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Dicke model & Superradiance phase transition

AT A

H = woS% +wibr+ g (w5~ +ys*)

[Hepp, Lieb, Ann. Phys. 1973]
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Mean-field: |W) = |Q) — e '+15"|Q)
Spontaneous polarisation if: Ng? > wwg J

[Hepp, Lieb, Ann. Phys. 1973]

Problem: never occurs.  Minimal coupling (p — eA)?/2m

e? A2

2m

—Y CAn e gwlsT+ush), & NG(¥+9h)

i

For large N, w — w + 4NC. Need Ng? > wo(w + 4N().
But g2/wo < 4¢. No transition [Rzazewski et al Phys. Rev. Lett 1975]
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Dicke phase transition: ways out

Problem: g2/wq < 4( for intrinsic parameters.
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Dicke phase transition: ways out

Problem: g2/wq < 4( for intrinsic parameters. Solutions:
@ Introduce chemical potential:

» H— H— u(S5% +¢T), need:
g°N = (w — p)(wo — )

> Initially inverted state — dynamical coherence
[Bonifacio & Preparata PRA 1970]
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> Initially inverted state — dynamical coherence
[Bonifacio & Preparata PRA 1970]
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I
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» Pumped system — polariton condensation/lasing

—
o Dissociate g,wp, e.g. Raman scheme: wy < w. J‘{K -.- E\-
[Baumann et al Nature 2010 ] z]‘
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@ Introduction
@ Dicke model and superradiance

© Microcavity Polariton condensation
@ Polariton experiments
@ Model Hamiltonian & non-equilibrium approach
@ Condensation vs lasing

© Superradiance in atom-cavity system

@ Conclusions
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Microcavity polaritons

Caviy Quantum Wells
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Microcavity polaritons

Tavity

Quantum Wells

Cavity photons:

Wi = \/u)g-l-czk2

~ wo + k2/2m*

m* ~ 10~*m,

\_\*

¥

Exciton

Energy

In-plane momentum
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Microcavity polaritons
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Polariton experiments: Momentum /Energy distribution

Emission angle, 6 (degree)
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[Kasprzak, et al., Nature, 2006]
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

Energy

e Propagating (2D) photons

19, ol [arb. urits]

@ Exciton—photon coupling g.

— El 1 0 - 1
Position e, [mev]
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons
@ Exciton—photon coupling g.

Hsys = Zwk¢lwk + Z |:€o¢55
k a

Position

1
+ —

System

avity mode

VA
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons
@ Exciton—photon coupling g.

Hsys = Zwk¢lwk + Z |:€Oé (blzba - aLaa) +
k [e%

System

avity mode

Position
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Non-equilibrium model: baths

vy

Pumping Bath

-

System

Bulk photon modes

Cavity mode
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Non-equilibrium model: baths

System Bulk photon modes

REAZ\AVAVA
Cavity mode \/V\/\

Pumping Bath

— — -
> = -

H= Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hys ot = 3 VW + 3 /7 (alAg + b1Bs) + Hee

p,k a,B
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Non-equilibrium model: baths

Pumping Bath

System

Bulk photon modes

Cavity mode

Schematically: pump ~, decay x

Hiys,path = Z ﬁm‘“’i + Z val <QLA5 + bj,ﬁg) +H.c
p.k a,B

H= Hsys + Hsys,bath + Hbath

Bath correlations, (WTW), (ATA), (BTB) fixed:
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Non-equilibrium model: baths

Pumping Bath

System

Bulk photon modes

— .

Cavity mode

H= Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay x

Hiys,path = Z ﬁm‘“’i + Z val <QLA5 + bj,ﬁg) +H.c
p.k a,B

Bath correlations, (WTW), (ATA), (BTB) fixed:
W bath is empty. Pumping bath thermal, pg, T:
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Non-equilibrium theory; mean-field

Look for mean-field solution, (r, t) = yge #st,
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(s — wo + iK) Yo = x (Yo, ps)®o

Susceptibility: E2 = €2 + g?|io|? , Fap(v) = Flv F %(,us — 18)]

_ +Fb V+(Fb— 2)(I7 + €a — 3115)
X(to, ps) —_g'Y Z / E.)2 4+ 2[(v + E.)2 + 7]

excitons

e Laser limit: F,p(v) — Fop (T — 0).
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Non-equilibrium theory; mean-field

Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(s — wo + iK) Yo = x (Yo, ps)®o

Susceptibility: E2 = €2 + g?|io|? , Fap(v) = Flv F %(,us — 18)]

_ +Fb V+(Fb— 2)(I7 + €a — 3115)
X(to, ps) —_g'Y Z / E.)2 4+ 2[(v + E.)2 + 7]

excitons

e Laser limit: F,p(v) — Fop (T — 0).

e Equilibrium limit: x — 0,7 — 0.
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© Microcavity Polariton condensation

@ Condensation vs lasing
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Fluctuations spectrum and stability

DR _ DA = —i<[¢,¢*}_>
R

Jonathan Keeling Non-equilibrium coherence in light-mater syst ICTP 12 /20



Fluctuations spectrum and stability

DR _ DA — —i<[¢,¢*}_>

DK — —i<[¢,w} > = (2n(w) + 1)(DR — DA)

+

Jonathan Keeling Non-equilibrium coherence in light-mater syst ICTP 12 /20



Fluctuations spectrum and stability

DR _ DA — —i<[¢,¢*}_>

DK — —i<[¢,w} > = (2n(w) + 1)(DR — DA)

+

Jonathan Keeling Non-equilibrium coherence in light-mater syst ICTP 12 /20



Fluctuations spectrum and stability

DR _ DA — —i<[¢,¢*}_>

DK — —i<[¢,w} > = (2n(w) + 1)(DR — DA)

+

—iC(w)
D" = BT AR
DR _ pA_ 2B(w)
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Fluctuations spectrum and stability

DR _ DA = —i<[¢,¢*}_>

DK — —i<[zp,¢q > = (2n(w) + 1)(DR — DA)
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Fluctuations spectrum and stability
DR — D" = —i<[w,w}_

DK = —i<[zp,¢q+
[DR(w)}_ = A(w) + iB(w), ;:é«»)
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Fluctuations spectrum and stability

DR _ DA = —i<[¢,¢*}_>

DK = — i<[zp,w}+> = (2n(w) + 1)(DR — DA)

1 15 1 05 0 05 1
[DR(M)} = A(w) + iB(w), IS
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[D7Hw)]" =iC(w), i _
=1 N1
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DR _ pA 2B(w) 24
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Y51
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Fluctuations spectrum and stability

DR — pA = —i<[¢,¢*}_>

DK = — i<[zp,z/1q+> = (2n(w) + 1)(DR — DA)
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-1 Ener ( s of 0)'5
* . uni
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Linewidth, inverse Green's function and gap equation

Intensity (a.u.)
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[DR] 7! for a laser

FIX,Q)FNO Maxwell-Bloch equations:

gfg " O = —iwk — K + gP

A 0P =—2ieP —2vP + gyN
BeN = 27(No — N) — 2g(¢*P + P*¢))
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[DR] 7! for a laser

FIX,Q)FNO Maxwell-Bloch equations:

gfg " O = —iwk — K + gP

A 0P =—2ieP —2vP + gyN
BeN = 27(No — N) — 2g(¢*P + P*¢))

g>No

Energy of zero

[DR(W)} oo w—wi+ir+

|
-

== -
— — Zeroof Im
-(2vig)®  (2ywig)

System inversion, N
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© Superradiance in atom-cavity system
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Extended Dicke model
——— —— ——— 2 Level system, | {),] ):

b kx, kz) =10,0),
1 ks, kz) = | £ k, £k),
wWo = 2Wrecoil

(\rPump

H :waw—i-woSZ
N atoms: [S| = N/2
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U ’kx,k > |0 0),
1 ks, kz) = | £ k, £k),
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(\rPump
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Extended Dicke model
——— —— ——— 2 Level system, | {),] ):

U ’kx,k > |0 0),
1 ks, kz) = | £ k, £k),
wWo = 2Wrecoil

Pum 2
ﬁ ume Feedback: U oc — &9
We — Wy

H = www +woSZ+ g(v + 1) (ST + ST)+US LY.
N atoms: [S| = N/2
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Extended Dicke model

—— —— 2 Level system, | {),] ):

