Nonequilibrium quantum condensates: from microscopic
theory to macroscopic phenomenology

N. G. Berloff, J. M. J. Keeling, P. B. Littlewood, F. M. Marchetti,
M. H. Szymanska.

ICSCE4 Meeting, September 2008

Jonathan Keeling Nonequilibrium quantum condensates ICSCE4 1/15



Overview

@ Model and mean-field theory
@ Disorder-localised exciton model
@ Connections of mean-field equation to other limits

© Macroscopic phenomenology
@ Gross Pitaevskii equation in an harmonic trap
@ Spontaneously rotating vortex lattice

© Fluctuations and correlations
@ Fluctuations about mean-field theory
@ Finite size effects: single vs many modes
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Polariton system model

Polariton model —
@ Disorder-localised excitons
.:
@ Treat disorder sites as
two-level (exciton/no-exciton) —

Energy

e Propagating (2D) photons

@ Exciton—photon coupling g.

Position
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Polariton system model

Polariton model

@ Disorder-localised excitons

@ Treat disorder sites as
two-level (exciton/no-exciton)

e Propagating (2D) photons

@ Exciton—photon coupling g.
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Non-equilibrium model: baths

Pumping Bath

-

System

Bulk photon modes

o -

vy

Jonathan Keeling

H = Hsys + Hsys,bath + Hbath
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Non-equilibrium model: baths

System

Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

p,E avﬁ
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Non-equilibrium model: baths

System

Bulk photon modes

Pumping Bath

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

p,E avﬁ

Bath correlations, (WTW), (ATA), (BTB) fixed:
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Non-equilibrium model: baths

Pumping Bath

System

Bulk photon modes

H = Hsys + Hsys,bath + Hbath

Schematically: pump ~, decay «

ot~ S VW + 57 (a1 + 618,) + He

P,k

a?ﬁ

Bath correlations, (WTW), (ATA), (BTB) fixed:
WV bath is empty. Pumping bath thermal, ug, T:
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Non-equilibrium theory; mean-field

Look for mean-field solution, (r, t) = yge #st.
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Non-equilibrium theory; mean-field

Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(s — wo + ir) o = x(o, ps)tbo

Susceptibility:

_ +Fb V+(Fb—F)(iv+6a—lus)
X (%o, ps) ——g’Y Z / E.)? +?)[(v + Ea)? +722]

excitons
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Non-equilibrium theory; mean-field

Look for mean-field solution, #(r, t) = vpe~"#st. Gap equation:

(s — wo + ir) o = x(o, ps)tbo
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Limits of gap equation

Gap equation:

N +Fby+(Fb—F>(w+ea—;ﬂs>
e & [0 = EP + 7200 + EaP 7]

excitons
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Limits of gap equation

Gap equation:

— dv (Fo— F2)(in )
w8 3 [ A B

excitons

@ Laser Limit Imaginary part: Gain vs Loss.
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Limits of gap equation

Gap equation:

in=—g* 3 /d’/ (Fb — Fa)(iy )

2 [(v = Ea)* +9?1[(v + Ea)? +77]

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fp(Es) — Fa(Ea
> [b(4E3%+47(2 )]

excitons
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Limits of gap equation

Gap equation:

_ av (Fb — Fa)(iv )
AP YN ko e e

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~
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Limits of gap equation

Gap equation:

_ av (Fb — Fa)(ivy
AP YN ko e e

excitons

o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Ea ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons

@ Equilibrium limit: finite T set by pumping, need Kk < ~.
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Gap equation:

_ av (Fp — Fa)(iy
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o Laser Limit Imaginary part: Gain vs Loss. If T > ~

Fo(Ew) — Fa(Ea ?
n:—g2v Z [ b(4E%+4;(2 )l % X Inversion

excitons

@ Equilibrium limit: finite T set by pumping, need Kk < ~.
Require: F, = Fp so us = 2ug
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Limits of gap equation

Gap equation:
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit:
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

(90 in— V()= 2] ) ) = ot ot

2m

Nonlinear, complex susceptibility x(i(r, t))
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Limits of gap equation

Gap equation:
(1s —wo + 1K) Y = x(¥, us)¥

@ Local density limit: Gross-Pitaevskii equation

(mat i [vm - Wz]) 9(r) = X (r, 0)(r, 1)

