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Non-equilibrium system
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Polariton experiments: Momentum/Energy distribution

[Kasprzak, et al., Nature, 2006]
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Polariton experiments: Coherence

Basic idea:

Tunable

Splitter
Beam

DelayCCD

Retroreflector

Sample

Coherence map:

+ =

[Kasprzak, et al., Nature, 2006]
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Other polariton condensation experiments

Old measurements of 〈N(t)N(t + τ)〉
[Deng et al PNAS 100 15318 (2003)]

Stress traps for polaritons
[Balili et al Science 316 1007 (2007)]

Temporal coherence and line narrowing
[Love et al Phys. Rev. Lett. 101 067404 (2008)]

Quantised vortices in disorder potential
[Lagoudakis et al Nature Phys. 4, 706 (2008)]

Changes to excitation spectrum
[Utsunomiya et al Nature Phys. 4 700 (2008)]

Soliton propagation
[Amo et al Nature 457 291 (2009)]
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Overview

1 Introduction to microcavity polaritons

2 Model and review of equilibrium results
Disorder-localised exciton model
Equilibrium mean field theory

3 Non-equilibrium model and mean-field theory
Meaning of mean-field condition

4 Macroscopic phenomenology
Gross Pitaevskii equation in an harmonic trap

5 Fluctuations and correlations
Fluctuations about mean-field theory
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Excitons in a disorderd Quantum well

Quantum WellsCavity
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[PRL 96 066405 (2006); PRB 76 115326 (2007)]
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Polariton system model

Polariton model

Disorder-localised excitons
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Equilibrium: Mean-field theory
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Non-equilibrium system

In−plane momentum

ExcitonP
h
o
to

n
E

n
er

g
y

Cavity

θ

Lifetime Thermalisation Linewidth Temperature
Atoms 10s 10ms 2.5× 10−13meV 10−8K 10−9meV
Excitonsa 50ns 0.2ns 5× 10−5meV 1K 0.1meV
Polaritons 5ps 0.5ps 0.5meV 20K 2meV
Magnonsb 1µs(??) 100ns(?) 2.5× 10−6meV 300K 30meV

aCoupled quantum wells. [Hammack et al PRB 76 193308 (2007)]
bYttrium Iron Garnett. [Demokritov et al, Nature 443 430 (2007)]
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Non-equilibrium: flux and baths
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Non-equilibrium model: baths
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Non-equilibrium model: baths
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Non-equilibrium theory; mean-field

Look for mean-field solution, ψ(r, t) = ψ0e
−iµS t . Gap equation:

(µs − ω0 + iκ)ψ0 = P = χ(ψ0, µs)ψ0

Susceptibility:

E 2
α = ε2

α + g2|ψ0|2 , Fa,b(ν) = F [ν ∓ ( 1
2µs − µB)]

χ(ψ0, µs) = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + εα − 1
2µS)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
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Limits of gap equation

Gap equation:

µs −ω0 + iκ = −g2γ
∑

excitons

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(iγ + εα − 1
2µS)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]

Laser Limit Imaginary part: Gain vs Loss.

If T � γ

κ = −g2γ
∑

excitons

[Fb(Eα)− Fa(Eα)]

4E 2
α + 4γ2

=
g2

2γ
× Inversion

Equilibrium limit: finite T set by pumping, need κ� γ.

Require: Fa = Fb so µS = 2µB

ω0 − µs =
g2

2E
tanh

(
βE

2

)
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Limits of gap equation

Gap equation:
(µs − ω0 + iκ)ψ = χ(ψ, µs)ψ

Local density limit:

Gross-Pitaevskii equation(
i~∂t + iκ−

[
V (r)− ~2∇2

2m

])
ψ(r) = χ(ψ(r , t))ψ(r , t)

Nonlinear, complex susceptibility χ(ψ(r , t))

, E 2
α = ε2

α + g2|ψ0|2

i~∂tψ|nlin = U|ψ|2ψ
i~∂tψ|loss = −iκψ i~∂tψ|gain = iγeff(µB)ψ − iΓ|ψ|2ψ

i∂tψ =

[
−~2∇2

2m
+ V (r) + U|ψ|2 + i

(
γeff(µB)− κ− Γ|ψ|2)]ψ
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Gross-Pitaevskii equation: Harmonic trap

i~∂tψ =

[
−~2∇2

2m
+

mω2

2
r2 + U|ψ|2 + i

(
γeff − κ− Γ|ψ|2)]ψ
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[Keeling & Berloff, PRL, ’08]
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Stability of Thomas-Fermi solution

High m modes: δρn,m ' e imθrm . . .

