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bstract

Differences in cortical geometry within and between subjects can complicate multifocal visual evoked potential (mfVEP) and standard evoked
otential (EP) intra- and inter-subject comparisons. We present methods for aligning temporal intra- and inter-subject data prior to comparison.

Multiple groups have informally observed that the two dominant temporal principal components (PCs) of the pattern reversal visual evoked
otential (VEP) obtained with singular value decomposition (SVD) exhibit little inter-subject variability relative to the inter-subject variability of
he raw VEP. We present methods that employ the temporal PCs to formally quantify intra- and inter-subject variability of the mfVEP.
When SVD was applied to data from eight subjects separately, it was found that two PCs accounted for, on average, 73% of intra-subject variance.
hen a single SVD was applied to combined data from multiple subjects, it was found that two PCs accounted for 67% of inter-subject variance.
e used the 2D temporal subspaces derived from SVD as a basis for intra- and inter-subject comparisons.
 2007 Elsevier B.V. All rights reserved.
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. Introduction

Multiple groups including Maier et al. (1987), James (2003),
hang and Hood (2004b), and Carney et al. (2006) have applied
rincipal component analysis (PCA) via singular value decom-
osition (SVD) to either the conventional or the multifocal
attern reversal VEP and demonstrated in both cases that two
rincipal components (PCs) account for a substantial amount of
ntra-subject variance. Several groups including (Maier et al.,
987; Zhang and Hood, 2004b) have also made the informal
ualitative observation that the inter-subject variability of the
wo dominant, individually determined temporal principal com-
onents is considerably less significant than the inter-subject

ariability of the unprocessed VEP temporal waveforms. In this
aper we use the subspaces derived from SVD to facilitate intra-
nd inter-subject comparisons of the multifocal VEP (mfVEP).

∗ Corresponding author. Tel.: +1 510 643 7571; fax: +1 510 643 5109.
E-mail address: sdandekar@berkeley.edu (S. Dandekar).
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Although there are inter-subject similarities in the structural
rganization of human early visual areas, the folded shape of
ortex is highly variable across subjects. The variability in the
ortical folding patterns of human primary visual areas has been
bserved using functional magnetic resonance imaging (fMRI)
n conjunction with structural MRI and retinotopic mapping
echniques (DeYoe et al., 1996; Engel et al., 1997). The vari-
bility in the folding patterns of cortex in human visual areas
as also been noted in VEP studies (Foxe and Simpson, 2002;
aier et al., 1987; Zhang and Hood, 2004b).
One likely manifestation of the inter-subject variability of

ortical folding that is of particular interest in VEP studies (and
P studies in general) is the contribution of the variability of cor-

ical folding to the observed inter-subject variability of voltage
istributions on the scalp when subjects are presented with the
ame stimulus. Recent fMRI work by Bartels and Zeki (2004)

mplies that the underlying time courses of activation in response
o visual stimuli associated with corresponding functional subdi-
isions of visual cortex might be expected to display significant
nter-subject correlation. In VEP studies, even if the underlying

mailto:sdandekar@berkeley.edu
dx.doi.org/10.1016/j.jneumeth.2007.06.010
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Fig. 1. mfVEP stimulus with 48 patches. To illustrate the stimulus each inde-
pendently modulated patch is outlined in red. (No red lines were included in the
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ime courses of sources in visual cortex are the same across sub-
ects, the inter-subject variability of cortical folding results in a
nique linear combination of the source waveforms at the record-
ng electrodes for every subject. The specific superposition of
ources observed for a subject is significantly influenced by the
pecific cortical folding pattern of that individual. The inter-
ubject variability of cortical geometry is therefore a contributor
o the inter-subject variability of the observed temporal poten-
ial waveforms on the scalp in VEP and other evoked potential
tudies.

Similar complications make intra-subject comparisons of
fVEP data difficult. The small, independently modulated

atches used in mfVEP studies evoke activity in smaller regions
f cortex than the conventional VEP (Baseler et al., 1994;
aseler and Sutter, 1997; Slotnick et al., 1999). The mfVEP
ata of a single subject has therefore been found to display
onsiderable variability across the visual field simply due to
ocal differences in cortical geometry (Baseler et al., 1994). It
s therefore difficult to determine what fraction of intra-subject
ariability across the visual field is due to local differences in
ortical geometry and what portion of the variability might be
ue to local differences in neural processing.

In this paper, we quantify intra- and inter-subject similarity
f the time course of activation in early visual areas in response
o pattern reversal. We employ the mfVEP to attempt to isolate
he pattern reversal response in early visual areas. The mfVEP
as been shown to minimize the contribution of extrastriate
ources relative to the conventional, full field VEP when the
fVEP is presented at a sufficiently high frame rate (Fortune

nd Hood, 2003). The conclusion in Fortune and Hood (2003)
as inferred from the observation of polarity reversal between

he waveforms associated with the upper and lower visual hemi-
elds in cases of relatively high frequency mfVEP stimulation
ore closer resemblance to the waveforms that one might expect
rom striate generators (that should display such a polarity rever-
al) than did the polarity reversals observed in lower frequency
fVEP stimulation and the polarity reversals between the upper

nd lower fields observed with a conventional VEP stimulus.
As discussed, comparison of raw temporal data can be dif-

cult largely due to cortical geometry differences. We apply
VD to reduce the dimensionality of both intra- and inter-subject
fVEP data and methods that operate on the data with reduced

imensionality to facilitate intra- and inter-subject comparisons.

. Methods

.1. Data collection/stimulus

Data were collected from eight subjects. The study was
pproved by the University of California, Berkeley, Committee
or the Protection of Human Subjects and all subjects gave writ-
en informed consent prior to the beginning of experimentation.
he subjects consisted of six males and two females. All subjects

ad normal or corrected-to normal vision. A mfVEP paradigm
s developed and described by Sutter (1991) was used.

The stimulus consisted of 48 checkerboard patches arranged
n 4 concentric rings (see Fig. 1). The unstimulated, inner diam-

f

I
D

timulus when it was actually presented.) Stimulus diameter was 16 of visual
ngle. (For interpretation of the references to color in this figure legend, the
eader is referred to the web version of the article.)

ter of the stimulus subtended 2.4◦. The diameters of the four
ings were 4.3◦, 7.0◦, 11◦ and 16◦. The stimulus was presented
n a Hitachi CM8 12U monitor with background luminance of
.9 candelas/m2 and patch contrast of 99%. Mean patch lumi-
ance was 16 candelas/m2.

The stimulus was designed such that each patch activated
pproximately 64 mm2 of visual cortex. Patch modulation was
erformed according to a binary, 16-bit m-sequence with a
resentation rate of 60 Hz. The stimulus was presented using
he WinVis psychophysical and physiological testing toolbox
www.neurometrics.com/winvis). Every subject participated in
wo to six runs of the sequence, with each presentation of the
equence lasting approximately 20 min. Each run was broken
p into multiple 1 min segments. The multiple data runs from
single subject were averaged together. In analyses involv-

ng data from multiple subjects, only electrodes that displayed
easonable noise levels for all subjects were included. This
rocedure removed 23 electrodes from the multiple-subject
nalysis.

An ActiveTwo EEG system (www.biosemi.com) with 96
lectrodes was used to sample scalp potentials at 512 Hz dur-
ng stimulus presentation. The checkerboard reversal response
first cut of second order kernel, see Sutter, 1991 for details)
as determined for each patch at each of the electrodes using

he Fast-Walsh transform. The resulting data could be expressed
s a function of three variables, V(e, p, t), where e is the recording
lectrode (ranging from 1 to 96), p the stimulus patch (ranging

rom 1 to 48), and t is a time index.

A filter with a passband of 2–100 Hz was applied to the data.
n addition, an average reference was applied to every dataset.
ifferences in the time of presentation of each individual patch

http://www.neurometrics.com/
http://www.biosemi.com/
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ue to the vertical screen raster delay were taken into account
uring pre-processing of data.

