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Generalisations of Landau-Zener problems
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The Landau-Zener problem
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Coherent field Landau-Zener problem

Hamiltonian: H =
λt

2
sz + g

(
ψ†s− + ψ s+

)
,

Initial coherent state: |Ψ(−∞)〉 = e−|ψ|
2/2
∑

n
ψn
√

n!
|n, ↑〉

Each pair |n, ↑〉 ↔ |n + 1, ↓〉 undergoes LZ transition

Hn,n+1 =

(
λt/2 g

√
n + 1

g
√

n + 1 −λt/2

)
,

(
1
0

)
→
(

An+1

Bn+1

)

Final state:

|Ψ(+∞)〉 = e−|ψ|
2/2

∞∑
n=0

ψn

√
n!

[
An+1|n, ↑〉+ Bn+1|n + 1, ↓〉

]
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Collapse and revivals of field amplitude
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Explaining results: expansion

Adiabatic limit: z = g2/λ� 1

|Ψ(T )〉 = e−|ψ|
2/2

∞∑
n=0

ψn

√
n!

[
An+1|n, ↑〉+ Bn+1|n + 1, ↓〉

]

〈Ψ|ψ|Ψ〉 = ψe−|ψ|
2
∑
n

|ψ|2n

n!

√
n + 2

n + 1

∆φn = z
[
(n + 1) ln(n + 1)− n ln n + ln

( z

eλT 2

) ]
Want ∆φn for n ' |ψ|2.

∆φn=|ψ|2+m ' ∆φ|ψ|2 +
zm

|ψ|2
− zm2

2|ψ|4
+ . . .
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Explaining results: comparison

〈Ψ|ψ|Ψ〉 =
|ψ|

(1 + z2/|ψ|4)1/4

Nmax∑
N=0

exp

[
− (z − 2πN|ψ|2)2

2|ψ|2(1 + z2/|ψ|4)

]
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Effects of photon decay

κ
g

Two−leve
l e

nergy, 
E=  t

Time

E
ne

rg
y

g  n√

λ

∂t ρ̂ = −i
[
Ĥ, ρ̂

]
+ Lκ[ρ̂]

Lκ[ρ̂] = −κ
2

(
ψ̂†ψ̂ρ̂+ ρ̂ψ̂†ψ̂ − 2ψ̂ρ̂ψ̂†

)

Photon loss does not switch branch

Ptrans =

∣∣∣〈n − 1,−|ψ̂|n,+〉
∣∣∣2

〈n,+|ψ̂†ψ̂|n,+〉
≤ 27

256n2
� 1

Consider, Λn = ρn,n+1:

dΛn

dt
= i

[
d∆φn−1

dt

]
Λn − κ

[(
n − 1

2

)
Λn −

√
n(n + 1)Λn+1

]
When |t| ≤ g

√
n/λ, decay rate κn ' κ|ψ|2 � κ.
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Comparison of photon decay

〈Ψ| ψ̂(ψ0, κ) |Ψ〉

' 〈Ψ| ψ̂(ψ0e
−κT/2, 0) |Ψ〉 exp

[
−κT

2
−
√

2
κ

g
|ψ|2z3/2

]
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Comparison of photon decay
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Many two-level systems

H =
N∑
i

(
λtsz

i + g(s+
i ψ + s−i ψ

†)
)

〈Ψ|ψ|Ψ〉 = ψe−|ψ|
2
∑
n

|ψ|2n

n!

√
n + 1 + N

n + 1
e i(φn+2−φn+1)

For N � n, expand in n/N:

φn = A(N)+B(N)n+Czn2+O
(

1

N

)
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Quantum dot coupled to 1D wire

λt

c

c
c0

p

1

d

+

+

+

+

H = λtd†d +
∑

εpc
†
pcp + g(d†cp + c†pd)

Initially: Filled fermi sea
∏
εp<εF

c†p|Ω〉

Find final state of wire

1 particle: Demkov-Osherov problem

T (ε, ε′) ∝ exp

[
−g2ν

λ
(ε− ε′)− i

2λ
(ε2 − ε′2)

]
t

E
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Many fermion problem

T (ε, ε′) ∝ exp

[
−g2ν

λ
(ε− ε′)− i

2λ
(ε2 − ε′2)

]
= C |φ+(ε)〉〈φ−(ε′)|

Transitions between fermion states:
c̃ε =

∑
ε′

T (ε, ε′)cε′

P2 = Ta→a′Tb→b′ − Ta→b′Tb→a′

= 〈a′|φ+〉〈φ−|a〉〈b′|φ+〉〈φ−|b〉
− 〈a′|φ+〉〈φ−|b〉〈b′|φ+〉〈φ−|a〉 = 0.

Max number of particles transfered = rank of T = 1.

Particle transfered to state |φ+(ε)〉.
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Current pulse profile

Driving need not be adiabatic

ψ(t) =

√
g2ν

2πλ

∫ ∞
0

dε exp

[
−iεt − g2νε

2λ
+ i

ε2

2λ

]
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Conclusions

Dynamically driven single two-level system:
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Extra material

3 Coherent Landau-Zener process
Wigner function
Graphical description of revivals
Decay effects
Systems for LZ problem
Many spins LZ problem

4 Localised fermion coupled to continuum
Finding T (ε, ε′)
Periodic driving
Measuring Noise
Noisy driving
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Revivals are not coherent states

W (x , p) = 1
π

∫
dy Ψ∗(x + y)Ψ(x − y)e2ipy .
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Understanding collapse and revival

〈Ψ|ψ|Ψ〉 = ψe−|ψ|
2
∑
n

|ψ|2n

n!

