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We give further details about the construction of the
generating functional and the nonequilibrium perturba-
tive expansion within the initial state approximation.
The direct tunnel contributions to the current and to
the current noise are discussed with a special focus on
features induced by spin-charge separation. We give the
full analytic approximation of the exchange current dis-
cussed in the main text and confirm the validity of the
initial state approximation and the bias-dependent scal-
ing behavior numerically. The I(V ) and G(V ) behav-
iors implied by the scaling behavior are plotted. An al-
ternative implementation using a quantum Hall sample
of Corbino geometry is discussed. For brevity we set
a = e = h̄ = vF = 1 in intermediate results.

GENERATING FUNCTIONAL AND
PERTURBATION THEORY

It is convenient to introduce a contour-ordered gener-
ating functional

Zϕx1,x2
= 〈ϕ|TCe

∫
dx

∫
C dt

∑
iνs jiνs(x,t)Φiνs(x,t) |ϕ〉

= Zdir
x1,x2

+ cos(ϕ)Zexc
x1,x2

, (S1)

where i ∈ {1, 2} labels the wire, ν ∈ {R,L} ≡ {1,−1}
distinguishes left and right-movers, s ∈ {↑, ↓} ≡ {1,−1}
is the spin index and j a source field. Time-ordering TC
and the integral in the exponential are performed along
the Keldysh contour from t0 to ∞ (+ branch) and back
again (− branch). The relation between the different
phase fields reads

Φiνs =
(
φiρ + sφiσ + ν(θiρ + sθiσ)

)
. (S2)

We can rewrite the current as

I1 = −Γ2e

∫
dt
∑
νs

ν∂t
δZϕx1,x2

δj1νs(x, t+)

∣∣∣
j=0

, (S3)

and the current noise as

S12 = Γ2eRe

∫
dtdt̃

∑
νν̃ss̃

νν̃∂t∂t̃

( δ2Zϕx1,x2

δj1νs(x, t−)δj2ν̃s̃(x̃, t̃+)

− δZϕx1,x2

δj1νs(x, t−)

δZϕx1,x2

δj2ν̃s̃(x̃, t̃+)

)∣∣∣
j=0

. (S4)

Like any expectation value, the generating functional
can be written as a direct and an exchange term. Explic-
itly, they read in the interaction picture with respect to
H0

Zdir/exc
x1,x2

=
1

4

∑
ν1ν′1ν2ν′2

〈TCF1ν1↑F2ν2↓F
†
2ν′2↓/↑

F †1ν′1↑/↓

exp
[ ∫

dx

∫
C
dt
∑
iνs

jiνs(x, t)Φiνs(x, t)

+ 2πi(Φ1ν1↑(x1, t
−
0 )− Φ1ν′1↑/↓(x1, t

+
0 ))

+ 2πi(Φ2ν2↓(x2, t
−
0 )− Φ2ν′2↓/↑(x2, t

+
0 ))

− i
∫
C
dt HT

]
〉0 (S5)

with the ground state expectation value 〈·〉0 of the un-
perturbed system. To express all quantities of interest we
will use the contour time-ordered correlation functions,
following ref. [S1],

Cνν
′

ss′ (x, t;x′, t′) = 〈TCΦiνs(x, t)Φiν′s′(x′, t′)〉

= − 1

32π2

(
(g−1
ρ + ν + ν′ + νν′gρ) log(

2π

L
fρ+)

+(g−1
ρ − ν − ν′ + νν′gρ) log(

2π

L
fρ−)

+ss′(ρ→ σ)
)
, (S6)

where

fα± := −isgnC(t− t′)(±(x− x′)− vα(t− t′)) + a. (S7)

The contour sign function sgnC(t− t′) is 1 whenever t is
later on the Keldysh contour than t′, and −1 otherwise.