.2. SVD of single and multiple subject data

Application of SVD to mfVEP data of a single subject was
erformed as follows. Prior to the application of a SVD to single
ubject data, the V (e, p, t) data from each subject was appro-
riately redistributed into a 2D matrix with (E × P) rows and N
olumns. P and E are the total number of patches and electrodes,
espectively, and N denotes the total number of time samples
ver which the SVD was computed. All SVDs discussed in this
aper were applied over the same time window in the pattern
eversal response. Each time window consisted of 121 samples,
orresponding to 37–260 ms after pattern reversal. Let us sup-
ose that the SVD expansion has D dominant components(c) so
hat the original data set can be approximated by the expansion:

(e × p, t) ∼=
D∑

c=1

E(e × p, c)T (c, t) (1)

The SVD diagonal eigenvalue matrix is multiplied by the left-
ost matrix of the SVD to form the E matrix above.) Note that

f the data is full rank, when D equals the total number of time
oints, N, the expansion shown in Eq. (1) is equivalent to the
riginal data.

A similar application of SVD was applied to data from all
ight subjects grouped together. In the case of data from multiple
ubjects, the data was grouped into a 2D matrix with (S × E × P)
ows and N columns, where S is the number of subjects and E, P
nd N are defined as above. Similar to the individually applied
VD, an approximation of the multiple subject data using the
rst D dominant components of the SVD can be written as:

(s × e × p, t) ∼=
D∑

c=1

E(s × e × p, c)T (c, t) (2)

The expansions in Eqs. (1) and (2), can be used to write the
raction of variance accounted for either by the individual subject
xpansion (varI) or by the expansion for data from all subjects
ombined (varA):

arI =
∑

e,p,t

(∑D
c=1(E(e × p, c)T (c, t))2

)
∑

e,p,t

(∑N
c=1(E(e × p, c)T (c, t))2

) (3)

arA =
∑

s,e,p,t

(∑D
c=1(E(s × e × p, c)T (c, t))2

)
∑

s,e,p,t

(∑N
c=1(E(s × e × p, c)T (c, t))2

) (4)

he simplicity of these two equations is a result of the orthogo-
ality of the various terms in the SVD expansion. (It should be
oted that an alternative, easily applied method to calculate the

ercent variance accounted for by some subset of the principal
omponents is to determine the ratio of the sum of the squares
f the eigenvalues associated with the PCs of interest to the sum
f the squares of all eigenvalues. See Zhang and Hood, 2004b.)

a
a
E
p

ience Methods 165 (2007) 270–286

A main motivation for this paper is the empirical finding that
q. (4) provides almost as good a fit to the raw data as Eq. (3). As
ill be discussed further in Section 3, it was found that for D = 2

he percent of the variance accounted for by Eq. (4) (varA = 67%)
s almost the same as for Eq. (3) (varI = 73%). We consider this

inor reduction in variance to be remarkable because Eq. (2), the
xpansion of data from multiple subjects, involves eight times
S = 8) the number of data points as the single subject case.

.3. Comparison of 2D subspaces

The findings that varI was 73% on average for each subject
nd varA was 67% as defined in Eqs. (3) and (4) indicate that
oth intra- and inter-subject data were well-described by 2D
ubspaces.

These results suggest that temporal inter- and intra-subject
omparisons could be simplified by comparing the 2D temporal
ubspaces derived from SVD of the data (i.e. T(c, t) for c = 1–2
n Eq. (1) for intra-subject comparisons and T(c, t) in Eq. (2)
or c = 1–2 in Eq. (2) for inter-subject comparisons). It should
e noted that the methods to be presented for comparisons of
D subspaces could also be extended to subspaces derived from
EG data with dimensionality greater than two.

Prior to applying SVD according to the procedures described
n Section 2.2, the data were transformed to have zero mean
cross each temporal observation/time dimension. At every time
oint, the mean across waveforms at that time point was sub-
racted. This step ensured that the temporal PCs resulting from
ifferent applications of SVD had minimal DC offsets from one
nother.

For the intra-subject comparisons, we compared temporal
ubspaces that were derived from SVD applied to different sub-
ets of the visual field for the same subject. The mfVEP data
or a single subject demonstrates differences in local folding
atterns of cortex across the visual field as well as possibly dif-
erent responses due to functional differences across the visual
eld (Baseler and Sutter, 1997). However, it has been shown

hat patches at the same eccentricity of the mfVEP display rel-
tively similar temporal responses (Baseler and Sutter, 1997).
VDs were therefore applied to subsets of patches from the same
ccentricity (i.e. one SVD for each concentric ring of the stim-
lus, applying Eq. (1) to only the appropriate subset of patches
orresponding to each ring). Four SVDs, one for each stimu-
us ring, were therefore applied to data from each subject. This
esulted in four 2D subspaces per subject.

.4. Use of composite subspace as reference plane for
omparisons

Rather than comparing each of the four intra-subject tem-
oral 2D subspaces (which will be referred to as “individual”
ubspaces and be denoted as I(c, t)) to all other intra-subject sub-
paces for the same subject, we defined what we shall refer to as

‘composite’ subspace. We shall denote the composite subspace
s C(c, t). It was determined by applying the decomposition in
q. (1) to data from the entire field from each subject. The com-
osite plane served as a fixed reference to which other data could
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nent associated with a composite as C(2, t). The two, dominant
temporal PCs defining an individual subspace that we wish to
compare to the composite subspace will be denoted as I(1, t) and
I(2, t), respectively (shown in red in Fig. 3). It can be seen that

Fig. 3. Simulated data to illustrate rotation problem. Two composite subspace
PCs (blue) and two individual subspace PCs (red) appear, at first glance, to differ.
However, any rotation/linear combination of sources in the composite subspace
(as determined by value of θ in Eq. (5)) can be matched exactly by a rotation
in the in the individual subspace (φi in Eq. (6)) so that C′(t, θ) = I ′

m(t, φi).
ig. 2. Left side: illustration of methods for intra-subject comparisons. Comp
isual field for a single subject and comparing the resulting 2D temporal “int
pplication of SVD to each of the stimulus rings separately. Right side: similar

e compared. Intra-subject comparisons were between the intra-
ubject C(c, t) subspace and the four “individual” intra-subject
(c, t)s. Fig. 2 (left) illustrates the subspaces used in intra-subject
omparison.

Similarly, for inter-subject comparisons, we could compare
n inter-subject composite, C(c, t), that was determined via
ecomposition of data grouped from the multiple subjects (as
hown in Eq. (2)), to decompositions applied to data from each
ubject individually (resulting in “individual” subspaces, I(c, t)).
se of a composite subspace in the inter-subject comparisons

voided having to perform a pair-wise comparison for each of
he eight single subject subspaces. Fig. 2 (right) illustrates the
ubspaces used in inter-subject comparisons.

.5. Intra- and inter-subject comparisons and the rotation
roblem

The “rotation problem” of SVD complicates intra- and
nter-subject comparisons. Even if there are similar underly-
ng temporal processes in response to pattern reversal across
he visual field within a single subject, or temporal similarities
etween subjects, distortions due to differences in cortical geom-
try within a subject and between subjects are expected to cause
he SVD components (as well as the raw EEG data) to be some
nknown linear combination of the true sources (see Appendix
.1 for a simulated example of how cortical folding affects the
VD time functions).

Determining the degree of similarity of C(c, t) and any given
ndividual subspace, I(c, t), is therefore complicated by the rota-
ion problem. In order to address the problem, a method is
eveloped that searches for the linear combination of sources
n each I(c, t) that is most similar to the rotation in C(c, t). The
otivation for comparing similar linear combinations of sources

s to obtain improved quantitative comparison metrics. Improved
omparison metrics are expected to result from examining com-

arable linear combinations of sources so that differences that
re likely due to cortical geometry can be identified.

Methods to find linear combinations of sources in individual
ubspaces that best correspond to those in a composite subspace

I
t
i
i
t

s for a single subject are performed by applying SVD to data from the entire
ject composite” subspace with the 2D “individual” subspaces resulting from

t side except showing methods for inter- rather than intra-subject comparisons.

nd accompanying methods to quantify similarity are formally
eveloped in Section 2.6. In this section, we present an example
o clarify the motivation for the methods presented in Section
.6.

Fig. 3 contains simulated data that illustrates how the rotation
roblem could complicate comparisons by masking similarities
etween two sets of EEG signals. Fig. 3 illustrates two dominant
emporal vectors in a composite subspace (shown in blue). We
hall denote the first temporal PC associated with a composite
ubspace as C(1, t) and the second temporal principal compo-
nset: illustration of both pairs of PCs in their shared 2D subspace. Note that
he individual subspace (red) can be rotated within the shared 2D subspace
nto alignment with any in-plane rotation of the composite subspace (blue). (For
nterpretation of the references to color in this figure legend, the reader is referred
o the web version of the article.)
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he two sets of two dominant PCs in Fig. 3 look substantially
ifferent at first glance.