U ’kx,k > |0 0)
1 ks, kz) = | £ k, £k),
wWo = 2Wrecoil

Pum 2
ﬁ ume Feedback: U oc — &9
We — Wy

H = www +woSZ+ g(v + 1) (ST + ST)+US LY.
N atoms: [S| = N/2

0:S™ = —i(wo+ U )S™ + 2ig(y + v1)S?
0:5% = +ig(y +¥) (S~ — ST)
o) = — [k + i(w+USH)] Y — ig(S™ + 5+)

Add decay:
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Phase diagram

15 SR R
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SR: Need 0;5% = ig(v) + ) (S~ —St) =0
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Phase diagram

15 SR
— SR+ SR
T10
=
%’ SR+0 Limit Cycle
05 F 1
ISR+[H[J o
+O
0.0 .

80 -60 -40 20 0 20 40 60 80
UN (MHz)

SR: Need 0;5% = ig(v) + ) (S~ —St) =0
o |UN| < w/2, Regular SR, ST =S~
e UN < —w/2, 2nd SR soln ¢ = —T
e UN > w/2 No SR Fixed point
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Large U and persistent oscillations

\] Limit Cycle

20 0 20 40 60 8
UN (MH2)

S~ = —iwo + U[Y|?)S™ + 2ig(v + v 57
0:S* = +ig(y +¢1)(S™ - S7)
Oep = — [k + i(w + USH)] ¢ — ig(S~ + S7)

P
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Large U and persistent oscillations

\] Limit Cycle

20 0 20 40 60 8
UN (MH2)

0:S™ = —i(wo + Ul]*)S™ + 2ig (e + 1) S*
0:5% = +ig(v +¢T)(S™ = §T)

Oph = — [k + i(w + US?)] ¢ — ig(S™ + ST)

Fix S = —w/U if Re(¢)) = 0.
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Large U and persistent oscillations

\] Limit Cycle

-20 0 20 40 60 80

UN (MH2)
0:S™ = —i(wo + Ul|?)S™
Oy =—1r v —ig(S™ +5S7)
Fix S = —w/U if Re(¢)) = 0.
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Large U and persistent oscillations

05 .
UN=50
g 0
05
SR
300
300 |
leltCycIei NE 200 | NEZOO |
o 100 100
¢ . 4 . N Q000 11001 11002 11003
20 0 20 40 60 80 900 1000 1100 1200
UN (MH2) t(ms)
0:S™ = —i(wo + UJ1[*)S™
_ . - +
op=—1r 1o —ig(S"+57)

Fix S = —w/U if Re(¢)) = 0.
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Comparison to experiment UN = —40MHz

Pump lattice depth ()

0 : ! 15
X =

= 10 B g
S a g
:
22 | g

* : * . Il

0.0 10 20 Pu:giower [uwysou 1000

oN
[JK et al arXiv:1002.3108 ] [Baumann et al Nature 2010 ]
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Summary

@ Non-equilibrium Dicke relevant to increasing number of systems

VVAVAAA

Bath Temperature

@ Strong-coupling & condensation vs lasing.
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Dicke effect and superradiance without a cavity

=Yg (ulSTe ™ +He) g 2 g e
K,i

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Hos= g1 (hsie™ +He) TENG 2 g e

If [r; — rJ| < A, use ) . S; — S. Many modes 1, — integrate out:
dp

E = —5 [S+S_p — S_p5+ + p5+5_:|

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Hos= g1 (hsie™ +He) TENG 2 g e

If [r; — rJ| < A, use ) . S; — S. Many modes 1, — integrate out:

d L B
7?2_5 [StS~p— S pST 4 pStS]

2
1757 = |5] = N2 initially: 1 oc -1 L0 — T o2 [FN ]

dt 4

N/2 j N2/2
0 g
—
\ n

-N/2

tp tp

mo

[Dicke, Phys. Rev. 1954]
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Dicke effect and superradiance without a cavity

Hos= g1 (hsie™ +He) TENG 2 g e

If [r; — rJ| < A, use ) . S; — S. Many modes 1, — integrate out:

dp _ — L 1StSp— 5 pS* 4 pStST]

pr
If S = |S| = N/2 initially: /OC_r<dt>: 4 ech? [ ]

N/2 j N2/2
0 g
—
\ n

-N/2

tp tp

mo

[Dicke, Phys. Rev. 1954]
Problem: dipole-dipole interactions dephase.
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Collective radiation with a cavity: Dynamics