When expanding Z in the tunnel amplitude, the ad-
ditional Klein factors from the tunnel Hamiltonian im-
pose strong constraints on the internal quantum numbers
of the tunnel events. Using the Debye-Waller identity
〈e

∑
xi〉 = e

1
2 〈(

∑
xi)

2〉 we arrive at
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Z(0)dir
x1,x2

=
1

4

∑
ν1ν2

exp
[1

2

∫
dxdx′

∫
C
dtdt′

∑
iνν′ss′

jiνs(x, t)jiν′s′(x
′, t′)Cνν

′

ss′ (x, t;x′, t′)

+ 2πi

∫
dx

∫
C
dt
∑
νs

[
j1νs(x, t)

(
Cνν1

s↑ (x, t;x1, t
−
0 )− Cνν1

s↑ (x, t;x1, t
+
0 )
)

+ j2νs(x, t)
(
Cνν2

s↓ (x, t;x2, t
−
0 )− Cνν2

s↓ (x, t;x2, t
+
0 )
)]]

, (S8)

Z(2)dir
x1,x2

= −|T |2
∫
C
dt′dt′′

∑
ν1ν2

exp
[1

2

∫
dxdx′

∫
C
dtdt′

∑
iνν′ss′

jiνs(x, t)jiν′s′(x
′, t′)Cνν

′

ss′ (x, t;x′, t′)
]

×
[ ∑
ν′ν′′s′

exp
[

+ 2πi

∫
dx

∫
C
dt
∑
νs

[
j1νs(x, t)

(
Cνν1

s↑ (x, t;x1, t
−
0 )− Cνν1

s↑ (x, t;x1, t
+
0 )

+ Cνν
′

ss′ (x, t; 0, t′)− Cνν′ss′ (x, t; 0, t′′)
)

+ j2νs(x, t)
(
Cνν2

s↓ (x, t;x2, t
−
0 )− Cνν2

s↓ (x, t;x2, t
+
0 )

− Cνν′′ss′ (x, t; 0, t′) + Cνν
′′

ss′ (x, t; 0, t′′)
)]]

×〈ν1 ↑, ν2 ↓|TCHTs
′

1ν′→2ν′′(t
′)HTs′2ν′′→1ν′(t

′′) |ν1 ↑, ν2 ↓〉

+
∑
ν′

exp
[

+ 2πi

∫
dx

∫
C
dt
∑
νs

[
j1νs(x, t)

(
Cνν1

s↑ (x, t;x1, t
−
0 )− Cν,−ν1

s↑ (x, t;x1, t
+
0 )

+ Cν,−ν1

ss′ (x, t; 0, t′)− Cν,−ν1

ss′ (x, t; 0, t′′)
)

+ j2νs(x, t)
(
Cνν2

s↓ (x, t;x2, t
−
0 )− Cνν2

s↓ (x, t;x2, t
+
0 )

− Cνν′ss′ (x, t; 0, t′) + Cνν
′

ss′ (x, t; 0, t′′)
)]]

×〈ν1 ↑, ν2 ↓|TCHTs
′

1,−ν1→2ν′(t
′)HTs′2ν′→1ν1

(t′′) |−ν1 ↑, ν2 ↓〉

+
∑
ν′

exp
[

+ 2πi

∫
dx

∫
C
dt
∑
νs

[
j1νs(x, t)

(
Cνν1

s↑ (x, t;x1, t
−
0 )− Cνν1

s↑ (x, t;x1, t
+
0 )

+ Cνν
′

ss′ (x, t; 0, t′)− Cνν′ss′ (x, t; 0, t′′)
)

+ j2νs(x, t)
(
Cνν2

s↓ (x, t;x2, t
−
0 )− Cν,−ν2

s↓ (x, t;x2, t
+
0 )

− Cνν2

ss′ (x, t; 0, t′) + Cν,−ν2

ss′ (x, t; 0, t′′)
)]]

×〈ν1 ↑, ν2 ↓|TCHTs
′

1ν′→2ν2
(t′)HTs′2,−ν2→1ν′(t

′′) |ν1 ↑,−ν2 ↓〉
]

(S9)

and

Z(2)exc
x1,x2

= −|T |2
∫
C
dt′dt′′

∑
ν1ν′1ν2ν′2

exp
[1

2

∫
dxdx′

∫
C
dtdt′

∑
iνν′ss′

jiνs(x, t)jiν′s′(x
′, t′)Cνν

′

ss′ (x, t;x′, t′)

+2πi

∫
dx

∫
C
dt
∑
νs

[
j1νs(x, t)

(
Cνν1

s↑ (x, t;x1, t
−
0 )− Cνν

′
1

s↓ (x, t;x1, t
+
0 )