Rotations in the composite plane can be specified relative to
he unrotated composite vector C(1, t) (with a rotation of θ = 0
orresponding to being perfectly aligned with (C(1, t) and a
otation of θ = 90 corresponding to C(2, t)). The rotations are
etermined via Eq. (5):

′(t, θ) = C(1, t) cos(θ) + C(2, t) sin(θ) (5)

Similarly, rotations in an individual subspace are measured
elative to a rotation of φi = 0 that corresponds to I(1, t). The
otations in the individual subspace can be written as:

′(t, φi) = I(1, t) cos(φi) + I(2, t) sin(φi) (6)

Although the simulated data in Fig. 3 appears to exhibit differ-
nces between C and I, every rotation/linear combination in the
omposite space is matched perfectly by some other linear com-
ination of sources in the individual subspace. The result is due
o the fact that, in the simulated data, the individual subspace and
he composite subspace are identical with the exception that the
(1, t) and I(2, t) vectors that define the individual subspace are
otated in the shared subspace by π/4 relative to C(1, t) and C(2,
). Thus, for example, a rotation corresponding to θ = 0 according
o Eq. (5) such that C′(t, θ) = C(1, t) can be matched by evaluating
q. (6) with φi = −π/4 so that the time function at the rotation θ

n the composite subspace equals the time function at the rotation
i in the individual subspace, i.e. C′(t, θ) = I ′

m(t, φi).
The simulated data highlights the importance of compar-

ng corresponding linear combinations of sources in EEG data.
f corresponding linear combinations of sources are not com-
ared, differences that are simply due to a different superposition
f sources might be confused with differences of genuine
nterest.

In the simulated data, the individual and the composite sub-
pace were identical. If the subspaces under comparison aren’t
dentical a question of interest is whether or not the sub-
paces under comparison possess similar linear combinations of
ources. Also of interest is quantifying the extent of the observed
imilarity. A comparison metric employed in Section 2.6 for
omparisons of multiple individual subspaces is how similar
ll individual subspaces are at the linear combination of PCs
hat is most similar among all of the individual subspaces. The
inear combination of PCs displaying the greatest similarity to
ll of the subspaces under comparison will be denoted as C′(t,
max). The C′(t, θmax) could indicate a neural process that is
hared between all of the sets of EEG data that are under com-
arison. Also of interest is the linear combination of PCs that
isplays the greatest differences between the individual sub-
paces under comparison, which will be denoted as C′(t, θmin).
he C′(t, θmin) could indicate a neural process that is relatively
ariable in the sets of EEG data under comparison. It should be
oted that the maximum and minimum similarity metrics pre-

ented in Section 2.6 can be extended to subspace comparisons
f higher dimensions than two. The methods we present for
= 2 dimensional subspace comparisons consist of a search for
axima and minima over one (N − 1) free rotation parameter.

θ

i
a
a

ience Methods 165 (2007) 270–286

o extend this to a general N-dimensional subspace comparison,
ne could search for maxima and minima over N − 1 rotation
arameters.

.6. Methods for intra- and inter-subject comparison

Given any linear combination of sources in the composite
ubspace, the corresponding rotation in an individual subspace
ith the greatest similarity to those sources in the composite
lane can be determined.

The composite is used as a reference that allows similar linear
ombinations of sources in multiple individual subspaces to be
ompared. The metric used to quantify similarity between the
omposite and any given individual subspace is the sum-squared
rror (SSE).

If one fixes the rotation in the composite subspace at θ, the θ

ill specify a single linear combination of sources in the com-
osite plane. One can then determine the particular rotation in
n individual subspace (φirot) that minimizes the SSE between
he I ′

m(t, φi) and the C′(t, θ) (see Eqs. (5) and (6) for definitions
f C′(t, θ) and I ′

m(t, φi)):

irot = argmin
φi

N∑
t=1

(C′(t, θ) − I ′
m(t, φi))

2 (7)

ecause both I ′
m(t, φi)and C′(t, θ) are unit length:

irot = argmin
φi

N∑
t=1

(−2C′(t, θ)I ′
m(t, φi))

= argmax
φi

N∑
t=1

(C′(t, θ)I ′
m(t, φi)) (8)

From Eq. (8) it can be seen that finding the rotation in an
ndividual subspace that minimizes the SSE between it and any
iven rotation in the composite plane can be found by maximiz-
ng the dot product of I ′

m(t, φi) and the C′(t, θ). If θ is fixed,
he φi that maximizes the dot product of I ′

m(t, φi) and the C′(t,
) is simply the φi where C′(t, θ) projects onto the individual
ubspace.

Projection length will be extensively used as a metric for
imilarity. The reader should keep in mind the result of Eqs. (7)
nd (8) that minimizing the SSE is equivalent to maximizing
rojection length.

Therefore, given a time function in the composite subspace at
otation θ corresponding to some linear combination of sources,
′(t, θ), the corresponding rotations in each of the individual

ubspaces that minimized the sum squared error with C′(t, θ)
ere found by projecting C′(t, θ) onto each individual subspace.
his was done for all rotations in the composite subspace, θ.
ig. 4A is a synthetic example of the rotation of a vector, C′(t,

) shown in red, within a composite subspace (shown in blue)
n three time dimensions. Shown in black and shaded in gray is
nother 2D subspace embedded in 3D that could correspond to
n individual subspace.
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Fig. 4. (A) Synthetic 3D illustration of rotation C′ (t, θ) in composite subspace. The subspace in blue is the composite subspace. The subspace in black that is shaded
gray is an individual subspace with some tilt relative to the composite. The vector that is rotated in the plane of the composite subspace, C′(t, θ), is shown in red
and the two components of the projection (Pm(θ, 1) and Pm(θ, 2)) are shown in green. (B) Illustration of the projection of C′(t,θ) onto an individual subspace. The
p tion a
o q. (11
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rojection onto the subspace is shown in red. The two components of the projec
f the projection of C′(t, θ), I′(t, φirot), is shown in black. φirot is as defined in E
s referred to the web version of the article.)

The two components (c = 1 and 2) of the projection of C′(t,
) onto the mth individual subspace can be written as:

m(θ, c) =
N∑

t=1

C′(t, θ) × Im(c, t) (9)

Pm(θ, 1) and Pm(θ, 2) are shown in green in Fig. 4A and B.
ig. 4B is an example of what the projection of the composite
otation onto the individual subspace might look like if the pro-
ection were viewed on the 2D individual subspace. It can be
een that length of the projection of the composite onto the mth
ndividual subspace can be written as:

m(θ) =
√

Pm(θ, 1)2 + Pm(θ, 2)2 (10)

Since all temporal waveforms were unit length (due to being
erived from SVD and the rotation procedure being length-
reserving) the maximum possible projection length of any
otation in the composite plane onto each individual subspace
as one. A projection length of one is expected to occur if the

wo subspaces being compared are coplanar at a rotation in the
omposite subspace. Plots of L(θ) (i.e. plots of projection length
nto an individual subspace versus rotation in the composite
lane) are used extensively in Section 3 to compare intra- and
nter-subject data. For a further description of the interpretation
f these plots, see Appendix A.3.

It can be seen from Fig. 4B that the rotation of the projection
f C′(t, θ) (specified within the mth individual subspace) can be
xpressed as:

irot = a tan

(
Pm(θ, 2)

)
(11)
Pm(θ, 1)

(For an alternative derivation of Eq. (11) that employs exclu-
ively SSE rather than geometry, see Appendix A.2.) If the phase
f a projection of a rotation in the composite plane onto an indi-

t
θ

b

re shown in green. The time function in the individual subspace at the location
). (For interpretation of the references to color in this figure legend, the reader

idual subspace fell in the left half of an individual subspace,
he location of projection was rotated by 180◦ such that it was
ransformed to lie in the right half of an individual subspace.
he rotation by 180◦ of projections in the left halves of individ-
al subspaces was performed so that all phases could be easily
ompared to the positive, unrotated PC 1 in each individual
ubspace.

To find the rotation in the composite subspace, θmax, that
roduces the greatest agreement between C′(t, θ) and the cor-
esponding projections onto the multiple individual subspaces,
ne can find the θ that maximizes the sum of the lengths of the
rojections onto all of the individual subspaces. If M is the total
umber of individual subspaces, then θmax is as defined below:

max = argmax
θ

(
M∑

m=1

√
Pm(θ, 1)2 + Pm(θ, 2)2

)
(12)

The time function in the composite plane located at the rota-
ion θmax, C′(t, θmax), is expected to be a temporal source or
ombination of temporal sources that displays similarity in all
ndividual subspaces.

