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Non-equilibrium: Timescales
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Lifetime Thermalisation Linewidth Temperature
Atoms 10s 10ms 2.5× 10−13meV 10−8K 10−9meV
Excitonsa 50ns 0.2ns 5× 10−5meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnonsb 1µs(??) 100ns(?) 2.5× 10−6meV 300K 30meV

aCoupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Overview

1 Microscopic non-equilibrium model
Model and mean-field theory
Fluctuations and stability of normal state

2 Macroscopic phenomenology
Gross Pitaevskii equation in an harmonic trap

Spontaneously rotating vortex lattice

Internal Josephson effect and spatial variation
Spin degree of fredom
Summary of two-mode model
Spin and spatial degrees of freedom
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Polariton system model

Polariton model

Disorder-localised excitons

Treat disorder sites as
two-level (exciton/no-exciton)

Propagating (2D) photons

Exciton–photon coupling g .
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Non-equilibrium model: baths
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Excitons Cavity mode

System

γ
κ

Bulk photon modes
Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump γ, decay κ

Hsys,bath '
∑
p,~k

√
κψkΨ†p +

∑
α,β

√
γ
(
a†αAβ + b†αBβ

)
+ H.c.

Bath correlations, 〈Ψ†Ψ〉, 〈A†A〉, 〈B†B〉 fixed:
Ψ bath is empty. Pumping bath thermal, µB ,T :
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Non-equilibrium theory; mean-field

Look for mean-field solution, ψ(r, t) = ψ0e
−iµS t .

Gap equation:

(µs − ω0 + iκ)ψ0 = χ(ψ0, µs)ψ0

Susceptibility:

E 2
α = ε2

α + g2|ψ0|2 , Fa,b(ν) = F [ν ∓ 1
2 (µs − µB)]

χ(ψ0, µs) = −g2γ
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Fluctuations → Stability, Luminescence, Absorption

Keldysh approach:

DR −DA

DR,A = ∓ iθ[±(t − t ′)]

〈[
ψ,ψ†

]
−

〉
DK = − i

〈[
ψ,ψ†

]
+

〉

= (2n(ω) + 1)(DR −DA)

[
DR(ω)

]−1
= A(ω) + iB(ω),[

D−1(ω)
]K

= iC (ω),

DK

=
−iC (ω)

B(ω)2 + A(ω)2

DR −DA

=
2B(ω)

B(ω)2 + A(ω)2

D−1
R (ω, k) = (ω − ω∗k)+iα(ω − µeff)
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Linewidth, inverse Green’s function and gap equation

-1.5 -1 -0.5 0 0.5 1

0

1

A(ω)
B(ω)
C(ω)

-1.5 -1 -0.5 0 0.5 1
Energy (units of g)

0

1

2

3

In
te

ns
ity

 (
a.

u.
) Density of states, 2 Im[D

R
]

Occupation, n(ω)

-0.6 -0.5 -0.4 -0.3
Bath chemical potential, µ

B
/g

-3

-2

-1

0

1

E
ne

rg
y 

of
 z

er
o 

(u
ni

ts
 o

f 
g)

Zero of Re
Zero of Im

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 9 / 29



Linewidth, inverse Green’s function and gap equation

-1.5 -1 -0.5 0 0.5 1

0

1

A(ω)
B(ω)
C(ω)

-1.5 -1 -0.5 0 0.5 1
Energy (units of g)

0

1

2

3

In
te

ns
ity

 (
a.

u.
) Density of states, 2 Im[D

R
]

Occupation, n(ω)

-0.6 -0.5 -0.4 -0.3
Bath chemical potential, µ

B
/g

-3

-2

-1

0

1

E
ne

rg
y 

of
 z

er
o 

(u
ni

ts
 o

f 
g)

Zero of Re
Zero of Im

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 9 / 29



[DR ]−1 via Maxwell Bloch equations

Semiclassical EOM for: ψ, P = n〈−ia†b〉, N = n〈b†b − a†a〉

κ

ΓN

g

ΓN0

∂tψ = −iωkψ − κψ + gP

+ Fe−iωt

∂tP = −2iεP − ΓP + gψN

∂tN = Γ(N0 − N)− 2g(ψ∗P + P∗ψ),

Response to weak force:

ψ = iDR(ω)Fe−iωt , P = χ(ω)ψ,

[
DR(ω)

]−1
= ω−ωk + iκ+

g2N0

ω − 2ε+ iΓ

-(γ/g)2 (γκ/g2)
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rg
y 

of
 z

er
o

System inversion, N

Zero of Re
Zero of Im
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Overview

