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ABSTRACT

A target population is increased by the insertion of a known number of planted individuals.
The standard equal catchability model used in mark-recapture is assumed to be applicable
to the augmented population. This paper considers a conditionally unbiased estimator of
the unknown size of the target population. Its performance is seen to compare favourably
with that of the maximum likelihood estimator and a Petersen-type estimator. Estimators

of the standard deviation of the conditionally unbiased estimator are also considered.
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1. INTRODUCTION

Each member of a planted population, consisting of a known number R > 0 of individuals, is
given a unique tag before being added to a target population of unknown size N > 0. This
augmented population, which is assumed to be closed, is sampled on ¢t occasions. Whenever
a member of the target population is caught for the first time it is similarly tagged to
distinguish it from other members of the augmented population. In each of the ¢ samples,

any particular member of the augmented population, independently of other individuals and



of its previous capture history, is captured with a constant probability p, where 0 < p < 1.

One factor motivating interest in plant-capture methods has been the need for a variant of
mark-recapture methodology that could be based on a single sample (Laska et al., 1988).
The approach was deployed in five cities by the U.S. Census Bureau during the 1990 US
decennial census to estimate the number of homeless living on the streets (Martin et al., 1997,
Laska & Meisner, 1993). Application of plant-capture for this purpose has continued to be
recommended (U.S. Department of Housing and Urban Development, 2006). In particular,
it is used by the Homeless Outreach Population Estimate (HOPE) survey in New York City,

which is now conducted annually.

The use of plant-capture methodology has been also been proposed in other very different
contexts. Skalski and Robson (1982) and Yip and Fong (1993) have considered the estimation
of animal abundance by introducing pre-marked animals into a population prior to a removal
experiment. Assuming that seeded errors had been inserted into a software system, Duran
and Wiorkowski (1981) considered fixed sample size and sequential models for estimating the
number of indigenous errors already present. For a broad class of discrete-time plant-capture
models, Norris and Pollock (2001) provided a likelihood ratio test of the key assumption that

the behaviour of the plants matches that of the target population.

Plant-capture estimation under continuous-time sampling has been addressed by Yip (1996),
Goudie, Pollock and Ashbridge (1998) and Goudie and Ashbridge (2000). Yip (1995) and
Yip, Xi, Fong and Hayakawa (1999) consider the application of plant-capture to software

reliability in a continuous-time context.

Under the above assumptions, the target and planted populations act independently, and,
apart from the pre-marking of the planted individuals, the standard mark-recapture model
M, (Otis et al., 1978) describes the behaviour of each population. A conditionally unbiased
estimator (CUE) for estimating population size under model M, was recommended by
Goudie and Ashbridge (2005). In this paper we consider the more general form of this

estimator that is appropriate for estimation of N under the present plant-capture model.



Following a review in section 2 below of the relevant distributional results, we define, in
section 3, the CUE of the target population size N. In section 4, further properties and
the evaluation of this estimator are discussed. In sections 6 and 7 respectively, we describe
two other possible estimators of NV and present exact computational results comparing the
three estimators. One of the alternative estimators is of Petersen-type, and the other is the
maximum likelihood estimator (MLE). The existence of the latter was established by Goudie

et al. (2007), who also provided a derivation of its asymptotic distribution.

In section 5 below, we consider the relationship between the CUE for the discrete-time
model in this paper and that for the corresponding continuous-time model. We investigate
in section 8 the extent to which estimation is assisted by the use of planted individuals. In

section 9, we discuss two possible estimators of the standard deviation of the CUE.

2. THE SUFFICIENT STATISTICS AND THEIR DISTRIBUTION

We may assume that the individuals in the target population are numbered ¢ =1, ... N
and those in the planted population = N + 1, ... N + R. The data from the ¢ samples
can then be displayed in a (N + R) x t matrix D = (d;;) such that d;; = 1 if individual i
is captured in sample j, and d;; = 0 otherwise. We let Z = Dy + ... + Dyyp, denote the
total number of captures achieved during the sampling, and X the total number of different

individuals from the target population that have been captured.