2m
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

RO i = Ul*0
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

2m

) ) h2V2
(lh@t-f—m— [V(r) — ]) Y(r) = x((r, t))y(r, t)
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

ihOe |y = Ul
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Limits of gap equation

Gap equation:
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Limits of gap equation

Gap equation:

(s — wo + ik) 1 = x (¥, ps)

@ Local density limit: Gross-Pitaevskii equation

h2V2
(ih&t + ik — [V(r) - D Y(r) = x((r, t))y(r, t)
Nonlinear, complex susceptibility x[E(«(r,t))] , EZ = € + g2|1bo|?

im0 i = Ul [*y

h2v2
2m

O = |— + V() + Ul + i (ef(us) — k — T|?) | @
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Gross-Pitaevskii equation: Harmonic trap

2V2 mw? ,
T Trz + U + i (et — 5 — T|Y?) | ¥

EERE

[Keeling & Berloff, PRL, '08]
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Gross-Pitaevskii equation: Harmonic trap

R2V2  muw?

2m 2

EERE
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[Keeling & Berloff, PRL, '08]
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Stability of Thomas-Fermi solution

EERR

1 1
EathrV-(pV) = ﬁ(%et —Tp)p
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

L4141

Unstable growth

1 1
EathrV-(pV) = %(’Yhet —Tp)p
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

SRR

Stabilised

1 1
E6tp—i—V-(pv) = ﬁ(’ynet@(R—r)—rP)P
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Stability of Thomas-Fermi solution

High m modes: épp.m ~ emirm

1 1
E6tp—i—V-(pv) = ﬁ(’ynet@(R—r)—rP)P
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Time evolution:

[Keeling & Berloff, PRL, '08]
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Fluctuations — Stability, Luminescence, Absorption
Gra= F iol(e — ] [v1.0] )

G = —i<[wT,wL>

Keldysh approach:
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ A I<[w ’w}—>
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Fluctuations — Stability, Luminescence, Absorption
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ A I<[w ’w}—>

=~ {[4.6] ) = (@nle) + 1)(Gr - G

1
gK = - — gK —
Q RN (¢
1 1
Or —Ga = -
-1 -1
gr [Gr™ T
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ A I<[w ’w}—>

=~ {[4.6] ) = (@nle) + 1)(Gr - G

G — —Gr 7t
K Im[Gr ~1]? 4 Re[Gr 1]
-1
Or—Ga= 2Am{Gr ]

Im[Gr 1] + Re[Gr ]2
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ a I<[w ’w}—>

=~ {[4.6] ) = (@nle) + 1)(Gr - G

-1.5 1 -0.5 0 0.5 1

[ _RqG'Rl] T T T T T T T ]
it |
—G 7t 0
R R ! ‘_Spectral weight, (GR-GA)‘ |
_ 2Im[Gr '] S,
Or—Ga= 15 - 8
mGr P RelGr P 2
g
Gr'(w, k) = (v —w}) =
51— ‘ )

-0.5 0 0.5
Energy (units of g)
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: dr —Ga I<[w ’w}—>

=~ {[4.6] ) = (@nle) + 1)(Gr - G
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gK:lm[Q 12 4+ Re[Gr ]2 e
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m =}
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ a I<[w 7w}—>

= ~i{[1:6] ) = (20(e) + 1)(G - G
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[—Recal ]
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Fluctuations — Stability, Luminescence, Absorption

—Ga= — | 1
Keldysh approach: Uk~ a I<[w 7w}—>

= ~i{[1:6] ) = (20(e) + 1)(G - G

; 45 1 05 0 05 1
£ = (v'0) = 2 [Gk + (Gr — Ga) [ rac ]
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R 1 R P — Spectral weight, (G, - G,)| |
G G 2Im[Gr 7] 3,0 —Eistr_ibution, (2n(w) + 1)
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Linewidth, inverse Green's function and gap equation

1 — Im[Gg] i
| IGQ/<\Q
0
" 1 l n 1 n \l n 1 \l 1 n
S T T T T ‘. T T T T
| — Spectral weight, (G, - G,)| |
(:‘;3 oL — Distribution, (2n(w) + 1)
=
i)
o 1
g |
L
95—

T05 0 05
Energy (units of g)
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Linewidth, inverse Green's function and gap equation

1

G
| [— RelGg] 1 go 1
1 |— Im[Gg i =
-Gy S
L K B g 1F B
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Linewidth, inverse Green's function and gap equation

Intensity (a.u.)