Similarly the rotation in the composite plane that minimizes
he sum of the lengths of the projections onto M individual
ubspaces is θmin:

min = argmin
θ

(
M∑

m=1

√
Pm(θ, 1)2 + Pm(θ, 2)2

)
(13)

he time function located at the rotation in the composite plane
roducing the minimum sum of lengths of projections onto the
ndividual subject subspaces will be referred to as C′(t, θmin).
The time functions in each of the individual subspaces at
he rotations that are coincident with the projections of C′(t,
max) and C′(t, θmin) onto each of the individual subspaces will
e denoted as I ′

max and I ′
min, respectively. The rotation angle
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Table 1
SNRs across the visual field across subjects

Subject Ring 1 (outer ring) Ring 2 Ring 3 Ring 4 (fovea) Entire visual field

1 2.6 ± 0.6 2.8 ± 0.8 2.7 ± 0.8 2.6 ± 0.6 2.7 ± 0.7
2 2.4 ± 0.7 2.1 ± 0.6 2.3 ± 0.9 2.4 ± 0.7 2.3 ± 0.7
3 1.8 ± 0.5 1.5 ± 0.3 1.4 ± 0.3 1.3 ± 0.2 1.5 ± 0.4
4 1.9 ± 0.3 1.9 ± 0.3 1.8 ± 0.4 1.7 ± 0.4 1.8 ± 0.4
5 1.9 ± 0.4 1.5 ± 0.3 1.5 ± 0.2 1.4 ± 0.2 1.6 ± 0.3
6 3.1 ± 0.8 2.4 ± 0.5 2.1 ± 0.5 2.1 ± 0.5 2.4 ± 0.7
7 3.6 ± 0.6 2.8 ± 0.4 2.4 ± 0.3 2.5 ± 0.5 2.8 ± 0.6
8 1.9 ± 0.3 1.4 ± 0.3 1.6 ± 0.4 1.8 ± 0.3 1.7 ± 0.4

Mean 2.4 2.1 2.0 2.0 2.1
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he standard deviation shown for each subject/ring combination is the standard
rror across all subjects. It is given by the standard deviations of the SNRs of in

as specified within an individual subspace) corresponding to
he location of I ′

max in the individual subspace will be denoted
s φi max. The rotation angle (as specified within an individual
ubspace) corresponding to the location of I ′

min in the individual
ubspace will be denoted as φi min.

The M I ′
max in the M individual subspaces under comparison

re expected to be linear combinations of sources in the individ-
al subspaces exhibiting relatively great similarity. In contrast,
he M I ′

min in the compared individual subspaces are expected
o be linear combinations of sources in the individual subspaces
hat exhibit relatively great variability.

. Results

.1. Subject signal to noise ratio

Signal to noise ratios (SNRs) were determined from each
ubject’s V(e, p, t) data using a method that was similar to the
ethod presented in Zhang and Hood (2004a). Signal windows
ere defined as 37–260 ms (window length was 121 samples)

fter pattern reversal within the evoked response to each stim-
lus patch. The RMS amplitude of signal windows for each
atch were used to calculate the SNR values shown in Table 1.
he same method was used to determine RMS amplitudes in

he “noise” regions of responses, defined as being 667–890 ms
fter pattern reversal in the evoked response to each stimulus

atch. Noise window lengths were the same lengths as the sig-
al windows, 121 samples. SNRs, the ratios between the two
MS measures in various regions of the visual field, are listed

n Table 1 and discussed in later sections.

o
r
v
A

able 2
ercent variance accounted for by the first four PCs of intra-subject SVDs across the

Subject

1 2 3 4

variance, PC 1 68 69 44 51
variance, PC 2 14 13 12 18
variance, PC 3 3.7 3.8 10 7.2
variance, PC 4 3.8 2.9 7.9 5.9

C1 + PC2 82 82 56 69
0.2 0.2 0.2

tion across the 12 patches composing each ring. The bottom row is the standard
ual subjects divided by sqrt(8).

.2. Intra-subject results

SVDs were performed on data from the entire visual field for
ach subject after forming a V(e × p, t) matrix for each subject
s described in Section 2.2.

Table 2 lists the percent variance associated with the first
our eigenvalues of each subject accounting for the most vari-
nce. Similar to the results found in Maier et al. (1987), James
2003) and Zhang and Hood (2004b), two principal components
ccounted for, on average for each individual subject, 73% of
he total signal variance. This implies that, for every subject
ested, the original VEP data can be well-approximated by the
um of products of two time dependent (T) and two spatial
E) components and that each subject’s temporal data can be
ell-approximated by a 2D subspace.
As discussed in Section 2, each subject had an associated 2D

intra-subject composite subspace” determined by applying Eq.
1) to data from the entire visual field for each subject. In addi-
ion, four individual ring temporal subspaces were determined
or each subject by applying Eq. (1) to data from each stimulus
ing. Four L(θ) curves were determined for each subject as fol-
ows: a single vector was rotated within the composite subspace
nd at every rotation in the composite subspace the vector was
rojected onto each of the four individual subspaces correspond-
ng to each stimulus ring for each subject (application of Eq. (10)
t each θ from −π/2 to π/2). Each L(θ)curve consisted of a plot

f the projection length of the projection of the vector that was
otated in the composite subspace onto each individual subspace
ersus its rotation within the composite plane (see Section 2 and
ppendix A.3 for more details). The sums of the L(θ) curves

visual field

Mean

5 6 7 8

45 67 56 44 57
13 20 24 26 18

8.7 6.2 4.4 7.8 6.5
6.5 2.4 3.6 5.6 4.8

58 87 80 70 73
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Fig. 5. Sum of L(θ) curves across four rings for each subject. Four L(θ)
curves were determined (one per ring) according to Eq. (10) for each subject
and then summed across the four-stimulus rings to create the curves above.
Rotation within the intra-subject composite plane is specified relative to the
unrotated principal component 1 in the composite plane. If the value of the
sum of projections onto all ring subspaces was four for all rotations within the
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omposite plane, it would indicate that each of the four ring subspaces was
dentical.

cross all four rings for each of the subjects are shown in Fig. 5.
f the 2D subspaces associated with all four rings of a subject’s
ata were located in the same subspace as the intra-subject com-
osite, the sum of the projection lengths at each rotation of the
ntra-subject composite would be four (sum of four unit length
rojections onto four ring subspaces). The sum of L(θ) curves
or some subjects can be seen to deviate more substantially from
our and therefore display greater intra-subject variability than
thers, in particular the curves of subjects 3 and 5. Note in Table 2
hat two components accounted for only 56% and 58% of the
otal variance for these two subjects. In addition, note that in
able 2 the ratio of the percent variance accounted for by PC
to the percent variance accounted for by PC 3 is significantly

maller for subjects 3 and 5 than the same ratio as determined
or the other subjects.
Subject 3 showed a sum of projection lengths that signifi-
antly deviated from four for most composite rotations. The low
NR of subject 3’s data could be at least partially responsible
or this result. Similarly, it is possible that some portion of the

i

s
T

able 3
he lengths of projection of C′(t, θmax) and C′(t, θmin) onto individual ring subspaces

ubject θmax θmin Ring 1
L(θmax)

Ring 1
L(θmin)

Ring 2
L(θmax)

1 .049 1.54 .986 .796 .995
2 −.050 1.52 .992 .955 .991
3 −.105 1.47 .995 .779 .993
4 .183 −1.38 .985 .907 .993
5 .003 1.53 .978 .667 .993
6 −.140 1.44 .995 .986 .995
7 .449 −1.12 .997 .989 .994
8 −.177 1.39 .987 .979 .991
nce Methods  165 (2007) 270–286 277

nconsistency between rings shown by subject 5 is attributable
o effects of low SNR (see Table 1).

Several subjects displayed quite similar L(θ) curves for the
ubspaces derived from all four-stimulus rings with projection
engths uniformly near one for each stimulus ring. As can be seen
n Fig. 5, even the minima of the sum of the four L(θ) curves for
ubjects 2, 4, 6, 7 and 8 are above 3.8, indicating a significant
mount of similarity between each individual ring subspace and
he intra-subject composite subspace at all rotations within the
ntra-subject composite plane. These results indicate that some
r all of the sources contributing to the responses to the individ-
al rings of the stimulus for these subjects were similar to one
nother.