+ C
νν′1
s↓ (x, t; 0, t′)− Cνν1

s↑ (x, t; 0, t′′)
)

+ j2νs(x, t)
(
Cνν2

s↓ (x, t;x2, t
−
0 )− Cνν

′
2

s↑ (x, t;x2, t
+
0 )

− Cνν2

s↓ (x, t; 0, t′) + C
νν′2
s↑ (x, t; 0, t′′)

)]]
×〈ν1 ↑, ν2 ↓|TCHT↓1ν′1→2ν2

(t′)HT↑2ν′2→1ν1
(t′′) |ν′1 ↓, ν′2 ↑〉 , (S10)
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where we have decomposed the tunnel Hamiltonian HT = T
∑
iνν′sHTsiν→īν′ into the processes in which a ν-moving

spin-s electron tunnels from wire i into wire ī, becoming a ν′-mover. The relevant amplitudes are

〈ν1 ↑, ν2 ↓|TCHTs1ν→2ν′(t
′)HTs2ν′→1ν(t′′) |ν1 ↑, ν2 ↓〉 =

a(g−1+g−2)/2

4(2π)2

[
f
− g−1+g

2
ρ f−1

σ

]
(0, t′; 0, t′′)

× Ξν1νs(x1, t
−
0 ; 0, t′)Ξν1νs(x1, t

+
0 ; 0, t′′)Ξ−1

ν1νs(x1, t
−
0 ; 0, t′′)Ξ−1

ν1νs(x1, t
+
0 ; 0, t′)

× Ξ−1
ν2ν′−s(x2, t

−
0 ; 0, t′)Ξν2ν′−s(x2, t

−
0 ; 0, t′′)Ξν2ν′−s(x2, t

+
0 ; 0, t′)Ξ−1

ν2ν′−s(x2, t
+
0 ; 0, t′′) (S11)

and

〈R ↑, R ↓|TCHT↓1R→2R(t′)HT↑2R→1R(t′′) |R ↓, R ↑〉 = −a
(g−1+g+2)/2

4(2π)2

[
f
− g−1+g

2
ρ fσ

]
(0, t′; 0, t′′)

× ΞRR↓(x1, t
−
0 ; 0, t′)ΞRR↓(x1, t

+
0 ; 0, t′′)ΞRR↓(x2, t

−
0 ; 0, t′′)ΞRR↓(x2, t

+
0 ; 0, t′)

× Ξ−1
RR↑(x1, t

−
0 ; 0, t′′)Ξ−1

RR↑(x1, t
+
0 ; 0, t′)Ξ−1

RR↑(x2, t
−
0 ; 0, t′)Ξ−1

RR↑(x2, t
+
0 ; 0, t′′) (S12)

with the abbreviation

Ξνν′s = f
g−1+ν+ν′+νν′g

8
ρ+ f

g−1−ν−ν′+νν′g
8

ρ− f
1+νν′

4s
σν . (S13)

Substituting this into Eqs. (S3) and (S4), the functional
derivatives and the t and t̃-integral can be performed in a
straightforward fashion. For the integration we use that
x, x̃� a. The result is independent of the measurement
points x and x̃ and the measurement times t and t̃, be-
cause, irrespective of when the electrons are injected and
of how far they have to travel before being measured, they
will be detected eventually. More importantly, in the sec-
ond order corrections only terms for which the tunneling
times t′ and t′′ lie on different branches of the Keldysh
contour survive. Identifying the integral over the first or-
der tunnel Hamiltonian with the interaction picture time

evolution operator, −iT
∫∞
t0
dtHTs

iν→īν′ =: U
(1)s

iν→īν′ , this
leads to the expressions given in the main text, where all
2kF -processes have been dropped. This is a good approx-
imation (which has been checked numerically), because
they always require at least one initial left-mover to tun-
nel. In the presence of interactions injected left-movers
decay into a large left- and a small right-moving charge
excitation (charge fractionalisation) and the spin excita-
tion moves completely to the left, because there are no
interactions in the spin sector. In the particular geometry
under consideration, where the injection point is on the
left of the tunnel junction, this means that the tunneling
of initial left-movers is strongly suppressed, because most
of the excitation does not reach the junction. In the spin
sector this is still valid for a beam splitter adiabatically
coupled to Fermi liquid leads described by a g(x) model
[S2–S4], whereas for the charge excitations additional re-
flections at the boundary to the Fermi liquid leads would
appear. However, for generic length of the wires, we do
not expect qualitative changes of the result.