Let Bin(n, p), where n is a positive integer, denote the distribution with probability function
{(n)y/v!}p*(1 —p)*~?, for v =0, ... ,n, where (n)o =1and (n), =n(n—1)...(n —v+1)
when v is a positive integer. The values of the elements of D can clearly be regarded as the
values of Nt + Rt independent Bernoulli random variables, and hence Z has the binomial
distribution Bin(Nt+ Rt, p). Goudie et al. (2007) showed that (X, Z) is sufficient for (N, p),

and that the conditional probability function of X given Z, for z =0, ... ,min(N, z), is

plalz) = (N).G(z, 2, t, RO{(Nt + Rt).} ™, (1)



in which G(z,x,t,b) is defined by

Clort )= 2 §<_1>k<z> (b Fat - ’“‘) = LAt w) s,

| -]
A z x!

where A denotes the forward finite difference operator. The function G(z, z, t, b) is a Gould—

Hopper number (Gould & Hopper, 1962) or non-central C-number.

Noting that G(z,z,t, Rt) = 0 for z > xt + Rt, it follows from equation (1) that the joint

probability function of Z and X is given by

p(z,x) = (N)2G(z,2,t, Rt) p*(1 — p) 75 /21, (2)

forx =0,... ,Nand z =z, ... ,xt+Rt. This result subsumes the case R = 0, corresponding
to the standard mark-recapture model M, in which no plants are used. In this case, the

number G(z,x,t,0) in the joint probability function (2) is simply a (central) C-number.

The Gould-Hopper numbers can be relatively difficult to compute, except when their
arguments are small. To avoid this problem, a recursive approach can be used when

evaluating the joint probability function (2). Explicitly
p(zx) =p{(zt + Rt — 2+ 1p(z = La) + (N —z +1)tp(z — Lz = 1)} /{z(1 -p)}, (3)

subject to the initial conditions that p(z,0) = (Rt).p*(1 — p)NtH ==/l for 2 = 0, ... , Rt
and p(z,x) = (N),(tp)*(1 — p)NHE== /gl for x =1, ..., N. Setting R = 0 in equation (3)
provides the correct form for the corresponding equation for model My: the expression given
by Goudie and Ashbridge (2005) contained a typographical error. Equation (3) can be proved
using the triangular recurrence relation for the Gould-Hopper numbers (Charalambides &

Koutras, 1983), which states that, for z=0,1 ... andz=1,2 ...,
G(z+1,z,t,b) = (xt + b— 2)G(z,x,t,b) + t G(z,x — 1,1,b), (4)

where G(z,0,t,0) = (b), for z=0,1 ..., and G(0,z,t,b) = O forx =1,2 ....



3. CONDITIONALLY UNBIASED ESTIMATION OF THE POPULATION SIZE

The CUE for model M, recommended by Goudie and Ashbridge (2005) was closely related to
an estimator proposed by Charalambides (1981) for a sampling problem. It differed trivially
in being rounded to the nearest integer value, and, more substantively, in the nature of one
of its arguments. The constant pre-chosen sample size in Charalambides’ sampling problem
was replaced in model M, by the value of a random variable giving the total number of
captures. In the same paper, Charalambides also presented an unbiased estimator of N for
the problem of sampling from a population of ¢ individuals of each of N types and a control
class of a further Rt individuals. The estimator that we are proposing in this paper for the

plant-capture model is the corresponding generalisation of the CUE for model M,.

Consider initially the estimator defined by NU(Z, 0)=0for z=0,...,Rt and by

Ny(z,z) =2+ G(z,x — 1,t, Rt)/G(z,z,t,Rt) x=1,... ,N; z=ux,... ,xzt+ Rt. (5)

Note that, for R = 0, the Gould-Hopper numbers in expression (5) reduce to C-numbers,
and hence (5), when rounded to the nearest integer, is the CUE for model M, given in

Goudie and Ashbridge (2005).