√
n + 2

n + 1
e i(φn+2−φn+1)

∆φn = z
[
(n + 1) ln(n + 1)− n ln n + ln

( z

eλT 2

) ]
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Results including decay
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γnaive/g � 10× 10−4
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κnaive/g � 100× 10−5
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Possible systems

Requirement: κ/g . 1× 10−5, γ/g . 2× 10−4

System Source κ/g γ/g
Quantum dots/Microdisk CNRS 2005 2× 10−1 3× 10−1

Atom/Optical cavity ETH 2007 1× 10−1 3× 10−1

Josephson junction/stripline Yale, 2004 2× 10−2 2× 10−3

Atom/Microwave cavity ENS, 2004 7× 10−3 2× 10−4

ENS, 2007 2× 10−4 2× 10−4

Jonathan Keeling Electron injection into quantum wire CEWQO 2009 20 / 30



Many two-level systems

If many spins:

H =
N∑
i

(
λtsz

i + g(s+
i ψ + s−i ψ

†)
)

N< |ψ|2

N> |ψ|2

Excited Spins

Ph
ot

on
s

Final state for

Initial state

Excited Spins

Ph
ot

on
s

Initial state
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Many two-level systems: Converting spins to photons

〈Ψ|ψ|Ψ〉 = ψe−|ψ|
2
∑
n

|ψ|2n

n!

√
n + 1 + N

n + 1
e i(φn+2−φn+1)

If adiabatic φ dominated by logarithm, t → ±∞

H '


N
2 λt g

√
N(n + 1) 0 . . .

g
√

N(n + 1) (N
2 − 1)λt g

√
2(N − 1)(n + 2) . . .

0 g
√

2(N − 1)(n + 2) (N
2 − 2)λt . . .

...
...

...
. . .


For t → −∞:

E− '
N

2
λt +

g2N(n + 1)

λt
− g4N(n + 1)

(λt)3
[1 + (n + 1)− N]

φ−(n) ' Const + z(n + 1)
N

2
ln
[ z

λT 2
[1 + (n + 1)− N]

]
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Single particle problem

E(t)(t)φ

ψ1

ψ

ψ

(t)

(t)
(t)0

p

V(t)

Continuum states: ψ(x , t) =
∑

ψp(t)e ipx

Thus, continuum equations:

[i∂t − E (t)]φ(t) = g

∫
dxψ(x , t)δ(x)

(i∂t + iv∂x)ψ(x , t) = gδ(x)φ(t)

Transition amplitude:
U(ε, ε′) = 2πδ(ε− ε′) + T (ε, ε′)

T (ε, ε′) =

∫∫
t>t′

dtdt ′e i(εt−ε′t′) g
2

v
exp

[
−g2

2v
(t − t ′) + i

∫ t

t′
E (τ)dτ

]
= −2πg2

λv
exp

[
− g2

λv
(ε− ε′)− i

2λ
(ε2 − ε′2)

]
If: E (t) = λt
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Periodic driving: example results

Suppose E (t) = E + A sin(Ωt): Find Nex(t) vs E .
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Energy shift, E/Ω
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1
A/Ω=60
Γ/Ω=2

Excitation Number.
Amplitude of Q(t)
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Comparing E (t) = E + A sin(Ωt) and square wave
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General time dependence: measuring noise

Number of excitations:

Nex =
∑

ε>εF>ε′

|〈ε|U|ε′〉|2 +
∑

ε<εF<ε′

|〈ε|U|ε′〉|2

Define: Nex
r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉
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r ,l = Ne

r ,l + Nh
r ,l

qr ,l = e(Ne
r ,l − Nh

r ,l)
Then

〈qr 〉 = T 〈ql〉
〈∆q2

r 〉 = T 2〈∆q2
l 〉+ e2T (1− T )〈Nex

l 〉
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Noisy driving

Suppose E (t) = ct + η(t)
〈η(t)〉 = 0, 〈η(t)η(t ′)〉 = Γ2δ(t − t ′).

EF

E(t)

To find Nex, need: 〈|U(ε, ε′)|2〉thus:

Nex ∝
∫ ∞
−∞

dt

∫ t

−∞
dt ′
∫ ∞
−∞

ds

∫ t

−∞
ds ′ . . .× Fnoise(t, t ′, s, s ′)

Fnoise =

〈
exp

[
i

∫ t

t′
η(τ)dτ − i

∫ s

s′
η(σ)dσ

]〉
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Noisy driving

Find Fnoise = exp [−Γ2 (|t − t ′|+ |s − s ′| − L(t, t ′, s, s ′))]

t’
ss’

t

L(t,t’,s,s’)

Can simplify to ∆ = t − s and Λ = t − t ′ = s − s ′

Nex =
−Γ2

2πc

∫ ∞
−∞

d∆

(∆− i0)2

∫ ∞
0

dΛe(ic∆−Γ−Γ2)Λ+Γ2L(∆,Λ)
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Noisy driving: results

Integral log divergent: white noise
limit

Infinite no. crossings of Fermi surface

Can extract logarithmic contribution

EF

E(t)

Nex =

{
1 c � ΓΓ2

Γ2

(Γ+Γ2)2 + 2ΓΓ2
πc ln ω∗

Γ+Γ2
c � ΓΓ2
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