DIRECT CONTRIBUTIONS

The direct tunneling corrections of the current and of
the current noise are

I1
(2)dir = −eΓ2e

∑
ν1ν2νν′s

1 + νg

2
(S14)

×
[
||U (1)s

2ν′→1ν |ν1 ↑, ν2 ↓〉 ||2 − ||U (1)s
1ν→2ν′ |ν1 ↑, ν2 ↓〉 ||2

]
,

S12
(2)dir = −e2Γ2e

∑
ν1ν2νν′s

1 + νg

2

1 + ν′g
2

(S15)

×Re
[
||U (1)s

2ν′→1ν |ν1 ↑, ν2 ↓〉 ||2 + ||U (1)s
1ν→2ν′ |ν1 ↑, ν2 ↓〉 ||2

]
.

We notice that the magnitude of these expressions is set
by the standard quantum mechanical probability of the
final state || · ||2. This is in contrast to the exchange
processes discussed in the main text, in which the mag-
nitude is given by spin-flipped amplitudes, underlining
the role of the exchange contribution as a nonclassical
interference effect. Note that U only includes the part
of the tunnel Hamiltonian denoted by its indices and is,
therefore, not unitary.

The direct contributions are mostly constant, but they
show additional features for certain injection points x1,2

(Fig. S1a,c).
The tunnel correction is always negative, because all

tunnel events 1→ 2 decrease the current after the junc-
tion, whereas 2 → 1 increase it only if the electron be-
comes a right mover. The correction is weaker at higher
interaction strength (smaller g), which is related to the
well-known suppression of the tunnel density of states
in Tomonaga-Luttinger liquids (TLL) [S5] and can be
traced back to that fact that electrons are no eigenmodes
of the theory.

In contrast to the exchange current, increasing the dis-
tance between the injection point and the tunnel junc-
tion does not suppress the direct current, because spin
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FIG. S1. (a) direct and (b) exchange current, (c) direct and (d) exchange current noise. Insets: a large voltage bias modeled
as an injection Hamiltonian with a Peierls phase reproduces the initial state approximation for large voltages 2eV → h̄vF a

−1

up to residual oscillations.

compensation is not required. As discussed in the main
text, a charge (spin) imbalance across the junction gives
rise to a charge (spin) average current. As a conse-
quence there is a tunnel current even if the injected elec-
tron has completely disintegrated into spatially separated
charge and spin modes by the time it reaches the junc-
tion. This holds even though the electron propagator
〈Ψσ(x, t)Ψ†σ(0, 0)〉 is algebraically suppressed in space x
and time t (precisely due to spin-charge separation), be-
cause a Wick decomposition is not allowed in this inter-
acting system.

Similar to the exchange current, there is a two-particle
correlation effect: tunneling of charge excitations is sup-
pressed if a charge or a spin excitation arrives simulta-
neously at the tunnel junction in the other wire. Two
charge excitations can meet only if x1 = x2. In this
case, both the in- and out-tunneling rates are reduced
and so the total effect is very small. However, only

charge out-tunneling is reduced if the charge excitation
of electron 1 arrives simultaneously with the spin exci-
tation of electron 2, i.e., x1/vρ = x2/vσ. Conversely,
charge in-tunneling is reduced if the charge excitation of
electron 2 meets the spin excitation of electron 1 at the
junction, i.e., x1/vσ = x2/vρ. This produces secondary
features, which are a signature of spin-charge separation
(cf. Fig. S1a,c).

The current noise shows the same behavior, except
that it is always reduced, irrespective of whether in- or
out-tunneling is suppressed. This changes the sign of
half the features, but leaves their position unchanged
(Fig. S1c). The noise is negative, because due to charge
conservation δI1 and δI2 have opposite signs in all pro-
cesses.