The conditional distribution (1) has the form of a factorial series distribution (Berg, 1974),
with the series function being given by A(N) = (Nt+ Rt),. Provided N < z, it follows from
Berg’s results, or from Charalambides (1981), that Ny (2, z) is the unique unbiased estimator
of N with respect to the conditional distribution of the data given Z = 2. As is the case
with model M, however, the condition N < z holds with probability less than unity, and

hence this conditional unbiasedness does not imply that Ny is unconditionally unbiased.

As the true population size N is integer valued, we round the value of Ny and define the

CUE by Ny(z,2) = [Ny(z, ) 4 0.5], where the square brackets denote the integer part.



4. FURTHER PROPERTIES OF THE ESTIMATOR

An interesting special case of the estimator Ny (2, z) occurs for the case t = 1, for which the
Gould-Hopper numbers can be found by a simpler combinatorial argument. For general ¢,
consider the (R + z) x t submatrix D of D corresponding to the R planted individuals and
a particular set of = target individuals. It follows from the inclusion-exclusion principle (c.f.
Johnson et al., 2005, p. 432) that (z!/2))G(z, z,t, Rt) is the number of possible submatrices
D which have exactly z elements equal to unity, with these being arranged so that at least one
such element occurs on each of the x rows corresponding to the target individuals. In the case
t = 1, this number is obviously just (R)._./(z — x)!, and thus G(z,z,1, R) = (R),_.(2)./z!.
Hence, for t = 1, equation (5) reduces to Ny(z,z) = (R + 1)z/(z — « + 1). The implied
estimator of the size N+ R of the augmented population equals {(R+1)(z+1)/(z—z+1)} —1,
which is a version of the Petersen estimate of N + R. More precisely, it is the variant, due
to Chapman (1951), of the estimate of the size of a population known to contain R marked

individuals, if a sample of size z containing x unmarked individuals is drawn from it.

Charalambides (1981) gave the estimator Ny (z,z) in an ostensibly different form. In our

notation, he expressed the estimator, forx =1, ... ,N; z ==z, ... ,xt + Rt, in the form

Ny(z,x) = (2/t) = R+ [G(2 + 1,2,t, Rt) /{t G(z,z,t, Rt)}]. (6)

The equivalence of the two forms is easily verified using the recurrence relation (4).

To avoid computation of Gould-Hopper numbers, a recursive approach can also be helpful
for evaluating the estimator Ny. By generalising Property 5 of Berg (1975), a recursion of
triangular form can be established. Explicitly, forx =1, ... |N; z=xz+1, ..., (R+z—1)t,

an expression for Ny (z,z) is given by the equation

{Ny(z,2) =2z }{tNy(z—1,2)+ Rt—2+1} = {Ny(2—1,2) =2} {tNy(z—1,2— 1) + Rt — 2 +1}.

When = > 2, this can be verified by using equations (5) and (6) to express each factor in



terms of Gould—Hopper numbers. When R > 0, the recursion is also needed when x = 1,
where it also holds since, for z < Rt, G(z,0,t,Rt)/G(z — 1,0,t,Rt) = Rt — z + 1 and

NU(Z, O) =0.

To start the recursion, one boundary condition is given by

. x r=1,... ,N; z=(R+z—-1)t+1,...,(R+2)
0 r=0; z2z=0,...,Rt.

The first of these equations follows from (5) as G(z,x —1,t, Rt) = 0 for 2 > (R+x —1)t. To
derive a second boundary condition, note that, as G(z, z, ¢, Rt) = 0 for z < z, the triangular
recurrence relation (4) implies that G(z, z,t, Rt) = t* for z = 1,2 . ... Taking the expressions

for Ny (2, z) and Ny (z—1, z—1) provided by (5) and (6) respectively gives a further recursion

Ny(z,2) = Ny(z—1,2—1) ={Rt + 2t — 2+ 1}/t z=1,2...,
with Ny (0,0) = 0. This then yields the second boundary condition

Ny(z,2) = z2Rt +tz+t— 2+ 1)/(2t) z2=0,1....