T AT A

Hint:Z (QpTSI,— 4 1/15,*) Single cavity mode: oscillations

1

[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Collective radiation with a cavity: Dynamics

T AT A

Hintzz (wTsi— + 1/,5’#) Single cavity mode:. (?s.cillations
i If S% = |S| = N/2 initially:

1600 T=2In(/N)/

1200

WP
g

0 01 02 03 04 05 06 07 08
Time

[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Collective radiation with a cavity: Dynamics

T AT A

Hipe = E (QpTSi_ + 1/;5’*) Single cavity mode: oscillations
i If S = |S| = N/2 initially:
16001 ir=2in(/Ny ] 1600 1 N=2000
1400 1400 1
1200 | 1200 |
o 1000 o 1000 H
T 5 w0
600 | 600
400 | 400
200 200
0 0 : ‘ ‘ ‘
0 01 02 03 04 05 06 07 08 0 1 2 3 4 5
Time Time
[Bonifacio and Preparata PRA 1970; JK PRA 2009]
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Other polariton condensation experiments

@ Stress traps for polaritons 108
[Balili et al Science 316 1007 (2007)] S 100
@ Temporal coherence and line narrowing s
[Love et al Phys. Rev. Lett. 101 067404 1608
(2008)] 1506
2) —mm %1.505

" >
ém ° { E 1.604
% \ ' E=1.6721 eV 1603
éqs Jns 5 7 0 < 1.606
2 00 ! — u D -;1.605
1.670 1.672 1.674 1.676 y E 1.604

Photon Energy (eV) wm

E,=1.67247 eV E =1.67269 eV

1.603

95 1m
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Other polariton condensation experiments

@ Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

@ Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

@ Soliton propagation
[Amo et al Nature 457 291 (2009)]

@ Driven superfluidity
[Amo et al Nature Phys. (2009)

BEdEEEE
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Polariton experiments: Strong coupling

[Bajoni et al PRL 2008]

Jonathan Keeling

B IOIB
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Equilibrium: Mean-field theory

Heys = ZWWWHZ [ea( Lb, — ala, ) é\’;ﬂ‘w bla, +H.c.
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Equilibrium: Mean-field theory

Heys = > withfth + > [ea (bLba —~ agaa) + gi\/’ﬂ"wkbgaa +Hec.
k «

Self-consistent polarisation and field

, V2 1
—’at—wo+% wz—ﬂza:gaPa
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Equilibrium: Mean-field theory

Heys = > withfth + > [ea (bLba —~ agaa) + gi\/’ﬂ"wkbgaa +Hec.
k «

Self-consistent polarisation and field

B R L S AL S
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Equilibrium: Mean-field theory

Hsys = Zwkwkwk - Z [ea (bLba - agaa) é\’;ﬂ‘w bla, +H.c.

Self-consistent polarisation and field

[ " — wp ]w——z gawtanh (BE.)

2
o
E.> = < “2 M) + g2y?
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Equilibrium: Mean-field theory

Hsys = Zwkwkwk - Z [ea (bLba - agaa) é\’;ﬂ‘w bla, +H.c.

Self-consistent polarisation and field

[ " — wp ]w——z gawtanh (BE.)

2
o
E.> = < “2 M) + g2y?

Density

p= v+ AZ[—

 tanh(BEa )}
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Equilibrium: Mean-field theory

Hsys = Zwkwkwk - Z [ea (bLba - agaa) é\’;ﬂ‘w bla, +H.c.

Self-consistent polarisation and field

[ I — Wo ]w——z gawtanh (BE.)
2 €a — 1 2 2,2 “ non-condensed
Ea - 2 + ga¢ 20 condensed |
Density 52
p=vP+ Z [ - tanh(ﬂE )} i
% 1x‘109 2x10°
nfcm?
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Non-equilibrium: Timescales

ton™

Exciton

\/\_ Prff ] & j‘/‘ Rt

/\4 In—plane momenturq
I \/\/\’
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Non-equilibrium: Timescales

Photon ™

Exciton

NNA
In—-plane momenturp
‘ /\4 I \/\/\’
| Lifetime  Thermalisation |
Atoms 10s 10ms
Excitons? 50ns 0.2ns
Polaritons 5ps 0.5ps
Magnons? | 1us(?7) 100ns(?)

