +V_2 ¢__LZ P
10 — wo om = \/Zagaa
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z [ea <bLba — aLaa> + %wkblaa +H.c.
k a

Self-consistent polarisation and field

[ 1 — wo ] Y = —% za:ga(aiyb@
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Equilibrium: Mean-field theory

Heys = > withfth + > [6(1 <bLba - agaa) + &k bla, + H.c.
k « \/K
Self-consistent polarisation and field

[ 11— wo ]w_——z gawtanh (BE..)

2
E.2 = (fa;“) + gav?
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Equilibrium: Mean-field theory

Heys = > withfth + > [6(1 (bLba - agaa) + &k bla, + H.c.
k « \/K
Self-consistent polarisation and field

[ 11— wo ]w———z gawtanh (BE..)

2
E.2 = (Ea;“) + gav?

Density

S IMERE

tanh(,BE )}
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Equilibrium: Mean-field theory

Hsys = Zwkwlwk + Z [ea (bLba — aLaa) + gi\/%(lﬁkblaa +H.c.
k o

Self-consistent polarisation and field

[ 11— wo ]w_——z gawtanh (BE..)
€ - /,1/ 2 © non-condensed
Ea2 - ( = 2 ) + gng |
Density
2
p=vP+ Z [— - tanh(ﬁE )} |
0 n1[z:r13_“‘z] 2x10°
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Non-equilibrium: Timescales

Exciton

\/\‘ Ph Ex j"ﬁ -------------------

/\’w In—plane momentuq
I \/\/\'
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Non-equilibrium: Timescales

Pho;oﬁ =

Exciton

In—plane momentuq

‘ Lifetime Thermalisation ‘

Atoms 10s 10ms
Excitons? 50ns 0.2ns
Polaritons 5ps 0.5ps
Magnons? | 1us(?7) 100ns(?)

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
®Yttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium: Timescales

PhOFoB =

Exciton

In—plane momentuq

. N
‘ Lifetime Thermalisation ‘ Linewidth Temperature
Atoms 10s 10ms 25x 107 3meV 108K 10 meV
Excitons? 50ns 0.2ns 5 x 107°meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnons® | 1us(??) 100ns(?) 25x 107%meV 300K  30meV

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
®Yttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Fluctuations spectrum and stability
DR - DA = —iZ[¢,¢T}_>

o o]
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Fluctuations spectrum and stability
DR - DA = —iZ[w,wT}_>

DK — —i<[zp,w} > = (2n(w) + 1)(DR — DA)

+
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Fluctuations spectrum and stability
DR - DA = —iZ[¢,¢T}_>

DK — i<[¢,¢TL> = (2n(w) + 1)(DR — DA)

[DR(w)] ™ = Aw) + Bw)
[DY(w)]" = iC(w),
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Fluctuations spectrum and stability
DR - DA = —iZ[¢,¢T}_>

DK::-—i<[¢,¢q+> = (2n(w) + 1)(DR — DA)

[DR(w)] ™ = Aw) + Bw)
(D71 (w)]" =iC(w),

B —iC(w)
O = BT AWy
DR _ DA — 2B(w)

- B(w)? + A(w)?
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Fluctuations spectrum and stability
DR - DA = —iZ[w,«N}_>

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

—1 -15 -1 ‘-0‘.5‘ 9 ‘ 0‘.5 ‘ ."I. ‘
[DR(OJ)] = A(w) + iB(w), =AW
1,
(D7} (w)] = ic(w), f
e P
DK o —iC(w) = ‘—DmsityofstataZIm[DR]‘—
T B(w)? + A(w)? %27
2B(w) D
DR -—DA= 1 g
B(w)? + A(w)? £ |
95—

05 0 05
Energy (units of g)
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Fluctuations spectrum and Sthlhty

DR — DA = qp Pt >
DK = < ¥, wT +> )(DR— DA)
-1 05 1
DF(@)| = Aw) + iB(w), 1_/3&.3 ]
D1 w)" = ic(w), /<\<
2‘11‘_&11 T
DK o —iC(W) = ‘—DmstyofstataZlm[DR]‘
A_ 2Bw) 2|
Df =D = g AP 2
95 05 0 05
Energy (units of g)
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Fluctuations spectrum and stability
DR - DA = —iZ[w,¢*}_>