5. THE CORRESPONDING CONTINUOUS-TIME PROBLEM

A continuous-time analogue of this plant-capture model was considered by Goudie and
Ashbridge (2000). Under this process, sightings of any member of the augmented population
occurred according to a Poisson process, which could be time-inhomogeneous. The N + R
Poisson processes were assumed to be independent and were observed for a pre-determined
time. For the case where all individuals have a common intensity function, both the CUE
and the relevant distributional results for the continuous-time process can be obtained as

limits of the corresponding quantities in the present model.

First note that, as t — oo, we have G(z, x,t, Rt) /t* tends to the non-central Stirling number



S(z,x, R) of the second kind, defined by

S(z2, R) = - Z(‘”k@ (¢ —k+R)*.

|
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It then follows that the limit as ¢ — oo of the probability function (1) of the conditional

distribution for X given Z is

p(z|z) = (N)(N + R)*S(z,z, R) z=0,...,min(N,z).

This is the corresponding conditional distribution in the continuous-time case. Again using

the limit of G(z,z,t, Rt)/t*, the limit of the estimator Ny, as t — oo, is given by

Ny(z,z) =x+{S(z,z —1,R)/S(z,z,R)} x=1,...,Nz=a,2+1, ...,

with NU(z,O) = 0 for z = 0,1, ... . When rounded to the nearest integer, this is the
corresponding CUE in continuous time (Goudie & Ashbridge, 2000). Note that the limiting
operation used in this section is equivalent to the one in the sampling problem of Charalambides
(1981) in which the number of individuals of each type tends to infinity in such a way that

the ratio of the size of the control class to this number tends to a constant.

6. OTHER ESTIMATORS OF THE TARGET POPULATION SIZE

An alternative estimator of N is the (unconditional) MLE Ny, based on the joint probability
function (2) of Z and X. If h(k) = —k logk, Goudie et al. (2007) show that Ny, is the

smallest integer k in the set {z,z + 1,...} for which

Ah(kt + Rt) — Ah(kt + Rt — 2) —log{(k — z + 1)/(k + 1)} < 0.

For the case R > 0, let Y denote the number of distinct members of the planted population
that are captured during the sampling process. It is then evident that X and Y are
independent, having Bin(N, p*) and Bin(R, p*) distributions respectively, where

p*=1—(1—p). It follows that W = X + Y has a Bin(N + R, p*) distribution, and



that the conditional distribution of X given W is hypergeometric, with probability function

p(a|w) = <N> <R>/<N * R) v = max(0,w — R), ... ,min(N, w).

x ) \y w

Taking the resulting conditional likelihood function, and equating its values at N —1 and NN,
shows that an approximate conditional MLE of N is given by the Petersen-type estimator
Rz /y. To circumvent the problem that this estimator is undefined when y = 0, we chose,
after some experimentation, the modified form (R + 1)z/(y + 1). In fact, we will round this

modified estimator to the nearest integer, and consider

Np(a,y) = 05+ {(R+ L)a/(y + D}

7. THE COMPARATIVE MERITS OF THE ESTIMATORS

Here, assuming R > 0, we compare the performance of the CUE Ny, with that of the Petersen-
type estimator Np and the MLE Nj,. The performance of each estimator is determined by
exact calculation of the statistics m and s which are respectively the mean and standard
deviation conditional on the event £ = {Z > X}. This conditioning enables a precise
comparison to be made. Although it is not required for the estimators Np and NU, which
are finite with probability one, it is needed for Ny if the statistics m and s are to be finite.
Results are presented in Table 1 for situations in which ¢ = 5, 10, 15 or 20 samples are taken
from a population of size N = 50, using R = 5 or 25 plants when the capture probability
p = 0.05, 0.1 or 0.2. All the moments of estimators that are given in this paper are conditional
on the event F, but, for brevity and to avoid confusion with the more important conditioning
on Z, from here on we omit the word ‘conditional’ on each occasion. For ease of comparison,
corresponding results for the case R = 0 are also shown in Table 1, but will not be discussed

until the next section.