Similar side dips have recently been found theoreti-
cally in the noise of collective excitations in chiral edge
channels [S6].
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ANALYTIC APPROXIMATION

The spin-flipped overlap integral P1→2 used in the analytic approximation of the exchange current reads

P1→2 :=
∑
t′,t′′

〈ψ1R↑(x1, t0)ψ†1R↑(0, t
′′)ψ1R↓(0, t

′)ψ†1R↓(x1, t0)〉1〈ψ2R↓(x2, t0)ψ2R↑(0, t
′′)ψ†2R↓(0, t

′)ψ†2R↑(x2, t0)〉2

∝
∑
t′,t′′

〈R ↑, R ↓|TCHT↓1R→2R(t′+)HT↑2R→1R(t′′−) |R ↓, R ↑〉 . (S16)

Starting from Eq. (S12), this can be written as

P1→2 ∝
∑
t′,t′′

( i
g

(t′ − t′′) + 1
)− g−1+g

2
(
i(t′ − t′′) + 1

)
×
(

(x1 + t′)2 + 1
)− 1

2
(

(x1 + t′′)2 + 1
)− 1

2
(

(x2 + t′)2 + 1
)− 1

2
(

(x2 + t′′)2 + 1
)− 1

2

× exp
[
i
g−1 + g + 2

4

(
arctan(x1 + t′/g)− arctan(x1 + t′′/g)− arctan(x2 + t′/g) + arctan(x2 + t′′/g)

)
+ i

g−1 + g − 2

4

(
arctan(−x1 + t′/g)− arctan(−x1 + t′′/g)− arctan(−x2 + t′/g) + arctan(−x2 + t′′/g)

)]
,

(S17)

where we chose t0 = 0. To extract the behavior at large
injection distances, it suffices to consider absolute values
and charge fractionalization can be dropped, because it
is inessential for the spin exchange. So we discard the
exponential factor, approximate g−1 + g + 2 ≈ 4 and
perform a standard Taylor series expansion around (x1 +
x2)−1 = 0.

BIASED INJECTION

Instead of relying on the initial state approximation,
the injection can be modeled by a second tunnel Hamilto-
nian which takes into account the voltage induced phase
difference as a Peierls phase [S7]:

HI(t) = Iei
2eV
h̄ t
∑
ν1ν2

[
ψ1ν1↑(x1, t)ψ2ν2↓(x2, t)

+ eiϕψ1ν1↓(x1, t)ψ2ν2↑(x2, t)
]

+ h.c.

= I
∑
ν1ν2ζ

(
HIdir(ζ)
ν1ν2

+ eiϕHIexc(ζ)
ν1ν2

)
. (S18)

For sufficiently low injection rates there are no correla-
tions between subsequently injected pairs and we can re-
strict the perturbative expansion to leading, i.e., second
order in the injection amplitude I. Due to particle num-
ber conservation, tunneling and injection each enter at
even orders only. All terms which are of zeroth order
in the injection are equilibrium contributions and do not

carry a current or cross-wire noise. The new generating
functional is of the form

Z = Z(2I) + Z(2I,2T ) + . . . , (S19)

where the superscripts denote the expansion order in in-
jection I and tunneling T . All expectation values are
then taken with respect to the ground state. Special
care has to be taken when contracting the Klein fac-
tors. Although not explicitly time dependent they need
to be time-ordered which can introduce signs. The no-
tunneling contributions are

I
(2I)
1 =− evF

a

∣∣∣ I

h̄vF

∣∣∣2 π24γ

Γ(4γ)
sgn(V )

∣∣∣ ea
h̄vF

V
∣∣∣4γ−1

,

(S20)

and

S
(2I)
12 =

e

2
|I(2I)

1 |, (S21)

where γ = g−1+g+2
8 . The current shows a characteristic

power law behavior which is expected since it applies to
any TLL point injection calculation [S3, S8]. Likewise,
the finite noise contribution is shot noise generated in
the injection process. Note that the Schottky-like cross-
correlation S12 does not contain an anomalous charge,
which has been reported for the auto-correlation of infi-
nite TLLs [S8].