Of interest is the rotation in the intra-subject composite sub-
pace, θmax, that maximized the sum of the lengths of the
rojections onto each of the individual ring subspaces via appli-
ation of Eq. (12) across all four-stimulus rings for each subject.
he θmax for each subject is shown in Table 3. The greatest
rojection lengths onto the individual ring subspaces were deter-
ined for each subject by plugging their particular θmax into Eq.

10), and are listed as “L(θmax)” in Table 3. The L(θmax) indi-
ates how similar the individual subspaces are at the rotations in
ach of the individual subspaces that make the individual time
unctions most similar. It can be seen that all of the L(θmax)
re relatively near the maximum possible value of one for all
ubjects and all stimulus rings. A possible interpretation of this
esult is that each of the C′(t, θmax) represents a temporal neural
rocess of substantial consistency across the visual field for each
ubject.

In order to determine which rotation in the intra-subject
omposite plane deviated the most substantially from the indi-
idual ring data, we could find the rotation in each intra-subject
omposite, θmin, that minimized the sum of the lengths of the
rojections onto each of the individual ring subspaces via appli-
ation of Eq. (13) across all four-stimulus rings for each subject.
Recall that this would be equivalent to finding the rotations in
he individual subspaces that maximized the SSE between the
ndividual subspaces.) The θmin are shown in Table 3. The pro-
ection lengths, L(θmin), onto the individual ring subspaces as
etermined for each subject by plugging their particular θmin

nto Eq. (10), are also shown in Table 3.

It can be seen that the L(θmin) are relatively near one for most
ubjects (however not as consistently near one as the L(θmax)).
he projection lengths near one indicate that there was relatively

, L(θmax) and L(θmin), respectively

Ring 2
L(θmin)

Ring 3
L(θmax)

Ring 3
L(θmin)

Ring 4
L(θmax)

Ring 4
L(θmin)

.969 .995 .988 .981 .951

.983 .994 .946 .989 .954

.813 .969 .766 .962 .700

.994 .975 .987 .940 .958

.923 .976 .915 .958 .916

.970 .978 .981 .946 .901

.982 .988 .970 .971 .931

.985 .995 .973 .987 .961
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Table 4
Rotations in individual subspaces, φi max and φi min, at locations of projection of intra-subject C′(t, θmax) and C′(t, θmin)

Subject θmax θmin Ring 1
φi max

Ring 1
φi min

Ring 2
φi max

Ring 2
φi min

Ring 3
φi max

Ring 3
φi min

Ring 4
φi max

Ring 4
φi min

S1 .049 1.54 −.197 1.34 .193 −1.39 .036 −1.51 .181 −1.33
S2 −.050 1.52 −.012 1.56 −.185 1.39 .108 −1.47 −.234 1.34
S3 −.105 1.47 .179 −1.41 −.146 1.43 .329 −1.29 .019 1.52
S4 .183 −1.38 .097 −1.48 .298 −1.27 .347 −1.22 .018 −1.56
S5 .003 1.53 −.119 1.33 −.036 1.50 −.215 1.24 .569 −.869
S 23
S 41
S 73

l
t
t
p
f
w
t
u

φ

e
f
p
f
s
o

a
(
t
a
t
c

t
P
w
j

F
a
o

6 −.140 1.44 −.099 1.48 −.1
7 .449 −1.12 −.376 1.19 −.5
8 −.177 1.39 .466 −1.10 .6

ittle tilt/dissimilarity between each individual ring subspace and
he composite subspace even at the C′(t, θmin) rotation within
he composite plane that minimized the sum of the lengths of the
rojections onto the individual subspaces. (See Appendix A.3
or a description of the meaning of ‘tilt.’) The main exceptions
ere subjects 1, 3 and 5 who, although they displayed L(θmax)

hat were close to one, displayed significant deviations from
nity in L(θmin).

Table 4 lists the rotations within the individual ring subspaces,
i max, in radians at the location of projection of C′(t, θmax) onto
ach ring subspace (Eq. (11) was applied to determine φi max
or each individual ring subspace for each subject). Fig. 6 is a

′
lot of the projections of the each subject’s C (t, θmax) onto the
our ring subspaces of all eight subjects. The lengths and phases
hown in Fig. 6 correspond to the actual rotations and lengths
f the projections.

s
u

a

ig. 6. Projections of intra-subject C′(t, θmax) onto the individual ring subspaces of a
nd PC 2 of each individual subject. Lengths and phases as shown within each individu
f projection lengths.
1.42 −.376 1.22 .840 −.703
1.01 −.280 1.26 1.46 −.143
−.898 −.518 1.04 −.283 1.27

It can be seen from Table 4 and Fig. 6 that most of the rotations
re closer to the unrotated PC 1 in each individual’s subspace
defined as being at 0 phase within each individual subspace)
han to the unrotated PC 2 in each individual’s subspace (defined
s being at π/2 phase within each individual subspace). However,
here is a considerable deviation from the unrotated PC 1 in most
ases.

Subjects 6 and 7, for example, both had φi max associated with
he inner stimulus ring that were slightly closer to the unrotated
C 2s in their respective subspaces. The projections associated
ith the inner stimulus ring are shown in magenta for all sub-

ects in Fig. 6. The three projections onto the three outer ring

ubspaces for subjects 6 and 7, however were relatively near the
nrotated PC 1s of the three outer ring subspaces.

The difference in φi max across rings is likely at least partially
ttributable to differences in cortical folding in portions of cortex

ll subjects. Labeled ‘Component 1’ and ‘Component 2’ correspond to the PC 1
al subspace are drawn to scale. Unit circles are drawn to facilitate comparisons
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orresponding to different regions of the visual field. As has
een discussed, differences in folding across the parts of cortex
esponsive to different regions of visual field are expected to
esult in a varying linear combination of sources associated with
esponses from each region. Another possible explanation for
arying linear combinations of sources at different eccentricities
ithin a single subject are differential contributions of the M

nd P pathways at different eccentricities (Baseler and Sutter,
997).

The φi min are listed in Table 4 with the φi max. It can be seen
hat the φi min tended to be relatively close to the unrotated PC 2s
or each ring subspace and the φi max tended to be relatively close
o the unrotated PC 1s in each individual ring subspace. This was
o be expected as the PC 2 in the intra-subject composite and the
C 2s in the individual subspaces accounted for less variance

han the PC 1s. The smaller amount of variance accounted for
y PC 2 guaranteed that the region in each 2D subspace near

he unrotated PC 2 was associated with the noisiest temporal
rocesses in the subspace.

Fig. 7C is a plot of I ′
max for each subject. The I ′

max correspond
o the time functions in individual subspaces at the locations of

a
o
t
o

ig. 7. (A) Principal component 1 for all rings for every subject. (B) Principal comp
hat the waveforms in C show greater intra-subject similarity across rings than the wa
nce Methods  165 (2007) 270–286 279

he projection of C′(t, θmax) onto each individual subject sub-
pace. One motivation for plotting each I ′

max is to be able to
isually inspect how similar the individual time functions are to
ach other at the rotations that bring the individual time func-
ions closest together. Fig. 7A and B are plots of the unrotated
emporal PC 1s and PC 2s for all subjects. Recall that subjects 6
nd 7 displayed considerably different φi max for the inner ring
ubspace than for the outer three ring subspaces. A considerable
ualitative difference can therefore be observed in the unrotated
C 1 and 2 of the inner ring for these two subjects relative to the
Cs for other rings (inner ring PCs shown in magenta in Fig. 7).
or all subjects to varying degrees, it can be seen in Fig. 7 that

he I ′
max display considerably less intra-subject variability than

he unrotated temporal waveforms shown in Fig. 7A and B. A
ossible explanation for the greater intra-subject variability of
he raw PCs in Fig. 7 is that the raw PCs consist of some linear
ombination of sources unique to the portion of cortex associ-

ted with each stimulus ring. This unique linear combination
f sources is largely dependent on the local geometry of cor-
ex. By finding a C′(t, θmax) for each subject that projects well
nto all individual ring subspaces at the I ′

max time functions, we

onent 2 for all rings for every subject. (C) I ′
max for all subjects and rings. Note

veforms in A and B. (D) I ′
min for all subjects and rings.