The conditional distributions, given the event E, of the MLE Ny and the CUE Ny are

easy to obtain using the joint probability function (2) of Z and X. For the Petersen-type



estimator N, p, however, we need to obtain the joint conditional distribution of X and Y
given E. Firstly, note that the complementary event £ = {Z = X} occurs if and only if

both Y = 0 and each animal in the target population is seen at most once. It follows that

P(E)=(1-p)"{(1—=p) +tp(1 —p)"}".

Now, given that a particular animal is captured, the conditional distribution of the number of
times it is captured has a zero-truncated binomial distribution. In particular, the conditional
probability of a single capture is ¢ = tp(1 — p)'~! /p*. So, if we denote P(E|X = z,Y = y)
by P(E), it follows, by independence, that P(E) = 1 — ¢* when y = 0. It is clear that
P(E) = 1 when y > 0. In view of the independence of X and Y, the joint conditional

distribution of these variables can then be found by Bayes Theorem, since

P(X =x,Y =y|E) = P(X = 2)P(Y = y)P(E)/P(E),

where, as noted above, X and Y have the binomial distributions Bin(NV, p*) and Bin(R, p*)

respectively. This joint conditional distribution is defined on the set

{(z,y) : x=0,...,N; y =max(0,1 — x),..., R}.

Table 1 indicates that the CUE Ny should be preferred to the Petersen-type estimator Np.
Usually the bias of these estimators is negligible, with the only exception being a tendency to
negative bias when p, ¢t and R are all small. In most of these latter cases, Ny is slightly the
better of these two estimators in terms of bias. The standard deviation of Ny is consistently
smaller than the corresponding standard deviation of Np, with the ratio of the latter to the

former being particularly large when p is large and R is small.

Compared to the other two estimators, the MLE Nj; performs poorly in terms of bias. In
particular, Ny shows a positive bias when p and ¢ are both small, even if R is relatively

large. In only one of the 24 cases considered in Table 1 is Ny the least biased of the three

10



estimators. Moreover, although the results suggest that the bias of the CUE Ny does not
increase as t increases, those for p = 0.1 show that Ny can become more biased as t increases.
So Ny does not necessarily improve its performance as the amount of information increases.
In most of the cases considered in Table 1, the standard deviation of Ny is less than that
of N v, with the ratio of the latter to the former being large when p and t are small. We

therefore conclude that, when plants are present, Ny should also be preferred to N

8. THE EFFECT OF THE PLANTED INDIVIDUALS

The CUE Ny, which we recommend, and the MLE N, may also be deployed under model
My, which is given by R = 0. For each of these estimators, it is therefore of interest to

compare the performance when plants are present to that when they are absent.

From Table 1, it can be seen that, under M, there is often no problem of bias when using
the CUE Ny. The exceptions occur when ¢ is small and the capture probability p is not
large. In these cases, the presence of plants reduces the bias, and most effectively so when
the number of plants is relatively large. When p = 0.05 and ¢ = 5, the improvements are
achieved at the price of rather larger standard deviations s, but it should be borne in mind
that it is common in population size estimation for negatively biased estimators also to have
small standard deviations. When p = 0.1, the plants reduce the bias of Ny when t is small,
and provide a consistent reduction in s for all values of t. When p = 0.2, any bias in Ny is

never more than trivial, but the plants produce a reduction in s when ¢t = 5.