The leading order contributions are
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I
(2I,2T )dir
1 = −|I|2|T |2

∑
λiν1ν2νν′s

λ0λ1λ2λ3

(1 + g

2
(λ0 − λ1) +

1 + νg

2
(λ2 − λ3)

)
×
∫ (∏
m=1...3

dτm

)〈
TCHIdir

ν1ν2
(0λ0)HIdir†

ν1ν2
(τλ1

1 )HTs1→2,ν→ν′(τ
λ2
2 )HTs2→1,ν′→ν(τλ3

3 )
〉
, (S22)

I
(2I,2T )exc
1 = −|I|2|T |2 1 + g

2

∑
λi

λ0λ1λ2λ3

(
(λ0 − λ1) + (λ2 − λ3)

)
×
∫ (∏
m=1...3

dτm

)〈
TCHIdir

RR (0λ0)HIexc†
RR (τλ1

1 )HT↓1→2,R→R(τλ2
2 )HT↑2→1,R→R(τλ3

3 )
〉
, (S23)

S
(2I,2T )dir
12 =

|I|2|T |2
2

∑
λiν1ν2

νν′s

λ0λ1λ2λ3

[(
(λ0 − λ1)

1 + g

2
+ (λ2 − λ3)

1 + νg

2

)(
(λ0 − λ1)

1 + g

2
− (λ2 − λ3)

1 + ν′g
2

)]

×
∫ (∏
m=1...3

dτm

)〈
TCHIdir

ν1ν2
(0λ0)HIdir†

ν1ν2
(τλ1

1 )HTs1→2,ν→ν′(τ
λ2
2 )HTs2→1,ν′→ν(τλ3

3 )
〉
, (S24)

S
(2I,2T )exc
12 =

|I|2|T |2
2

(1 + g

2

)2∑
λi

λ0λ1λ2λ3

[(
(λ0 − λ1) + (λ2 − λ3)

)(
(λ0 − λ1)− (λ2 − λ3)

)]
×
∫ (∏
m=1...3

dτm

)〈
TCHIdir

RR (0λ0))HIexc†
RR (τλ1

1 )HT↓1→2,R→R(τλ2
2 )HT↑2→1,R→R(τλ3

3 )
〉
,

(S25)

where λi = ±1 indicates which part of the Keldysh contour the time τλi lies on. At large voltages, a numeric integration
reproduces the results of the initial state approximation (Fig. S1, insets). The overlap integrals I =

∫
dτ〈· · · 〉 are of

the general form

I({x}, V, a) =
1

aα+2

∫ (∏
m=1...3

dτm

)
e2iV τ1

∏
n

(
i(xn ± vnτn) + a

)αn
, (S26)

up to constant prefactors, where α =
∑
n αn. With η a number we then derive the exact scaling law

I({x}, ηV, a) =
1

aα+2

∫ (∏
m=1...3

dτm

)
e2iηV τ1

∏
n

(
i(xn ± vnτn) + a

)αn
=

η−1

(ηa)α+2

∫ (∏
m=1...3

dτ̃m

)
e2iV τ̃1

∏
n

(
i(ηxn ± vnτ̃n) + ηa

)αn
= η−1I({ηx}, V, ηa), (S27)

where we have substituted τ̃ = ητ . Assuming that the integral is independent of the high energy cutoff at low voltages
and/or large injection distances, an approximate scaling law can be obtained by neglecting the scaling of a against
that of i(x− vτ):

I({x}, ηV, a) =
η−1

(ηa)α+2

∫ (∏
m=1...3

dτ̃m

)
e2iV τ̃1

∏
n

(
i(ηxn ± vnτ̃n) + ηa

)αn
≈ η−1

(ηa)α+2

∫ (∏
m=1...3

dτ̃m

)
e2iV τ̃1

∏
n

(
i(ηxn ± vnτ̃n) + a

)αn
= η−3−αI({ηx}, V, a). (S28)
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FIG. S2. When lowering the voltage and simultaneously
rescaling x1 and x2, the exchange current follows a power
law. At large bias voltages, eV >∼ 0.1h̄vF a

−1, the influence
of the high energy cutoff is still visible. The parameters are
g = 0.8 and (x1 + x2)V = −15a.

The validity of this approximation has been confirmed
numerically (Fig. S2). Specifying α leads to the scaling
behavior given in the main text.