2 uroscience Methods 165 (2007) 270–286

h
o
e
s

h
v
i
c
a
c
s
i
v
1
a
s
s
i
i
v
s

3

a
f
r
o
t
P
fi

s
s
P
V

F

v
T
m
r
t
c
a
s
b
f
fi
a
v

80 S. Dandekar et al. / Journal of Ne

ave found temporal processes that display a significant amount
f consistency across the visual field within a subject. This is
xemplified by the substantial similarity of the I ′

max waveforms
hown in Fig. 7C.

Plots of I ′
min for all subjects are shown in Fig. 7D. One

ypothesis that could explain the relatively great intra-subject
ariability of the I ′

min across the visual field (relative to the
ntra-subject variability of the I ′

max) might be that the I ′
min

ontain significant extrastriate contributions, perhaps associ-
ted with relatively weak, very small and/or deep regions of
ortical activation (DeYoe et al., 1996). An alternative hypothe-
is/possible contributing factor that might explain the variations
n the I ′

min across the visual field for any given subject could be
arying M and P contributions across the visual field (Dacey,
993; Baseler and Sutter, 1997). Spatially specific attention
nd feedback effects have been observed in two prior mfVEP
tudies (Seiple et al., 2002; Slotnick et al., 2002). A third pos-
ible contributing factor, therefore, might be that some of the
ntra-subject differences might correspond to temporal processes
nvolving feedback and/or attention that might be expected to
ary at different regions of the visual field within the same
ubject.

.3. Inter-subject results

Application of a SVD to a V(s × e × p, t) matrix formed
s described in Section 2.2 by concatenating signal windows
rom each subject appropriately into the V(s × e × p, t) matrix
esulted in the first two PCs accounting for 47% and 20%
f the inter-subject variance, respectively. Fig. 8 is a plot of
he percent variance accounted for by the first 17 inter-subject
Cs for an inter-subject SVD done across the entire visual
eld.

The fact that two PCs accounted for the majority of inter-

ubject variance indicated that a “composite” 2D inter-subject
ubspace defined by the two dominant inter-subject temporal
Cs accounted for the majority of the temporal variance in the
(s, e, p, t) space.

ig. 8. Percent variance accounted for by the first 17 inter-subject temporal PCs.
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Fig. 9. L(θ) curves summed across subjects.

The first and second composite inter-subject temporal eigen-
ectors were determined for each ring of the stimulus separately.
his was done by performing four SVDs on V(s × e × p, t)
atrices containing only the appropriate subset of patches cor-

esponding to each stimulus ring from each subject. Each of
he four 2D inter-subject ring-by-ring composites could then be
ompared to the corresponding ring-by-ring dominant two PCs
s determined for each subject individually. A composite inter-
ubject 2D subspace for the entire visual field was determined
y applying SVD to combined data from the entire visual field
or all subjects. The inter-subject composite for the entire visual
eld was compared with each of the subspaces resulting from
pplication of SVD to individual subject data from the entire
isual field.

Fig. 9 is a plot of the L(θ) curves summed across all sub-
ects for the inter-subject subspace comparisons done ring by
ing. In Fig. 9, if all of the individual subspaces were identical
o the inter-subject composite subspace, the sum of the lengths
f the projections would sum to eight at all rotations within the
omposite subspace (sum of eight unit length vectors, one for
ach of eight subject subspaces). All of the L(θ) curves with
he exception of the L(θ) curve associated with the outer ring of
he stimulus displayed projection lengths that were consistently
ear one for all rotations. The maximum of the L(θ) curve for
he outer ring of the stimulus is near 8, however the minimum
oint in the L(θ) curve for the outer ring deviated considerably
rom 8. This indicates that at least one of the sources contribut-
ng to the outer ring responses for the subjects did, as a whole,
isplay substantial inter-subject similarity. Other source(s) con-
ributing to the outer ring responses of the subjects, however,
ere significantly variable from subject to subject. A possible

eason for the differing responses to the outer ring could be that
t was not surrounded by other patches as was the case for all
ther stimulus rings.
Fig. 10 is a plot of the subject-by-subject L(θ) curves using
n inter-subject composite as determined across the entire field.
he lengths of projections were found by projecting rotations
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ig. 10. Subject by subject L(θ) curves. Rotation in inter-subject composite sub-
pace is specified relative to unrotated PC 1 in inter-subject composite subspace.

f the inter-subject composite onto individual subject subspaces
hat were derived from data from the entire visual field for each
ubject. It can be seen that all subjects except subjects 1 and 3 dis-
lay projection lengths near one for all rotations in the composite
lane. Note that the subjects who deviated from the inter-subject
omposite at some rotations in the composite plane nevertheless
howed substantial similarity to the composite plane at other
otations. This could indicate that some sources were similar
etween subjects but not all sources showed significant inter-
ubject similarity.

θmax was determined at each ring across all individual subject
ubspaces as determined at each stimulus ring (four applications
f Eq. (12) with M = 8). Eq. (12) was applied to determine the
otations in each of the four ring-by-ring inter-subject composite
lanes that maximized the sum of the lengths of the projection
nto the individual subject subspaces for each ring (solving for
ne θmax for all subjects per stimulus ring). Table 5 contains
he lengths of projection (L(θmax)) resulting from the projection

f the inter-subject C′(t, θmax) for each stimulus ring onto the
ight individual subject subspaces as determined for the appro-
riate stimulus ring. The standard deviation of the L(θmax) across
timulus rings was quite low for all subjects. This demonstrates

v
e
i
o

able 5
engths of projection of inter-subject composites C′(t, θmax) and C′(t, θmin) onto indiv
cross subjects and rings

ubject Ring 1
L(θmax)

Ring 1
L(θmin)

Ring 2
L(θmax)

Ring 2
L(θmin)

Ring
L(θm

1 .925 .397 .955 .462 .90
2 .988 .899 .970 .899 .97
3 .933 .045 .920 .860 .81
4 .965 .871 .977 .968 .96
5 .971 .438 .920 .775 .94
6 .990 .931 .968 .960 .98
7 .959 .928 .935 .960 .94
8 .945 .883 .920 .893 .96

max or θmin .175 −1.38 −0.387 1.08 −.08
nce Methods  165 (2007) 270–286 281

hat the relationship of the individual subspaces to the composite
and hence the L(θmax) measure) is fairly consistent with varying
timulus eccentricity.

Similarly Eq. (13) was used to determine θmin at each ring
sing data from all of the individual subject subspaces corre-
ponding to each stimulus ring (four applications of Eq. (13)
ith M = 8). The rotations in each of the four ring-by-ring inter-

ubject composite planes that minimized the sum of the lengths
f the projection onto the individual subject subspaces for that
ing were determined (solving for one θmin for all subjects for
ach stimulus ring). Table 5 contains L(θmin), the lengths of pro-
ection when the C′(t, θmin) for each stimulus ring was projected
nto the eight individual subject subspaces as determined for the
ppropriate stimulus ring.

For most subjects, although the standard deviations of the
(θmin) were higher than those associated with L(θmax), the stan-
ard deviations were still relatively low. For subjects 3 and 5,
owever, the standard deviation of the L(θmin) were relatively
igh with the associated projection lengths being relatively low.
ubject 1 also exhibited uniformly low L(θmin) across rings with
elatively low standard deviation.

It can be seen that some of the L(θmin) are relatively near
ne, but many of the L(θmin) are substantially smaller than the
(θmax). This indicates that the multiple subjects do share some

emporal processes of substantial similarity (mainly the I ′
max)

ut there is a substantial tilt between the multiple subject sub-
paces at those portions of the subspaces that correspond to linear
ombinations of sources that are relatively dissimilar between
ubjects (the I ′

min). This is to be contrasted with the individual
ubject data which showed relatively great similarity in both
he I ′

max and I ′
min, indicating relatively little tilt between the

ntra-subject subspaces at every linear combination of sources
n the intra-subject composite plane and therefore substantial
ntra-subject similarity in response across stimulus rings.