1 Microscopic non-equilibrium model
Model and mean-field theory
Fluctuations and stability of normal state

2 Macroscopic phenomenology
Gross Pitaevskii equation in an harmonic trap

Spontaneously rotating vortex lattice

Internal Josephson effect and spatial variation
Spin degree of fredom
Summary of two-mode model
Spin and spatial degrees of freedom
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Limits of gap equation

Gap equation:
(µs − ω0 + iκ)ψ = χ(ψ, µs)ψ

Local density limit:

Gross-Pitaevskii equation(
i~∂t + iκ−

[
V (r)− ~2∇2

2m

])
ψ(r) = χ(ψ(r , t))ψ(r , t)

Nonlinear, complex susceptibility χ(ψ(r , t))

, E 2
α = ε2

α + g2|ψ0|2

i~∂tψ|nlin = U|ψ|2ψ
i~∂tψ|loss = −iκψ i~∂tψ|gain = iγeff(µB)ψ − iΓ|ψ|2ψ

i∂tψ =

[
−~2∇2

2m
+ V (r) + U|ψ|2 + i

(
γeff(µB)− κ− Γ|ψ|2)]ψ
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Gross-Pitaevskii equation: Harmonic trap

i~∂tψ =

[
−~2∇2

2m
+

mω2

2
r2 + U|ψ|2 + i

(
γeff − κ− Γ|ψ|2)]ψ

0 2 4 6 8 Radius

Density

0
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15

20

25

30

[Keeling & Berloff, PRL, ’08]
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Stability of Thomas-Fermi solution

High m modes: δρn,m ' e imθrm . . .

1

2
∂tρ+∇·(ρv) =

1

~
(γnet − Γρ)ρ

(γnetΘ(r0−r)−Γρ)ρ

3γnet
2Γ
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Time evolution:

t=0 t=2 t=22 t=30

t=35 t=40 t=45 t=56

[Keeling & Berloff, PRL, ’08]
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Why vortices

Rotating solution: i∂tψ = (µ− 2ΩLz)ψ

v = Ω× r, Ω = ω, ρ =
µ

U
=
γnet

Γ
Θ(r0 − r)
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Polariton spin degree of freedom

Results so far do not involve polariton spin:
Left- and Right-circular polarised polaritons states.

For weakly-interacting dilute Bose gas model:

H =
|∇ΨL|2

2m
+
|∇ΨR |2

2m
+

U0

2

(
|ΨL|2 + |ΨR |2

)2

− 2U1 |ΨL|2 |ΨR |2 − ∆

2

(
|ΨL|2 − |ΨR |2

)
+ J1

(
Ψ†LΨR + H.c.

)
+ J2

(
Ψ†LΨR + H.c.

)2

Tendency to biexciton formation → U1. Magnetic field: ∆

J2 Circular Symmetry → D2d — two equivalent axes.
J1 D2d → C2v — inequivalent axes.
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Equilibrium phase diagrams

J1 = J2 = 0.
For U1 = 0.5, ΨL,R decouple.

J1 = 0, J2 6= 0.
Phase locking J2 cos(2(θL − θR)).
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Non-equilibrium spinor system

Spinor Gross-Pitaevskii equation:

i∂tψL =

[
−~2∇2

2m
+ V (r)− ∆

2
+ U0|ψL|2 + (U0 − 2U1)|ψR |2

+ i
(
γeff(µB)− κ− Γ|ψL|2

)]
ψL + J1ψR

J1 → interconversion. How does this interact with currents.

Two-mode case (neglect spatial variation): [Wouters PRB ’08]

To recap results write ψL,R =
√
ρL,Re i(φ±θ/2), ρL,R = R ± z .

Ṙ = 2σ
(
R
γnet

Γ
− R2 − z2

)
θ̇ = −∆− 4U1z + 2

J1z cos(θ)√
R2 − z2

ż = 2(γnet − 2ΓR)z − 2J1

√
R2 − z2 sin(θ)
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Two-mode system summary

Ṙ = 2σ
(
R
γnet

Γ
− R2 − z2

)
θ̇ = −∆− 4U1z + 2

J1z cos(θ)√
R2 − z2

ż = 2(γnet − 2ΓR)z − 2J1

√
R2 − z2 sin(θ)

Josephson regime J � U1R & z � R

.