For the MLE Ny, the effect of the plants on the standard deviation is usually beneficial: the
only increase in Table 1 occurs for p = 0.05 and ¢ = 5. In this case, the above remark on the
standard deviation of negatively biased estimators is again relevant. The effect of the plants
on the mean of Ny, appears to be more mixed. When p = 0.1 or 0.2, the plants reduce the
bias of Ny when ¢ = 5, but, for the longer sampling times, both improvements and small
deteriorations in bias occur. When p = 0.05, the presence of plants reduces the bias of N M,
except in the case t = 5 where it is slightly worse. It should also be noted, however, that the

plants reduce the probability that Ny is infinite and thus of no practical use. Of the cases

11



considered in section 7, the greatest reduction in this probability occurs in this case where
p = 0.05 and ¢t = 5. Here the probability of the event E, which is 0.3190 when R = 0, falls
to 0.0885 when R =5 and to 0.0005 when R = 25.

9. ESTIMATING THE STANDARD DEVIATION OF THE PROPOSED ESTIMATOR

The approaches used by Goudie and Ashbridge (2005) to provide estimators of the standard
deviation of the CUE for model M, can also be applied in the present context. Application of
the results of Berg (1974) shows that, for fixed z > N, there is a unique unbiased estimator
of the variance of the raw form Ny of the conditionally unbiased estimator prior to rounding.

This unbiased estimator is given by

VU(z,x) = {NU(Z,J}) — x}{NU(z,x) — NU(z,x -1}

The square root SU(z,x) of VU(z,x) thus provides a possible estimator of the standard
deviation of Ny. Under the joint distribution of Z and X, the event {z > N} does
not occur with probability one. The estimator VU(Z,x) is not therefore unconditionally
unbiased. The estimator S’U(z, x) is also biased: the extent of the bias, conditional on the

event F = {Z > X}, is examined in Table 2.

Alternatively a parametric bootstrap can be used to provide another estimator S B(z,x) of
the standard deviation of NU. When the estimate of population size is NU(Z, x), realisations
are simulated from an augmented population of size NU(Z, x)+ R. Each realisation comprises
t samples, in which the constant capture probability is given by z/{(Ny(z, ) + R)t}. When
conditioning on the event F is required, realisations for which Z = X can be discarded. For
each simulated realisation of the sampling process, the value of the CUE is calculated. The
standard deviation S B(z, ) of the estimates from the resamples then provides an estimated

standard deviation for the CUE.

In Table 2 we compare these estimators of the standard deviation in each of the situations

previously considered in Table 1. The true standard deviation of the CUE ]\7U is again

12



denoted by s, and the expected value of gU(z, x) is given by sy. The performance of the
parametric bootstrap was assessed by randomly selecting 1000 values of (Z, X) under its
conditional distribution given F. For each (Z, X), 1000 realisations of the sampling process
were generated in the manner described above. The value §g shown in the table is the mean

of the resulting 1000 estimates of the standard deviation.

We see from Table 2 that the mean sy of the estimator SU(Z, x) is usually close to the true
standard deviation s. Of the situations considered in Table 2, there is, however, only one in
which §U(z, x) does not have a negative bias. In contrast, in two-thirds of these situations
the bootstrap estimate S B(z, ) is biased positively. Since it is wise not to underestimate
the variance of a point estimate, positive bias should usually be regarded as preferable.
Moreover, the absolute bias of Sg(z, ) is less than that of Sy(z,2) in all but one of the
cases shown. These arguments would therefore suggest that the bootstrap estimator of the

standard deviation of the CUE should be preferred.

10. DISCUSSION

The results presented in section 7 suggest that, for this plant-capture model, the CUE Ny
should be preferred to the MLE Ny and to the Petersen-type estimator Np. Indeed, it was
seen that both NU and N p are usually less biased than N v- The estimator NU also has
a tendency to have a smaller standard deviation than Ny, and is considerably better than
Np in this regard. Our recommendation of the CUE mirrors that of Goudie and Ashbridge
(2005) for model M.