Table 6 lists the rotations within the individual subject sub-
paces, φi max, at the locations of projection of C′(t, θmax) onto
ach individual subject subspace. It can be seen that most of the
hases in Table 6 are closer to the unrotated PC 1 in each indi-

idual subject’s subspace (defined as being at 0 phase within
ach individual subspace) than to the unrotated PC 2 in each
ndividual’s subspace. However, there is a considerable amount
f deviation from the unrotated PC 1 across subjects.

idual subject subspaces L(θmax) and L(θmin) and associated standard deviations

3

ax)
Ring 3
L(θmin)

Ring 4
L(θmax)

Ring 4
L(θmin)

S.D.
L(θmax)

S.D.
L(θmin)

2 .544 .973 .544 .032 .071
7 .865 .977 .939 .007 .030
9 .912 .959 .797 .061 .408
2 .953 .965 .934 .007 .043
5 .725 .953 .919 .021 .202
6 .939 .898 .926 .043 .015
5 .934 .980 .892 .019 .028
1 .885 .921 .867 .020 .011
72 −1.55 −.0812 1.44 – –
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Table 6
Rotations in individual subspaces, φi max and φi min, at locations of projection of inter-subject C′(t, θmax) and C′(t, θmin)

Subject Ring 1 φi max Ring 1 φi min Ring 2 φi max Ring 2 φi min Ring 3 φi max Ring 3 φi min Ring 4 φi max Ring 4 φi min

S1 −.001 −.594 .230 −1.04 −.170 .888 .0630 1.55
S2 −.198 1.40 −.134 1.34 .355 −1.30 −.211 1.33
S3 .347 −1.46 −.369 1.19 .219 −1.15 −.360 1.32
S4 −.426 1.08 −.385 1.11 −.151 1.34 .646 −.866
S5 .091 −1.13 −.387 .765 −.407 .757 .982 −.505
S6 .689 −.845 −1.06 .374 .373 −1.07 −.040 1.41
S7 −.711 −.805 −1.06 .353 −.605 .789 −1.15 .437
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8 .206 −1.26 .687 −.7

max or θmin .175 −1.38 −.387 1.0

The φi min are also presented in Table 6. It can be seen that the
i min are predominantly near the unrotated PC 2 in each individ-
al subspace, but do exhibit some variation from the unrotated
C 2 across subjects.

Fig. 11 contains the inter-subject φi max as determined for
he entire visual field. The difference in φi max across subjects
xhibited in Fig. 11 (also apparent in Table 6 for data in which
VDs were performed ring-by-ring) is likely at least partially
ttributable to differences in cortical folding among subjects. As
iscussed, each subject has a unique cortical geometry leading
o differences in the observed combination of sources for each
ubject.

Fig. 12C is a plot of the waveforms in the individual subject
ubspaces, I ′

max at the rotation of the entire-visual field inter-
ubject composite C′(t, θmax) maximizing the sum of the lengths
f the projections onto all of the individual subspaces as deter-

ined across the entire visual field for each. Fig. 12A and B are

lots of the unrotated PC 1s and PC 2s for all subjects. It can be
een that the I ′

max, display less inter-subject variability than the

ig. 11. φi max, or plots of projection of inter-subject C′(t, θmax) (as determined
rom data from the entire visual field) onto individual subject subspaces (also
etermined from data from the entire visual field). Lengths and phases of the
rojections are drawn to scale. A unit circle is drawn to facilitate comparisons
f projection lengths.
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−.357 1.05 −.313 1.48
−.0872 −1.55 −.0812 1.44

nmodified temporal PC 1s or PC 2s. A possible explanation for
he greater variability of the raw PCs is that the raw PCs are likely
nfluenced by the unique cortical folding pattern of each sub-
ect and therefore consist of some linear combination of sources
nique to each subject. Finding an inter-subject C′(t, θmax) for
he entire visual field that projects well onto all individual sub-
ect subspaces allows us to compare similar linear combinations
f sources in the individual subspaces. The I ′

max waveforms for
ach subject shown in Fig. 12C therefore show a relatively more
onsistent temporal process for all subjects than the raw PCs.

Fig. 12D is a plot of the temporal vectors in each of the
ndividual subject subspaces, I ′

min, at the rotation correspond-
ng to the location where the rotation of the entire visual field
omposite produced the minimum sum of lengths across projec-
ions onto individual subject subspaces. Although there are some
imilarities in the I ′

min, there are also a variety of inter-subject
ifferences apparent in Fig. 12D.

As was the case for the intra-subject C′(t, θmin) and I ′
min, the

nter-subject C′(t, θmin) and I ′
min were, for the most part, closer

o the unrotated PC 2 in the composite and individual subspaces.
herefore, much of the variability is likely due to the fact that
′(t, θmin) and I ′

min were derived from the noisiest portions of the
ubspaces. Reasons for the variability and noisiness at the I ′

min
otations could be due to any combination of a number of factors.
t is possible that the source or sources at the C′(t, θmin) rotation
onsist of substantial extrastriate contributions that are relatively
eak, small, and/or deep (DeYoe et al., 1996). Another possible

xplanation that could contribute to inter-subject differences in
he I ′

min (as well as the less extensive differences in I ′
max) could

e individual differences in feedback and/or attention (Seiple et
l., 2002; Slotnick et al., 2002).

. Discussion

In addition to confirming the previously known finding that
wo PCs account for over 50% of intra-subject variance of the

ultifocal VEP (Maier et al., 1987; James, 2003; Zhang and
ood, 2004b; Carney et al., 2006) we have quantified inter-

ubject similarity of the mfVEP, finding that two dominant

nter-subject composite PCs account for 67% of inter-subject
ariance.

It is important to note that temporal PCs determined via
VD are not necessarily physiologically meaningful (Maier et
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ig. 12. (A) Unmodified PC 1s for all subjects. (B) Unmodified PC 2s for all subj
imilarity than those in A and B. (D) I ′

min for all subjects.

l., 1987; Bartels and Zeki, 2004). SVD decomposes data into
rthogonal spatial and temporal components. The orthogonal-
ty constraint is an artificial one; the underlying physiological
ime functions are most probably not orthogonal. Therefore, the
omposite 2D intra- and inter-subject temporal subspaces that
e use in comparisons are not necessarily physiologically mean-

ngful. However, the composites can be used as fixed standards
o which inter- and intra-subject temporal data are compared to
auge variability. We use the composites to facilitate alignment
f corresponding temporal features.

One argument against rotating the principal temporal com-
onents derived from mfVEP data into alignment prior to
ombining or comparing inter- or intra-subject data is that
erhaps the unrotated principal component 1 is already a physio-
ogically meaningful source (Zhang and Hood, 2004b). In Zhang
t al., the authors suggested that PC 1 likely is a “relatively pure
1 component and can be used to study the processing in V1.”
ne aspect of the authors’ arguments is based on the observation

hat the spatial topographies associated with PC 1 display a flip
n polarity between the upper and lower visual fields. In our inter-
nd intra-subject analyses, we derived temporal 2D subspaces
rom various subsets of individual and inter-subject data and
ave shown that corresponding temporal features in these sub-
paces are at variable rotations in each individual subspace. For
xample, we found that the rotation in each individual subspace,
i max, at the location of the projection of the composite rota-
ion, C′(t, θmax), varied substantially within individual subjects
nd between individual subjects (see Figs. 7 and 11). Much of
he variability observed is likely due to the unique cortical fold-
ng of the cortical region or regions from which each individual

t
a
y
a

(C) I ′
max for all subjects. Note that the waveforms in C show greater inter-subject

ubspace was derived. Cortical folding is expected to cause the
bserved linear combination of sources at any given rotation in
ach individual subspace to be variable from one individual sub-
pace to another. Our results therefore indicate that the temporal
aveform associated with the unrotated PC 1 as determined from
single or only a few subjects is likely some unknown superpo-

ition of sources that is likely dependent on the unique cortical
olding associated with the brain regions from which the PC is
erived. It therefore seems unlikely that the unrotated PC 1 (at
east as determined from a single or a few subjects) can be used
o reliably isolate V1 temporal activity. However, perhaps only

inimal distortions of PC time functions are to be expected in a
ituation such as the experiments described in Zhang and Hood
2004b) in which PCs from a relatively great number of subjects
greater than 30 in the case of Zhang et al.) are averaged. In a
ase such as this, perhaps individual variations in temporal data
hat are attributable to cortical geometry differences will tend to
ancel out.