1

2
∂tρ+∇·(ρv) =

1

~
(γnet − Γρ)ρ

(γnetΘ(R−r)−Γρ)ρ

3γnet
2Γ
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Time evolution:

t=0 t=2 t=22 t=30

t=35 t=40 t=45 t=56

[Keeling & Berloff, PRL, ’08]
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Why vortices

Rotating solution: i∂tψ = (µ− 2ΩLz)ψ

v = Ω× r, Ω = ω, ρ =
µ

U
=
γnet

Γ
Θ(R − r)
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Fluctuations above transition

When condensed

Det
[G−1

R (ω, k)
]

= ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ = c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Sound mode

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]
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Conclusions

Localised two-level system model
Mean-field and fluctuations
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Extra slides

6 Equilibrium spectrum

7 Fluctuation corrections

8 Vortices

9 Superfluidity

10 Zero temperature Keldysh boundaries

11 Non-equilibrium Fluctuations
Finite size effects: single vs many modes
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Equilibrium: Fluctuations about mean-field

Fluctuations ψ → ψ + δψ; correction to action

S = S0 +
∑
ν,p,q

(
δψ∗p
δψ−p

)T

G−1
pq (ν)

(
δψq

δψ∗−q

)

G−1
pq (ν) = (ωp + iν)1δpq +

∑
α

g∗αpgαq

(
χ

(1)
α (ν) χ

(2)
α (ν)

χ
(2)
α (ν) χ

(1)∗
α (ν)

)

Optical response:
Treat p 6= q perturbatively [D. M. Whittaker PRL 80 4791]

I Spectral weight W (ν,p) = 2= [G11
pp(iν)

]
I Emission Pemit(ν,p) = nB(ν)W (ν,p)
I Absorption Pabsorb(ν,p) = (1 + nB(ν))W (ν,p)
I Rayleigh scattering Ip6=q(ν) = |G11

pq(iν)|2
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Fluctuations and optical spectra
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Phase sensitive Rayleigh → “negative energy” Bogoliubov modes.
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Exciton disorder and polariton density of states

-2

 0

 2

 4
(a)

2 
(ω

−µ
)/

Ω
R

-2

 0

 2

 4
(b)

Absorption

Gain

|p| ax

 0  0.1  0.2  0.3
-2

 0

 2

 4
(c)

Absorption

Gain

QP DoS [arbitrary units]

“Dark” exciton states left at
exciton energy.

Dark states not truly dark, but
weak coupling.

No gap in condensate due to
weak coupling tail.

Jonathan Keeling Nonequilibrium quantum condensates Quantum Aggregates 28 / 42



Disorder localised states
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Fluctuation corrections to phase boundary

Fluctuation corrections to density

ρ→ ρ0 +
∑
q

〈δψ†δψ〉

In 2D system: modified critical condition:
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Blueshfit and experimental phase boundary
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Instability of Thomas-Fermi: details

ψ =
√
ρe iφ v = ~

m∇φ

1

2
∂tρ+∇ · (ρv) = (γnet − Γρ)ρ

∂tv +∇(Uρ+
mω2

2
r2 +

m

2
|v|2) = 0

Consider ρ→ ρ+ δρ, v→ v + δv.

If γnet, Γ→ 0, can find normal
modes in 2D trap:

δρn,m(r , θ, t) = e imθhn,m(r)e iωn,mt

ωn,m = ω2
√

m(1 + 2n) + 2n(n + 1)

Add weak pumping/decay:

ωn,n → ωn,m + iγnet

[
m(1 + 2n) + 2n(n + 1)−m2

2m(1 + 2n) + 4n(n + 1) + m2

]
Instability
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δρn,m(r , θ, t) = e imθhn,m(r)e iωn,mt

ωn,m = ω2
√

m(1 + 2n) + 2n(n + 1)

Add weak pumping/decay:

ωn,n → ωn,m + iγnet

[
m(1 + 2n) + 2n(n + 1)−m2

2m(1 + 2n) + 4n(n + 1) + m2

]
Instability
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Why vortices
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Cross Section

Rotating solution: i∂tψ = (µ− 2ΩLz)ψ

∇ · [ρ(v − Ω× r)] = (γnetΘ(R − r)− Γρ) ρ,

µ =
m

2
|v − Ω× r|2 +

m

2
r2(ω2 − Ω2) + Uρ− ~2∇2√ρ

2m
√
ρ

v = Ω× r, Ω = ω, ρ =
γnet

Γ
Θ(R − r) =

µ

U
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Why vortices: chemical potential vs size

Thomas-Fermi : µ ∝ R2 Vortex : µ =
Uγnet

Γ
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Observing vortices: fringe pattern
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Superfluidity

Superfluidity:

J = ρv = Ψ†i~∇Ψ = |Ψ|2∇φ
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χij(ω = 0,q→ 0) = 〈Ji (q)Jj(q)〉

= χT (q)

(
δij − qiqj

q2

)
+ χL(q)

qiqj

q2

Superfluid part,
ρs ∝ lim

q→0
(χL − χT ).