It is also worth noting that our assessment of the performance of Ny has been adversely
affected by the conditioning on the event £ = {Z > X} that we used to obtain a precise
comparison with Nys. For instance, Table 1 showed, when N = 50, the conditional mean of
NU, for p = 0.05 and t = 5, was 40.8 when R = 5. Unconditionally, the bias is appreciably
reduced, since the corresponding unconditional mean is 46.5. Bearing this in mind, our

preference for Ny is generally stronger when the information available is weak.

13



These conclusions imply that it is of most interest to consider the efficacy of the plants under
the assumption that Ny is being used. Unsurprisingly, the results of section 8 showed that
the effect of the plants is most beneficial when ¢ and p are small. In these situations where the
information is weak, even a small number of plants can yield useful reductions in bias, with
further improvements being achieved as the number of plants is increased. The plants will
also tend to yield better precision, except when the comparison is with the spurious precision
of severely negatively biased estimators. In practice, though, any decision to increase the
number of plants deployed must be balanced against the importance of ensuring that the

behaviour of any plants used must match that of members of the target population.

It was argued in section 9 that the parametric bootstrap estimate of the standard deviation
of Ny should be preferred. If interval estimates are required, the resampling approach also
has the advantage of providing bootstrap confidence intervals, as was shown by Buckland

and Garthwaite (1991).
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Table 1. The mean m and standard deviation s of each of the three
estimators for a target population of size N =50.

P R m S m S m S m S

Np 02 25 50.0 87 501 42 50.0 23 50.0 1.3
5 50.0 182 50.0 84 50.0 4.6 50.0 2.6

0.1 25 500 156 50.0 9.1 50.0 6.3 50.1 4.5

5 479 258 50.0 19.1 50.0 128 50.0 9.1

0.05 25 499 25.7 50.0 159 50.0 11.8 50.0 94

5 370 208 477 259 496 234 50.0 19.5

Ny 02 25 498 6.6 495 28 495 14 494 0.8
5 502 81 496 29 495 15 495 0.8

0 505 90 496 3.0 495 15 495 0.8

0.1 25 513 141 499 69 496 43 495 3.0

5 554 268 50.2 83 497 48 496 3.2

0 577 315 506 93 498 5.0 496 3.2

0.06 25 56.8 33.1 514 142 503 94 499 7.0

5 579 36.3 552 263 514 128 50.3 84

0 433 244 577 31.7 523 162 506 94

Ny 02 25 50.0 6.5 500 28 500 1.5 50.1 09
5 500 7.7 500 29 50.0 15 50.0 0.9

0 499 83 500 3.0 50.0 1.5 50.0 0.9

0.1 25 500 129 50.0 6.7 50.0 43 50.0 3.0

5 498 177 50.0 79 500 4.7 500 3.1

0 482 181 500 85 50.0 49 500 3.2

0.05 25 49.8 225 50.0 13.0 50.0 9.1 50.0 6.9

5 408 187 498 17.7 50.0 11.3 50.0 8.0

0 30.1 134 486 183 499 127 50.0 8.6
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Table 2. The mean sy of the estimator SU(z,x) and the estimated mean 5p
of the estimator Sp(z,x) compared with the true standard deviation s, for a
target population of size N =50.

R=5 R =25
t t

p ) 10 15 20 5 10 15 20

02 s 766 291 149 0.92 6.46 276 1.47 0.91
sy 1.26 2.85 143 0.78 6.33 2.72 141 0.77
sp 7.99 294 149 0.87 6.52 278  1.46 0.87

01 s 1771 789 4.71 3.14 1295  6.75 431 2.97
sy 1549  7.52 457 3.07 12.18  6.59  4.23 2.93
sp 17.25 812 4.79 3.15 1345 6.83  4.32 2.99

0.06 s 1872 17.66 11.30 8.01 22.53 13.01 9.07 6.87
sy 19.15 1544 10.44 7.64 19.71  12.26  8.78 6.71
sp 17.21 1750 11.79 8.37 21.25 13.18 9.17 7.06
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