R = γnet/Γ

θ̇ = −∆− 4U1z ,

ż = −2γnetz − 2J1R0 sin(θ)

Damped, driven pendulum

γnet ∆

8U J1 1

net

γn
et

∆

γ1.5

Stable fixed point

Stable limit cycle

Bistable

θ̈ + 2γnetθ̇ = 8U1J1R0 sin(θ)− 2γnet∆
[e.g. Strogatz, Nonlinear dynamics and chaos]
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ż = 2(γnet − 2ΓR)z − 2J1

√
R2 − z2 sin(θ)

Josephson regime J � U1R

& z � R

.

R = γnet/Γ

θ̇ = −∆− 4U1z ,
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Two-mode model bistability
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Homogenous case: stability at ∆ < ∆c

Damped oscillations
Ω2

p = −8U1J1R0 cos(θ)
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Trapped spinor system

Consider: V (r) = mω2r2/2 γnet → γnetΘ(r0 − r)

Track µL,R = ∂t 〈lnψL,R〉 vs ∆.

Simple case J1 = γnet ; r0 < rTF .

Marginal case J1 = γnet ; r0 . rTF .
θ̇ = 0 → ∆ = −U1z
∆ causes L(R) to grow (shrink)
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Trapped spinor system — phase portraits

“Simple” case not so simple
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Spatial variation

Varieties of behaviour possible as θ(r), not θ̄ needed to define state.

Plot J1 sin(θ) vs r .

J1 = 0.5; r0 > rTF ; ∆ = 6
J1 = 1; r0 > rTF ; ∆ = 6
Counter-rotating.

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 26 / 29



Spatial variation

Varieties of behaviour possible as θ(r), not θ̄ needed to define state.
Plot J1 sin(θ) vs r .

J1 = 0.5; r0 > rTF ; ∆ = 6
J1 = 1; r0 > rTF ; ∆ = 6
Counter-rotating.

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 26 / 29



Spatial variation

Varieties of behaviour possible as θ(r), not θ̄ needed to define state.
Plot J1 sin(θ) vs r .

J1 = 0.5; r0 > rTF ; ∆ = 6

J1 = 1; r0 > rTF ; ∆ = 6
Counter-rotating.

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 26 / 29



Spatial variation

Varieties of behaviour possible as θ(r), not θ̄ needed to define state.
Plot J1 sin(θ) vs r .

J1 = 0.5; r0 > rTF ; ∆ = 6
J1 = 1; r0 > rTF ; ∆ = 6
Counter-rotating.

Jonathan Keeling Nonequilibrium quantum condensates Cambridge-ITAP workshop 26 / 29



Vortex lattices, desynchronisation and spectrum

Vortex lattice → phase gradients; finite k, ω.
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Conclusions

Effects of pumping on mean-field theory
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Limits of gap equation

Gap equation:

µs −ω0 + iκ = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + εα − 1
2µS)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]

Laser Limit Imaginary part: Gain vs Loss.

If T � γ

κ = −g2γ
∑

excitons

[Fb(Eα)− Fa(Eα)]

4E 2
α + 4γ2

=
g2

2γ
× Inversion

Equilibrium limit: finite T set by pumping, need κ� γ.

Require: Fa = Fb so µS = µB

ω0 − µs =
g2

2E
tanh

(
βE

2

)
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Zero temperature phase diagram

ω̃0 − iκ = g2γ
∑
α

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(ε̃α + iγ)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
.
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Fluctuations above transition

When condensed

Det
[G−1

R (ω, k)
]

= ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ = c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Sound mode

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]
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Finite size effects: Single mode vs many mode

〈
ψ†(r , t)ψ(0, r ′)

〉
' |ψ0|2 exp

[−Dφφ(t, r , r ′)
]

Dφφ(t, r , r ′) from sum of phase modes. Study ct � r limit:

Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

∆�√
x/t � Emax

maxE√x/t

∆ Energy
Dφφ ∼ 1 + ln(Emax

√
t/x)

√
x/t � ∆� Emax

maxE√x/t

∆ Energy
Dφφ ∼

(
πC
2x

) (
t

2x

)
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Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

∆�√
x/t � Emax

maxE√x/t

∆ Energy
Dφφ ∼ 1 + ln(Emax

√
t/x)

√
x/t � ∆� Emax

maxE√x/t

∆ Energy
Dφφ ∼

(
πC
2x

) (
t

2x

)
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Relating finite-size spectrum to self phase modulation

Single mode spectrum:

Dφφ(t, r , r) ∝
∫

dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

φ

Im

Reψ

ψ
∂tφ = UδN

∂tδN = −ΓδN + F (t), 〈F (t)F (t ′)〉 = Cδ(t − t ′)

Dφφ(t) =

∫
dω

2π
(1− e iωt)〈φωφ−ω〉

CU2

|ω(ω + iΓ)|2

=
CU2

2Γ3

[
Γt − 1 + e−Γt

]
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Instability of Thomas-Fermi: details

ψ =
√
ρe iφ v = ~

m∇φ

1

2
∂tρ+∇ · (ρv) = (γnet − Γρ)ρ

∂tv +∇(Uρ+
mω2

2
r2 +

m

2
|v|2) = 0

Consider ρ→ ρ+ δρ, v→ v + δv.