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

1 15 1 05 0 05 1
[DR(OJ)] = A(w) + iB(w), T ]
1 C(w) N
[D_l(w)]K = iC(w), I /<\<
0
a 1 l n 1 n \l n 1 wl 1
K _ —iC(w) — —DensitypfstataZIm[DR] E
D" = m g 2L — Occupation, n(w) B
DR — DA = L(U}) % 1-
B(w)? + A(w)? £ |
951 o5 0 05
Energy (units of g)
HerriotWatt 38 / 48



Fluctuations spectrum and stability
DR - DA = —iZ[w,«N}_>

DK — i<[¢,¢*}+> = (2n(w) + 1)(DR — DA)

-1 -1.5 1 _q_5 ‘ 9 ‘ 0‘_5 ‘ ."I. |
[DR(OJ)] = A(w) + iB(w), I :égz)); ]
1r C(w) _
[D—l(w)]K = iC(w), I /<\<
0
3 ! l‘ L - ‘l . 1 ‘l |
K _ —iC(w) -~ — Density of states, 2 Im[D"] 1
D= gy iAoy a2 | ||| [ommerne ™™
> b
DR _pA—_ 2Bl) z
B(w)? + A(w)? £ ]
—1 -G.|..5 -1 E—0.5 0_t f0_5
[DR(W)} = (w — wy)+Hia(w — pefr) nergy (units of g)
Herriot-Watt 38 / 48



Linewidth, inverse Green's function and gap equation

Intensity (a.u.)

Jonathan Keeling Non-equilibrium light-matter systems

15 1 05 0 05 1
— A(w) ]
— B(w)

1 C%Q

. ) A

o 1 l n 1 n \l n 1 wl 1

9| T T T T T T T T T

— Density of states, 2 Im[D"]{

oL — Occupation, n(w)

l,

951 o5 0 05 1

Energy (units of g)

Energy of zero (units of g)

== Zero of Im

-0.6

-0.5

-0.4 -0.3

Bath occupation, pg/g
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[DR]~! for a laser

FIX/ I'N, Maxwell-Bloch equations:
&)

f Dt = —ittb — kb + gP
KAV .
0:P = —2ieP — 2yP + g¥N
9N = 27(No — N) — 2g("P + P*4))
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[DR]~! for a laser

FIX/ I'N, Maxwell-Bloch equations:
&)

f Dt = —ittb — kb + gP
KAV .
0:P = —2ieP — 2yP + g¥N
9N = 27(No — N) — 2g("P + P*4))

g°No
w — 2€+i2vy

— A )4/_ AQ)
— B(w) — B(w)

) %)

[DR(w)} o w—wk+ik+
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[DR]~! for a laser

FIX/ I'N, Maxwell-Bloch equations:
&)

f Dt = —ittb — kb + gP
KAV .
0:P = —2ieP — 2yP + g¥N
9N = 27(No — N) — 2g("P + P*4))

-1 20 j
DRW)|  =w-wprint—E0 7
{ (w) w wk+m+w—2€+i27 . \ e

N /
5

——Zeroof Re

)4/ — — Zeroof Im
— — 2 2
—_ Q(g — -(2v9)”  (2yw/g)

System inversion, N

) %)
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 g¢L gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 glh gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

@ Bi-exciton binding Exx < U

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0), |L),|R]|),|LR)

0 glh g¥p 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gY; gvg 2(eq — 1) — Exx

@ Bi-exciton binding Exx < U
@ Mean-field: find polarisation
given 9, YR.

[Marchetti et al PRB, '08]
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Spin in terms of twefour-level systems

To include spin, replace 2 level system with 4 levels: |0),|L),|R]|),|LR)

0 glh gd)R 0
b | &Yl ea—A-yp 0 gy,
“ gk 0 Eat+A—p g8Yr
0 gYv; gVR 2(ea — 1) — Exx

@ Bi-exciton binding Exx < U

. . . %
@ Mean-field: find polarisation = - ]
. —Nobinding |5 E

given ¥, YR. 10F |- - - By =4 meV 7 ]

o Eyx =8meV i ]

@ Exx has weak effect on T, | A
% 5x10° 1x10°,  2x10°  2x10

nfcm

[Marchetti et al PRB, '08]
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

o & = E = Dae
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.

