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Abstract

We revisit the canonical binary-state model of social learning to investigate the possi-

bility of non-monotone learning: ceteris paribus, with some predecessor(s) switching to

actions that reveal greater confidence in one state of the world, agents nevertheless become

more confident in the other. A necessary and sufficient condition for non-monotone learn-

ing is provided in an illustrative setting where agents are either uninformed or partially

informed by binary private signals. In a general setting with continuous private signals,

we obtain a sufficient condition for non-monotone learning that does not rely on the shape

of the underlying information structures apart from a couple of simple boundary require-

ments. As a result, a social learning process that completes eventually can be well approx-

imated in a way such that non-monotone learning and anti-imitation are bound to happen.
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1 Introduction

The theoretical literature on social learning has demonstrated that, when rational agents with

common preferences act sequentially, they tend to imitate their predecessors and eventually

exhibit herd behaviour. In the canonical example of restaurant choice due to Banerjee (1992),

agents sequentially choose to eat at one of the two restaurants, A and B, which are equally

likely to be the better one, and each agent obtains a binary private signal indicating the better

restaurant before making her choice. Assuming all signals have the same precision and agents

follow their private signals when indifferent, when one restaurant has been chosen twice more

than other, all future agents will ignore their private signals and choose that restaurant.

Rationalizing herd behaviour and imitation is considered as one key contribution of the lit-

erature.1 Yet we are keen to know what else rational social learning may predict. Do rational

agents always tend to imitate their predecessors throughout the learning process? When they

imitate, do they imitate each and every predecessor? Answers to such questions rely on a thor-

ough understanding of the learning models beyond the well-established long-run predictions.

In addition, more studies into the short-run behavioural implications of rational social learning

may serve to distinguish rationality from other potential explanations of social learning, both

theoretically and empirically.

Let us start by looking into the learning dynamics in the canonical example above. We

can see that agents’ incentives to imitate their predecessors result from a “monotone” evolution

of posterior beliefs. More specifically, each agent forms posterior beliefs that are monotone

with respect to her observation, in the sense that she believes one restaurant, say A, is (weakly)

more likely to be better than the other when more of her predecessors have chosen A instead of

B. When she observes that A has been chosen at least twice more than B, her posterior belief

dominates her private information and she then chooses A regardless of her private signal.

Is such monotonicity a general feature of social learning? It seems plausible at first glance.

By choosing a restaurant, each agent reveals more confidence in that restaurant than the other,

so it seems natural that, if more agents have chosen A instead of B in the past, the history

becomes stronger evidence supporting A. However, this is not necessarily the case as the inter-

1Quoting the preface of Chamley (2004) which provides a comprehensive overview of the literature, “Learning by individuals from the
behaviour of others and imitation pervade the social life. . . herds, fads, bubbles, crashes, and booms are cited as proofs of the irrationality of
individuals. However, most of these colourful events will appear in the models of rational agents. . . ”.

2

                             3 / 31



 

pretation of each action in the history closely depends on the underlying information structure

of the model. In a variety of settings, rational agents could indeed form non-monotone posterior

beliefs with respect to their observations, which we refer as “non-monotone learning”: ceteris

paribus, when some predecessor(s) switch to actions revealing greater confidence in one state

of the world, agents become more confident in the other state. As a consequence, agents have

less incentive to imitate their predecessors, a feature that is absent in the canonical example and

perhaps also overlooked in models extended from it.

For instance, in the restaurant-choice problem, certain signal structures could lead agent 3

to believe B is more likely to be the better restaurant when she observes a history (A,B) than

when she observes a history (B,B). In other words, fixing agent 2’s action, the more agent 1’s

action reveals confidence in A, the less confident agent 3 becomes in A.2 To further illustrate

the idea, we consider a setting in which agents are heterogeneously informed: some agents are

experts who have private signals about whether A or B is better with precision q ∈ (1
2 ,1), while

others are amateurs who know nothing at all and the fraction of amateurs in the population is

r ∈ (0,1). A necessary and sufficient condition on the signal structure (q,r) for non-monotone

learning is provided that requires either r or q to be sufficiently large. To get the intuition, think

again about the comparison between history (A,B) and history (B,B). (A,B) reveals one weak

piece of evidence against B from the first action A, as it could just be a random choice by an

amateur. Meanwhile (A,B) reveals one strong piece of evidence supporting B from the second

action B, as it must be an informative choice by an expert since an amateur, lacking private

information, would have followed the first action A. On the other hand, (B,B) reveals two weak

pieces of evidence supporting B as each action B could come from an amateur. When r (q) is

sufficiently large which implies the weak (strong) evidence is fairly insignificant (significant),

(A,B) may turn out to be an overall stronger piece of evidence supporting B than (B,B).