If γnet, Γ→ 0, can find normal
modes in 2D trap:

δρn,m(r , θ, t) = e imθhn,m(r)e iωn,mt

ωn,m = ω2
√

m(1 + 2n) + 2n(n + 1)

Add weak pumping/decay:

ωn,n → ωn,m + iγnet

[
m(1 + 2n) + 2n(n + 1)−m2

2m(1 + 2n) + 4n(n + 1) + m2

]
Instability
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Why vortices

-15 -10 -5  0  5  10  15
 0
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D
en

si
ty

Density profile
Thomas-Fermi in flattened trap

Cross Section

Rotating solution: i∂tψ = (µ− 2ΩLz)ψ

∇ · [ρ(v − Ω× r)] = (γnetΘ(r0 − r)− Γρ) ρ,

µ =
m

2
|v − Ω× r|2 +

m

2
r2(ω2 − Ω2) + Uρ− ~2∇2√ρ

2m
√
ρ

v = Ω× r, Ω = ω, ρ =
γnet

Γ
Θ(r0 − r) =

µ

U
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Why vortices: chemical potential vs size

Thomas-Fermi : µ ∝ r2
0 Vortex : µ =

Uγnet

Γ
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Observing vortices: fringe pattern

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

=+
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Spin in terms of twofour-level systems

To include spin, replace 2 level system with 4 levels: |0〉, |L〉, |R|〉, |LR〉

ĥα =


0 gψL gψR 0

gψ∗L εα −∆− µ 0 gψL

gψ∗R 0 εα + ∆− µ gψR

0 gψ∗L gψ∗R 2(εα − µ)− EXX



Bi-exciton binding EXX ↔ U1

Mean-field: find polarisation
given ψL, ψR .

EXX has weak effect on Tc
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[Marchetti et al PRB, ’08]
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Mathematical outline

2D Single component equation of state: n(µ,T ) = Tf (x = µ/T )

For two components:

n0 = T

[
f

(
µ+ Ω

T

)
+ f

(
µ− Ω

T

)]
At critical point for one component:

n0 = T

[
fc + f

(
xc +

2Ω

T

)]
Hence:

T =
n0

fc + f
(
xc + 2Ω

T

)
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At critical point for one component:

n0 = T

[
fc + f

(
xc +

2Ω

T

)]
Hence:

T =
n0

fc + f
(
xc + 2Ω

T

)
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Graphical implementation of T = n0/

[
fc + f

(
xc +

2Ω

T

)]
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Graphical implementation of T = n0/
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Spatial freedom: Homgeneous case ∆ < ∆c

θ̈ + 2γnetθ̇ = 8U1J1R0 sin(θ)− 2γnet∆

Steady state condition: 8U1J1R0 sin(θ) = 2γnet∆

ψL,R → e−iµt
(
ψ0

L,R + u1e
−ik·r+(−iω−κ)t + v∗1 e ik·r+(iω−κ)t

)
Define Ω2

p = −8U1J1R0 cos(θ). At k = 0

ω − iκ = 0,−2iγnet

− iγnet ± i
√
γnet − Ω2

p
-5

 0

 5

0 π/4 π/2 3π/4 π

ω

θ
0 π/4 π/2 3π/4 π

-5
 0
 5
 10
 15

κ

θ

Stability requires Ω2
p > 0. If Ω2

p < γnet overdamped.
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Superfluidity

Superfluidity:

J = ρv = Ψ†i~∇Ψ = |Ψ|2∇φ
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χij(ω = 0,q→ 0) = 〈Ji (q)Jj(q)〉

= χT (q)

(
δij − qiqj

q2

)
+ χL(q)

qiqj

q2

Superfluid part,
ρs ∝ lim

q→0
(χL − χT ).

Ji (q) = 〈ψ†γi (q)ψ〉
Static ρS survies

∆χij(q) =
G(ω = 0,q)

γi(q,0)ψ0 γj(q,0)ψ0

+ . . .

= γi (q)GR(ω = 0, ~q)γj(q) + . . .

∝ qi (. . .) qj

(ω + ix)2 + x2 − c2q2
+ . . .
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