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium: Timescales

Photon ™

Exciton

NNA
In—plane momentur
/\4 i \/\/\’
| Lifetime Thermalisation |  Linewidth Temperature

Atoms 10s 10ms 25x 107 3meV 108K 10 meV
Excitons? 50ns 0.2ns 5 x 107°meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnons? | 1us(?7) 100ns(?) 2.5 x107%meV 300K 30meV

?Coupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Limits of gap equation

+Fb V+(Fb_F)(i7+€a_lM5)
[is — wo + ik = —g2y Z / E.)? +3[(v + Eun)? +722]

excitons
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Limits of gap equation

. dv (Fp — F2)(ivy )
=g ) / 2 [(v— E)2+2[(v + Ea)? + 47

excitons

@ Laser limit: Gain vs Loss.
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Limits of gap equation

_ (Fo — Fa)(iv )
> / [(v = Ea)? +2][(v + Ea)* + 7]

excitons

@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

n=gn Z (E2+'y

excitons
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Limits of gap equation

——g Y [ 5 (Fo — Fa)(in )
excitons (v = Ea)? +72[(v + Ea)? + 2]
@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np
g’ .
r=g4 Z (E2+’Y _ZX|nver5|on

excitons
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Limits of gap equation

_ (Fb — Fa)(iy
=g 2 / [(v — Ea)? +2[(v + Ea)? + 7]

excitons

@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np
g’ :
K =gy Z (E2—|—fy —lenversmn

excitons

o Equilibrium limit: finite T set by pumping, need Kk < 7.
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Limits of gap equation

_ (Fb — Fa)(iy
=g 2 / [(v — Ea)? +2[(v + Ea)? + 7]

excitons

@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

2

/-f—g'y Z (E2—|—fy —%xlnversion

excitons

o Equilibrium limit: finite T set by pumping, need Kk < 7.
Require: F,(w) = Fp(w) so us = pup
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Limits of gap equation

+Fb v+
e =8 D / Ea)? + 27l + Ea) + 47

excitons

@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

2

/-f—g'y Z (E2—|—fy —%xlnversion
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o Equilibrium limit: finite T set by pumping, need Kk < 7.
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@ Laser limit: Gain vs Loss. If Fp(w) — Fa(w) — —2Np

2
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Zero temperature phase diagram

+ Fp) V+(Fb—F)(€a+i’Y)
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Zero temperature phase diagram
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Zero temperature phase diagram
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U =0, different g, g’

15 ¢ SR 1
~ SR+ SR
F10¢t 1
2
< SR+ .\
& 3 Limit Cycle
05 ™ q/ 1
ISR+[H i
O
0.0 ; / | . .
-80 -60 -40 -20 0 20 40 60 80 /N (MH2)

UN (MH2)

H=wp™p +woS? + g(TS™ + ST + g’ (WISt + 9S™)+US, 1.
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Fixed points at U =0
Fixed points S,d} =0.

o 1, S7=+N/2,¢ =0 always
e SR: Y #0if g, g’ large.
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Fixed points at U =0

Fixed points S,d} =0.
o 1, S7=+N/2,¢ =0 always
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Fixed points at U =0

Fixed points S,d} =0.
o 1, S7=+N/2,¢ =0 always
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Fixed points at U =0

Fixed points S,d} =0.
o 1, S7=+N/2,¢ =0 always

S o L.

e SR: Y #0if g, g’ large. = -
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Boundaries U =0

k#0

20 T T -
* A
15 ¢ 1
~
I
210}t 1
=
k=) SR *S:j/
/
0 7 SR+[
05 r s%S2
7’ -
//_ -
O * Sl
0.0 - -
0.0 05 1.0 15 20
gVN (MH2)

Jonathan Keeling Non-equilibrium coherence in light-mater syst ICTP 34 / 36



Boundaries U =0
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Boundaries U =0
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Numerical confirmation of fixed points

15 SR
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Numerical confirmation of fixed points
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Numerical confirmation of fixed points
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Numerical confirmation of fixed points
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Comparison to experiment UN = —40MHz

Pump lattice depth ()

0 : ! 15
X =

= 10 B g
S a g
:
22 | g

* : * . Il

0.0 10 20 Pu:giower [uwysou 1000

oN
[JK et al arXiv:1002.3108 ] [Baumann et al Nature 2010 ]
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