The scaling law implies that lowering the injection
voltage corresponds to increasing all length scales, so
the current-voltage relation I(V ) (Fig. S3a) and the
conductance-voltage relation G(V ) (Fig. S3b) pick up the
nonmonotonous behavior of the exchange current already
present in Fig. 2. Therefore, it is not necessary in an ex-
periment to actually change the injection points x1,2.

QUANTUM HALL DEVICE

Beam splitters have been successfully implemented as
integer quantum Hall (QH) devices [S9–S12]. Cooper
pair splitters are likely to suffer from the strong mag-
netic field, but recently a new correlated pair source for
QH edge states has been realized [S13], which may allow
for the injection of spin-entangled electrons. Concerning
the beam splitter itself, a QH device offers considerable
advantages. Being chiral, the edge state of the QH effect
have a very large mean free path and a coherence length
up to several 10 µm. Chirality also implies the absence
of charge fractionalization, which is an unwanted effect
in our device. The intended geometry can be fabricated
with high precision and fine tuned via appropriate gating
in a running experiment thus giving immediate access to
the injection distances |x1,2|. Therefore we will explain
how the results for the nanowires have to be modified in
this section.

The beam splitter can be realized as a constriction in

a)

0 0.2 0.4 0.6

0

0.1

0.2

V/mV

I
(2

)e
x
c

1
/
|T

|2 |
I
|2 n

A

b)

0 0.2 0.4 0.6

0

2

4

·10−3

V/mV

G
(2

)e
x
c

1
/
|T
|2 |
I
|2 G

0

g = 1.0
g = 0.8
g = 0.7
g = 0.5

FIG. S3. a) Exchange current in wire 1 according to scaling
relation (12) for different injection voltages and interaction
parameters g within an experimentally realistic range. The
injection points are fixed at x1 = 1500 nm, x2 = 900 nm.
Gray lines represent equidistant intermediate g values. The
material parameters are the same as in the main text. Note
the nonmonotonous behavior similar to Fig. 2 in the main
text. b) The corresponding conductance.

a ring-shaped Corbino QH sample (Fig. S4). The sample
has to be operated at a Zeeman splitting much smaller
than the Landau splitting, such that at each edge two
copropagating channels of opposite spin form. Due to
the difference in Zeeman energy, at a fixed Fermi en-
ergy opposite spins have different Fermi vectors and are
slightly separated in real space. This has already been
demonstrated experimentally [S14]. When linearizing the
spectrum around the Fermi points, where we assume the
Fermi velocity vF to be independent of edge and spin, the
electrostatic repulsion between and within the channels
can be treated exactly using bosonization. This yields
two spinful chiral TLLs,

H0 =
∑
iα

∫
dxh̄vα

(∂φiα
∂x

)2

, (S29)

where α ∈ {ρ, σ} labels the charge and the spin channel
at edge i ∈ {1, 2}. As in the nanowire, the charge veloc-
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FIG. S4. Beam splitter realized in a quantum Hall sample of
Corbino geometry. Two copropagating channels with oppo-
site spin form a spinful chiral TLL at each edge. At a finite
Zeeman splitting, they are spatially separated and the tunnel
amplitudes at the constriction become spin dependent.

ity exceeds the spin velocity, vρ > vσ = vF . The elec-

tron field is ψjs(x) = (2πa)−1/2Fjs exp
[
iksx+2πiΦjs(x)

]
where Φjs =

√
π/2(φjρ + sφjσ) with s ∈ {↑, ↓} the spin

index and ks the spin-dependent Fermi vector. The tun-
nel Hamiltonian becomes

HT =
∑
s

(
Tsψ

†
1s(0)ψ2s(0) + T ?s ψ

†
2s(0)ψ1s(0)

)
=
∑
s

(
TsHTs2→1 + T ?sHTs1→2

)
, (S30)

where the tunnel amplitude Ts is in general complex be-
cause of the magnetic field and spin dependent, because
at the constriction tunneling happens between the outer
and the inner channels respectively (cf. Fig. S4). TLL

behavior has already been investigated and observed in
this system [S6, S15].