@ Spinor Gross-Pitaevskii equation:

. v? ,
0 = 5t V(r) + Uolvr|

+ i (Ve — k£ — TL)?) | Y1
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.
@ Spinor Gross-Pitaevskii equation:
10 = | =5+ V(r) + Uolyr " + (Uo — 2Us) g

+i (e — £ — Tloc?) | ¥0

» Tendency to biexciton formation: U
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Polariton spin degree of freedom

o Left- and Right-circular polarised states.
@ Spinor Gross-Pitaevskii equation:
V2 A

i0cpr = | =5+ V(r) + Uolyor | + (Uo — 2U1) [wr|* + 0

+ i (Ve — £ — TL)?) | Y + SR

» Tendency to biexciton formation: U;
» Magpnetic field: A
» Broken rotation symmetry: J;

@ Two-mode case (neglect spatial variation): [Wouters PRB '08]

@ Many modes — interaction of J; and currents.
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Non-equilibrium spinor system: two-mode model

Write:
b = \/R—_Hei¢+i9/27 VR = VR = zei%-i0/2

Josephson regime: J; < UiR, z < R,

6=—A—4Uz,

Z=—2VetZ — 21 FVFet sin(9)
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Non-equilibrium spinor system: two-mode model

Write:
o oo 9
UL = VR E 2e 02 o — R zei-10/2 ‘
'YnetA
Josephson regime: J; < UiR, z < R,
6=—A—4Uz,
. Ynet .
z=—2netz — 2 sin(9)

r

Damped, driven pendulum
§ + 2ynecd = 8Us V’F“ sin(0) — 2ynet A
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Non-equilibrium spinor system: two-mode model

Write:
i = \/R—_i_zei¢>+i9/27 W = meimia/z 9
'YnetA

Josephson regime: J; < UiR, z < R,

0=—N\—4Uz,

s - '}/net . I

2= =2z — 2 r sin(f) g Stable limit cycle

>

Damped, driven pendulum Bistable
0 + 2vnett) = 8U1 /1 ’y?-et sin(9) — 2%netA Stable fixed point

1 .‘5 Yret
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Zero temperature phase diagram

B dv ( F+Fb1/+(Fb—F)(€a+i’7)
o g”z/zw[u— P2+ 20 + B2 7

o o o
£ 2 &

Pump bath coupling y/g

©
N
T

-
Ug/g
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Zero temperature phase diagram

dv (F,+ Fp u+(Fb—F)(€a+i7)
“’“’“‘g”zfzm— 2+ 2w + Ea)2 + 2]

1 :
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U =0, different g, g’

15

gVN (MH2)

05 F

0.0

SR
SR+ SR
SR+0 Limit Cycle
\~ Cy |
ISR+[H| i
o+
80 60 -4 20 0 20 40 60 80
UN (MH2)

H=wi ) +woS* + g(pTS™ +¢SH) + g' (¢St + S™)+US, 4T,
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Fixed points at U =0

H=wp™p +woS? + g(’S™ +¢ST) + g’ (TSt +9S7)

e 57 =+4N/2 ¢ = 0 always present
e ) £0if g, g large.

Fixed points S,z[} =0.
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Fixed points at U =0
H=wp™p +woS? + g(TS™ + ST+ &' (¢St +¢S7)

e 57 =+4N/2 ¢ = 0 always present

Fixed points S,z[} =0.
e ) £0if g, g large.
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Fixed points at U =0
H=wp™p +woS? + g(TS™ + ST+ &' (¢St +¢S7)

e 57 =+4N/2 ¢ = 0 always present

Fixed points S,z[} =0.
e ) £0if g, g large.

20
S1
* A4
15
~
T
210t
g =
k=) SR *// S3
I:l 7 SR+
05 7 %32
Lo @
O * S1 =
0.0 . L .
0.0 0.5 1.0 15 20
VN (MHz)

Non-equilibrium light-matter systems Herriot-Watt 46 / 48

Jonathan Keeling



Boundaries U =0
k#0
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Boundaries U =0
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Numerical confirmation of fixed points

15 SR
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Numerical confirmation of fixed points
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Numerical confirmation of fixed points
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