1

o

2
9| T T

N
T

: : —
— Spectral weight, (G, - G,)| |
— Distribution, (2n(w) + 1)

Energy of zero (units of g)
X =
T

Zero of IM[GA]: p*
Zero of Re[GR]: w*

&

1+

0.6 -05 -6.4 03
Bath chemical potential, pi./g

Grl(w = s, k=0) =0

Jonathan Keeling

Y51 5 o
Energy (units of g)

At transition, Gap Equation implies:

|
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Homogeneous L P linewidth

T T T
K/g=0.02 [— y/g=0.3
— y/g=0.5

Nonequilibrium quantum condensates
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Fluctuations above transition

When condensed

Det [G5'(w, k)] = w? — c2k?

Poles: momentum

w* = c|k| — Sound mode ™

frequency

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gl(w, k)] = (wtix)?+2 =K% 3
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gl(w, k)] = (wtix)?+2 =K% 3
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

Correlations (in 2D): (¢ (r, £)1(0, r')) == |1bo|? exp [~ Dy (t, r, r')]

[Szymariska et al., PRL '06; PRB '07]
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Fluctuations above transition

When condensed

Det [Gl(w, k)] = (wtix)?+2 =K% 3
o
Poles: é momentum
w* = —ix+ 1 c%k? — x2 —Real (energy)
—Imaginary (decay rate)

Correlations (in 2D): (¢ (r, £)1(0, r')) == |1bo|? exp [~ Dy (t, r, r')]

n(r/€&) r—oo,t~0

i - 2 _
(¥ 90(0.0) = o exp! "{a (Pt/xE) 1t oo

—_

[Szymariska et al., PRL '06; PRB '07]
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Finite size effects: Single mode vs many mode

(01(r, )00, 7)) = [l exp [~ Dot . 7))
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Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dyt 1, ")
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
iwt)

L en(r)P(1 —e
D¢¢ t r, r Z/ (nA)2’2

2T |(w + ix)2 + x2 —
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Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dyt 1, ")
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
iwt)

L en(r)P(1 —e
D¢¢ t r, r Z/ (nA)2’2

2T |(w + ix)2 + x2 —

\X/I IEmax

HHHHHH Dy ~ 1+ In(Emaxr/t/X)

[ p— Energy

A< \/x/t < Epax UL

Jonathan Keeling Nonequilibrium quantum condensates ICSCE4 14 / 15



Finite size effects: Single mode vs many mode

(67(r,£6(0, 7)) = [tbol? exp [~ Dy (2,1, )
Dyy(t, r,r') from sum of phase modes. Study ct > r limit:
/wt)

S [en(r)|*(1 —
D¢¢ t r, r Z/ ~ (nA)2’2

27 |(w + ix)? + x2

\X/I IEmax
A< \/x/t < Emax L H‘\ [ \ LU Dyg ~ 1+ In(Emax/t/x)
A< Energy
\X/Il Emax
VT €A € B WL, Dy ~ (25) (£)
‘ —_— A< :Energy
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Conclusions

o Effects of pumping on mean-field theory

System Bulk photon modes

IV

@ Modification to Thomas-Fermi profile IRRRRRY’
@ Spontaneous rotating vortex lattice

@ Change to spectrum and correlations ; =gz

Pumping Bath

Bath Temperature

Homogeniaus P i
5 [
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Extra slides

@ Mean-field graphs

© Instability of Thomas-Fermi state
@ Why vortex solution works

@ Observing vortices

@ Relation to self phase modulation
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Zero temperature phase diagram

+ Fp) V+(Fb—F)(€a+i’7)
“o ’”‘“Z/mu 2+ 22[(v + Ea)2 + 2]
208-
=
(@)
£
g-O.Gf
8
z
EOA*
o
e
£ 02

Hg/9
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Zero temperature phase diagram

wo_m_gyz/zﬂ[y
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Condensate fraction

160
140}
120
100}
80/
60/
40}
20}

Bath temperature
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Instability of Thomas-Fermi: details
P = \/ﬁei¢ v=Vo¢