The initial state is

|ϕ〉 =
√

2πa
(
ψ†2↓(x2)ψ†1↑(x1) + eiϕψ†2↑(x2)ψ†1↓(x1)

)
|〉

:= 2−1/2(|↑, ↓〉+ eiϕ |↓, ↑〉). (S31)

Lacking SU(2) spin invariance, the direct
and exchange contributions have to be rede-
fined as 1

2 (〈↑, ↓|O |↑, ↓〉 + 〈↓, ↑|O |↓, ↑〉) and
1
2 (eiϕ 〈↑, ↓|O |↓, ↑〉+ e−iϕ 〈↓, ↑|O |↑, ↓〉).

The calculation proceeds in analogy to the nanowire
model and without further approximations one finds

I
(2)dir
1 =− eΓ2e

|T↑|2 + |T↓|2
h̄2v2

F

(S32)

×
∑
s

[
||U (1)s

2→1 |↑, ↓〉 ||2 − ||U
(1)s
1→2 |↑, ↓〉 ||2

]
,

I
(2)exc
1 = eΓ2e

Re(T ?↑ T↓e
i(k↑−k↓)(x1−x2)+iϕ)

h̄2v2
F

(S33)

×
[
〈↑, ↓|U (1)↑†

1→2 U
(1)↓
1→2 |↓, ↑〉 − 〈↑, ↓|U

(1)↓†
2→1 U

(1)↑
2→1 |↓, ↑〉

]
,

S
(2)dir
12 =− e2Γ2e

|T↑|2 + |T↓|2
h̄2v2

F

(S34)

×
∑
s

[
||U (1)s

2→1 |↑, ↓〉 ||2 + ||U (1)s
1→2 |↑, ↓〉 ||2

]
,

S
(2)exc
1 = −eΓ2e

Re(T ?↑ T↓e
i(k↑−k↓)(x1−x2)+iϕ)

h̄2v2
F

(S35)

×
[
〈↑, ↓|U (1)↑†

1→2 U
(1)↓
1→2 |↓, ↑〉+ 〈↑, ↓|U (1)↓†

2→1 U
(1)↑
2→1 |↓, ↑〉

]
,

where U
(1)s
j→k = −i

∫∞
t0
dt′ HT (t′)|sj→k and the amplitudes

are

〈↑, ↓|TCHTs1→2(t′)HTs2→1(t′′) |ν1 ↑, ν2 ↓〉 =
1

4(2π)2

[
f−1
ρ f−1

σ

]
(0, t′; 0, t′′)

× Ξ↑(x1, t
−
0 ; 0, t′′)Ξ↑(x1, t

+
0 ; 0, t′)Ξ−1

↑ (x1, t
−
0 ; 0, t′)Ξ−1

↑ (x1, t
+
0 ; 0, t′′)

× Ξ↓(x2, t
−
0 ; 0, t′)Ξ↓(x2, t

+
0 ; 0, t′′)Ξ−1

↓ (x2, t
−
0 ; 0, t′′)Ξ−1

↓ (x2, t
+
0 ; 0, t′) (S36)

and

〈↑, ↓|TCHT↓1→2(t′)HT↑2→1(t′′) |↓, ↑〉 = − a2

4(2π)2

[
f−1
ρ fσ

]
(0, t′; 0, t′′)

× Ξ↑(x1, t
−
0 ; 0, t′′)Ξ↑(x1, t

+
0 ; 0, t′)Ξ↑(x2, t

−
0 ; 0, t′′)Ξ↑(x2, t

+
0 ; 0, t′′)

× Ξ−1
↓ (x1, t

−
0 ; 0, t′)Ξ−1

↓ (x1, t
+
0 ; 0, t′′)Ξ−1

↓ (x2, t
−
0 ; 0, t′′)Ξ−1

↓ (x2, t
+
0 ; 0, t′). (S37)

with

Ξs = f
− 1

2
ρ f

− s2
σ (S38)
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Up to quantitative corrections due to modified expo-
nents we thus recover exactly the same behavior as in the
nanowire case except that in the absence of backscatter-
ing, there are as many tunneling events which decrease
the current after the junction as those which increase
the current. So the direct contribution is zero up to the
additional features which are induced by spin-charge sep-
aration as discussed in the nanowire case. Because the
Fermi vectors for spin-up and spin-down are different, the
exchange current acquires an oscillating prefactor. This
is essentially the same mechanism as the one induced by
the Rashba effect in nanowires, and likewise introduces
an additional tunable parameter.
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