Ji (q) = 〈ψ†γi (q)ψ〉
Static ρS survies

∆χij(q) =
G(ω = 0,q)

γi(q,0)ψ0 γj(q,0)ψ0

+ . . .

= γi (q)GR(ω = 0, ~q)γj(q) + . . .

∝ qi (. . .) qj

(ω + ix)2 + x2 − c2q2
+ . . .
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Zero temperature phase diagram

ω̃0 − iκ = g2γ
∑
α

∫
dν

2π

(Fa + Fb)ν + (Fb − Fa)(ε̃α + iγ)

[(ν − Eα)2 + γ2][(ν + Eα)2 + γ2]
.
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Fluctuations → Stability, Luminescence, Absorption

Keldysh approach:

GR − GA

GR,A = ∓ iθ[±(t − t ′)]

〈[
ψ†, ψ

]
−

〉
GK = − i

〈[
ψ†, ψ

]
+

〉

= (2n(ω) + 1)(GR − GA)

L =
〈
ψ†ψ

〉
=

i

2
[GK + (GR − GA)]

GK

=
−GK−1

Im[GR−1]2 + Re[GR−1]2

GR − GA

=
2Im[GR−1]

Im[GR−1]2 + Re[GR−1]2

G−1
R (ω, k) = (ω − ω∗k) + iα(ω − µeff)
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Linewidth, inverse Green’s function and gap equation
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Fluctuations above transition

When condensed

Det
[G−1

R (ω, k)
]

= ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ = c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Sound mode

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]
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[Szymańska et al., PRL ’06; PRB ’07]

Jonathan Keeling Nonequilibrium quantum condensates Quantum Aggregates 40 / 42



Fluctuations above transition

When condensed

Det
[G−1

R (ω, k)
]

=

ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ =

c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Real  (energy)
Imaginary (decay rate)

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]

Jonathan Keeling Nonequilibrium quantum condensates Quantum Aggregates 40 / 42



Fluctuations above transition

When condensed

Det
[G−1

R (ω, k)
]

=

ω2 − c2k2

(ω+ix)2+x2−c2k2

Poles:

ω∗ =

c |k|

− ix ±
√

c2k2 − x2

fr
eq

ue
nc

y

momentum

Real  (energy)
Imaginary (decay rate)

Correlations (in 2D):
〈
ψ†(r, t)ψ(0, r ′)

〉 ' |ψ0|2 exp [−Dφφ(t, r , r ′)]

〈
ψ†(r, t)ψ(0, 0

〉
' |ψ0|2 exp

[
−η
{

ln(r/ξ) r →∞, t ' 0
1
2 ln(c2t/xξ2) r ', t →∞

]

[Szymańska et al., PRL ’06; PRB ’07]

Jonathan Keeling Nonequilibrium quantum condensates Quantum Aggregates 40 / 42



Finite size effects: Single mode vs many mode

〈
ψ†(r , t)ψ(0, r ′)

〉
' |ψ0|2 exp

[−Dφφ(t, r , r ′)
]

Dφφ(t, r , r ′) from sum of phase modes. Study ct � r limit:

Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

∆�√
x/t � Emax

maxE√x/t

∆ Energy
Dφφ ∼ 1 + ln(Emax

√
t/x)

√
x/t � ∆� Emax

maxE√x/t

∆ Energy
Dφφ ∼

(
πC
2x

) (
t

2x

)
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Relating finite-size spectrum to self phase modulation

Finite-size spectrum:

Dφφ(t, r , r) ∝
nmax∑

n

∫
dω

2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]

φ

Im

Reψ

ψ
∂tφ = UδN

∂tδN = −ΓδN + F (t), 〈F (t)F (t ′)〉 = Cδ(t − t ′)

Dφφ(t) =

∫
dω

2π
(1− e iωt)〈φωφ−ω〉

CU2

|ω(ω + iΓ)|2
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2π

|ϕn(r)|2(1− e iωt)

|(ω + ix)2 + x2 − (n∆)2|2

Connection to Kubo Formula [Eastham and Whittaker, arXiv:0811.4333]
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