1
50+ V- (pv) = (@ —op)p
Ov+V(p+rP+|v?)=0
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Instability of Thomas-Fermi: details
P = \/ﬁei¢ v=Vo¢

1
50+ V- (pv) = (@ —op)p
Ov+V(p+rP+|v?)=0

Consider p — p+ p,v — v + dv.
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Instability of Thomas-Fermi: details

P = ﬁe"qﬁ v=Vo If ,0 — 0, can find normal modes
in 2D trap:
5pn7m(r7 9, t) — eimethm(r)eiwn‘mt

1
50+ V- (pv) = (@ —op)p
Wnm = 2y/m(1 4 2n) 4+ 2n(n + 1)

Ov+V(p+rP+|v?)=0

Consider p — p+ p,v — v + dv.
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Instability of Thomas-Fermi:

¢:ﬁe"¢ v=Vo¢

1
50+ V- (pv) = (@ —op)p
Ov+V(p+rP+|v?)=0

Consider p — p+ p,v — v + dv.
Add weak pumping/decay:

details

If a,0 — 0, can find normal modes
in 2D trap:

5pn7m(r7 9, t) — eimethm(r)eiwn‘mt
Wn,m = 2\/[77(1 + 2n) + 2/7([7 + 1)

m(1 + 2n) + 2n(n + 1)—m?

Wn,n — Wnm + o
Instability

Jonathan Keeling
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Why vortices
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Why vortices: chemical potential vs size

Thomas-Fermi : u = R?> Vortex : = ¢
o

b
35- 1
- T unstable
30 ]
L 1e ]
5[ } / ]
r 1 ]
20 - / 2 .
5L 1 7%‘3' * )§ 48 17 28 4 83 15 -
i © ]
10 - ]
5F ]
0 : | | | | | | ]
0 2 4 6 8 10 R
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Observing vortices: fringe pattern

Sample
Beam
l Splitter : <—|>
: Tunable
ccd ey
Retrorefector

S
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Observing vortices: fringe pattern
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Relating finite-size spectrum to self phase modulation

dw  Jea(r)P(1— &™)
27 (w + ix)2 + x2 — (nA)2|2

Nmax
Dyy(t,r,r) o< Z /
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Relating finite-size spectrum to self phase modulation

dw  Jea(r)P(1— &™)
27 (w + ix)2 + x2 — (nA)2|2

Dyy(t,r,r) o< Z /

Basic idea of SPM:
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Relating finite-size spectrum to self phase modulation

n .
X [dw  ea(r)]P(1 - e™t)

D¢¢(t’r7r)0<2/ 72 5 22
- 27 (w + ix)2 + x2 — (nA)?|

0N = —TN+ F(t), (F(t)F(t'))=Cé(t—1t)

Basic idea of SPM: D¢¢(t)=/z7°:( e (Gu—w)
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Relating finite-size spectrum to self phase modulation

dw  Jea(r)P(1— &™)
27 (w + ix)2 + x2 — (nA)2|2

Nmax
Dyy(t,r,r) o< Z /

O:N = —TN+ F(t), (F(t)F(t)) = Co(t—t)
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Relating finite-size spectrum to self phase modulation

dw  Jea(r)P(1— &™)
27 (w + ix)2 + x2 — (nA)2|2

Nmax
Dyy(t,r,r) o< Z /

0N = —TN+ F(t), (F(t)F(t'))=Cé(t—1t)
. dw i CcU?
Basic idea of SPM: D¢¢(t) = / E(l — € t)m
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Relating finite-size spectrum to self phase modulation

2 _ Liwt
Dyy(t,r,r) /dw [on(r) (1~ &) 2
0:p = UGN
d - CU2
Basic idea of SPM: Dyy(t) = / %(1 - e'wt)m
_crer, (1-e
e r
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Relating finite-size spectrum to self phase modulation

dw [on(r)P(1 — &)
Dapo(t, r,r) < —
solt:121) / 27 |(w + ix)2 + X2
0N = —TN+ F(t), (F(t)F(t'))=Cé(t—1t)
. dw i CcU?
Basic idea of SPM: D¢¢(t) = / E(l — € t)m
e[ e
e r
Thus: 2x ~ T
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