Our finding that there is generally excellent agreement of
he 2D subspaces across eight subjects (recall that there was

minor reduction of variance from 73% to 67% of variance
ccounted for) implies that there is significant commonality of
he temporal responses across our subjects. This likely implies
hat there is significant similarity in V1 time functions across
ubjects, assuming (as evidence indicates in Fortune and Hood,
003) that there are sizable contributions of striate generators

o the mfVEP. If V1 time functions are substantially different
cross subjects, then there may be some other principle, not
et understood, that underlies the observed subspace similarity
cross subjects.
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If future work involving source localization reveals that the
nderlying V1 time function is essentially the same across
ubjects, this could suggest useful extensions of the methods
resented in this paper. A ‘composite V1 time function’ could be
efined based on the expected temporal response of V1 obtained
rom source localization of multiple subjects. To obtain an esti-
ate of the V1 time function from the multifocal data of a new

ubject, one could rotate within the 2D subspace defined by PC
and 2 of the new subject to best match the composite V1 time

unction. The electrode weightings and time functions obtained
rom multifocal data could be used to facilitate isolation of the
1 components in non-multifocal experiments.
Many EP studies rely on comparison of averaged, raw tem-

oral waveforms across subjects. As discussed in (Baseler et
l., 1994), averaging of data from multiple subjects (or, as our
ata suggests, even averaging data from different regions of the
isual field for a single subject) can result in unintended sig-
al cancellation and distortion due to individual differences in
ortical folding. As shown in Figs. 7 and 12, examination of
omparable linear combinations of sources rather than compar-
sons of raw data or comparisons of unrotated temporal PCs can
itigate much apparent intra- and inter-subject variability that

s presumably largely due to individual differences in cortical
eometry. The alignment process that we propose might there-
ore facilitate investigation of neural processes of interest by
isambiguating such processes from differences that are more
ikely due to cortical geometry variability.
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ppendix A

.1. Cortical folding and the rotation problem

Consider three sets of Vk(e, t) data, with the subscript k repre-
enting the three datasets. The voltage for a single a single patch
an be written as

k(e, t) ∼=
2∑

c=1

Ek(e, c)T (c, t) (A.1)

ach of the datasets is associated with the same pair of time
unctions, T(1, t) and T(2, t). The two time functions can be
rbitrary other than having unit norm and being orthogonal to
ach other. For simplicity we consider the case with just two
lectrodes (e = 1 or 2) where the first component is the same for
ll three datasets:

k(e, 1) = [1 0]

The second components for the three datasets are chosen to

e very slightly different from each other:

E1(e, 2) = [0 .999], E2(e, 2) = [0 1.001],

E3(e, 2) = [.001 0 .999]

s

P

ience Methods 165 (2007) 270–286

A singular value decomposition of Vk(e, t) gives:

Uk, Sk, PCk] = SVD(Vk)

here the new time functions are rotated versions of the original
ime function:

PCk(1, t) = cos(θk)T (1, t) + sin(θk)T (2, t),

PCk(2, t) = − sin(θk)T (1, t) + cos(θk)T (2, t)

here θ1 = 0◦, θ2 = 90◦, and θ3 = −58◦.
That is the two PCs for the first example, with θ1 = 0, are

dentical to the original time functions. The two PCs for the
econd example with θ2 = 90◦ are identical to the original time
unctions except in reverse order and with a sign flip of one of the
omponents. For the third example, because of the slight non-
rthogonality of the two electrode weightings the two principal
omponents are rotated by −58◦ from the original components.

We like this example because it is remarkable that an amaz-
ngly small change in the electrode weighting can make a
arge change in the principal component time functions that are
btained from the SVD algorithm. The reason for the dramatic
ump from 0 to π/2 for k = 1 and 2 is because in the former case
he time function, T(1, t) is associated with the slightly stronger
lectrode function and in the latter case it is associated with the
lightly weaker electrode weighting. Since SVD sorts the princi-
al components according to the amount of variance accounted
or there is a switch in components in going from case 1 to case
. This example provides a vivid demonstration that the time
unctions can be very sensitive to the electrode weightings.

.2. SSE derivation of φirot

In Section 2.6, we show how, given any rotation in the com-
osite subspace, the closest rotation in an individual subspace
an be found by projecting the composite vector onto the indi-
idual subspace and determining the phase of the projection
ithin the individual subspace (see Eq. (11)). An alternative to

he geometric derivation in Section 2.6 is one that uses SSE to
btain the same result.

The distance between a rotated time function within the com-
osite space and a rotated time function in the mth individual
ubspace is given by the sum of squared differences between the
wo:

SE(θ, φi) =
N∑

t=1

(C′(t, θ) − I ′
m(t, φi))

2 (A.2)

here I ′
m(t, φi) can be written as (Eq. (6)):

′
m(t, φi) = Im(1, t) cos(φi) + Im(2, t) sin(φi)

We will fix θ in order to find the angle in the individual sub-
pace,φirot, that minimizes the sum of square error in Eq. (A.2). It
s useful to first define the projection of C′(t, θ) onto an individual

ubspace (Eq. (9)):

(θ, c) =
N∑

t=1

C′(t, θ) × I(c, t)



S. Dandekar et al. / Journal of Neuroscience Methods  165 (2007) 270–286 285

F 3D. T
i s show

S

b
o

φ

T

A

p
u
p

u
a
t
θ

t
s
p

d

s

c

i
t
r
c
s

s

c
p
g
t
t
g

b

a

s

d
b
t
d
t

r
t
i
w
s
s
a
t

R

ig. A.1. Left: four pairs of principal components defining four 2D subspaces in
s shaded in gray. Right: corresponding L(θ) plots for the example 2D subspace

Combining Eqs. (6), (A.2) and (9) gives:

SE(θ, φi) = 2 − 2(cos(φi)P(θ, 1) + sin(φi)P(θ, 2)) (A.3)

The minimum (or maximum) value of Eq. (A.3) is obtained
y taking the derivative of Eq. (A.3) with respect to φi. The angle
f interest in the individual subspace, φirot, is therefore:

irot = a tan

(
P(θ, 2)

P(θ, 1)

)
(A.4)

he above equation is equivalent to Eq. (11) in Section 2.6.

.3. Three-dimensional example of L(θ) plot

For each individual subspace, we can find the lengths of the
rojections of rotations in the composite plane onto the individ-
al subspace as a function of rotation angle within the composite
lane, θ, by using Eq. (10).

Examination of this plot for each individual subspace can give
s information about the tilt between each individual subspace
nd the composite subspace for all of the linear combinations of
he two composite subspace temporal waveforms (i.e. for every
). In Section 3, we present intra- and inter-subject L(θ) plots. In
his section, we will present L(θ) plots for several example 2D
ubspaces in 3D to acquaint the reader with interpretation of the
lots.

Fig. A.1 (left) contains plots of four 2D subspaces embed-
ed in 3D with different alignments relative to the composite

ubspace

⎛
⎝[ 1 0 0

0 1 0

]T
⎞
⎠. Fig. A.1 (right) is a plot of the

orresponding L(θ) plots for each of the four alignments.
The L(θ) plot shown in black corresponds to a subspace that

s perfectly aligned with the composite subspace. It can be seen

hat for all rotation angles within the composite subspace, θ,
anging from −π/2 to π/2 the associated rotated vector in the
omposite subspace, C′(t, θ), projects onto the individual sub-
pace shown in black with length of 1. The example individual

B

B

he composite subspace to which all four the individual subspaces are compared
n.

ubspace shown in green

⎛
⎝[ 1 0 0

0 0 1

]T
⎞
⎠ is orthogonal to the

omposite subspace in one dimension but intersects the com-
osite subspace in the other dimension. The L(θ) curve for the
reen individual subspace therefore starts off at 1 at the C′(t, θ)
hat intersects with the individual subspace and rapidly drops
o 0 at the rotation C′(t, θ) that is completely orthogonal to the
reen individual subspace. The individual subspace shown in

lue

⎛
⎝[−0.1824 −0.9723 −0.1460

0.759 −0.2336 0.6077

]T
⎞
⎠ has a moderate

mount of tilt relative to the composite subspace while the sub-

pace shown in red

⎛
⎝[−0.0915 −0.6748 −0.7323

0.0837 −0.7380 0.6696

]T
⎞
⎠

isplays more extreme tilt relative to the composite than the
lue subspace. The L(θ) curve associated with the blue subspace
herefore displays a greater projection length at the rotation pro-
ucing maximum tilt away from the composite subspace than
he curve associated with the red subspace does.

An important difference between our N-dimensional tempo-
al data and the three dimensional example shown in Fig. A.1 is
hat for 2D subspaces in 3D there will be at least one rotation
n the composite plane that projects onto an individual subspace
ith projection length of unity. In situations in which 2D sub-

paces are embedded in higher dimensions than three, the 2D
ubspaces do not necessarily have to be coplanar at any rotation
nd therefore the L(θ) plots do not have to have maxima equal
o 1.
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