Despite the simplicity of the binary setting, this condition that r or q is sufficiently high pro-

vides a nice interpretation of the type of information structures that could lead to non-monotone

learning. In particular, if learning is conducted in a society where most people barely have any

private knowledge but those who do have some knowledges are sufficiently knowledgeable on

average, it is bound to be non-monotone. Such information structures are indeed reasonable

2Fixing agent 2’s action makes the comparison less trivial, since agent 3’s posterior belief is always consistent with agent 2’s action, i.e.,
the Overturning Principle in Smith and Sørensen (2000).
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in many contexts of social learning such as technology adoption or development of medical

treatments, where most of us often know little but those technicians or physicians are usually

well recognized for their expertise.3

We then turn to a general setting with continuous private signals due to Smith and Sørensen

(2000). A nice feature of the continuous setting is that it guarantees behavioural difference

whenever learning is non-monotone: if one agent forms posterior beliefs that are non-monotone

with respect to the action of one predecessor, she would indeed choose one action with higher

probability had that predecessor switched to the other action, i.e., she anti-imitates that prede-

cessor.4 We particularly consider continuous signals over compact support that allow for the

possibility of positive tails: signal realizations that generate extreme private beliefs have strictly

positive unconditional densities. We show that a couple of simple boundary conditions on the

underlying signal structure guarantees non-monotone learning, and it is, unlike the condition in

the binary setting, independent of the general shape of the signal structure. In particular, such

boundary conditions lead to non-monotone belief updates when posterior beliefs are close to

0 or 1, which is guaranteed as long as learning completes eventually. As a result, any infor-

mation structure that leads to complete learning can be well approximated by an information

structure that leads to non-monotone learning. In other words, a social learning process that

completes eventually can be well approximated in a way such that non-monotone learning and

anti-imitation are bound to happen at some point. On the other hand, in the absence of ex-

plicit parametrization of the underlying information structure, we are still in search for a tight

condition for non-monotone learning in the general setting with continuous signals.

1.1 Related Literature

The theoretical literature on social learning, since the first papers by Banerjee (1992), Bikhchan-

dani et al. (1992), and Smith and Sørensen (2000), has conventionally focused on information

aggregation and herd behaviour in the long run, and fewer papers have deliberately investigated

the dynamics of learning and its behavioural implications short of the limit. The information

structure in the binary-signal setting of this paper is close to that of Callander and Hörner

3Learning and information aggregation are indeed more desirable when individuals have limited private knowledge. For example, Conley
and Udry (2010) investigate the diffusion of a new agricultural technology in Ghana, and find evidence that farmers adjust their inputs to align
with those who were surprisingly successful in previous periods, which indicates the presence of social learning. However the input choices
for another crop of known technology indicate an absence of social learning effects.

4We argue by Corollary 2.2.1 that in the binary setting non-monotone learning does not necessarily induce such behavioural difference.
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(2009), in which agents can only observe the total number of agents having chosen each op-

tion though. They show that uninformed agents (amateurs) should follow the minority of their

predecessors rather than the majority, when informed agents (experts) are rare. We differ from

them by maintaining the canonical assumption of full observation and providing a precise con-

dition for non-monotone learning under less restrictive information structures.5

As for the general setting with continuous signals, several authors have looked into when

belief updates are (non-)monotone, i.e., when posterior belief as a function is (non-)monotone

in the prior belief. Suen (2004) first gives a sufficient condition for monotone belief updates,

and later work by Herrera and Hörner (2012) characterizes a similar set of conditions on the

signal distributions. We establish the necessity (but not sufficiency) of non-monotone belief

updates for non-monotone learning, and characterize a sufficient condition for non-monotone

learning when belief updates are non-monotone as beliefs converge to 0 or 1 eventually, which

precisely violates the conditions in Suen (2004) and Herrera and Hörner (2012) but only at the

extreme values.6

On behavioural implications of social learning, Eyster and Rabin (2014) look at obser-

vational structures instead of information structures and question the rationality of imitative

behaviour. They provide a necessary and sufficient condition on the observation structures for

rational anti-imitation, and the logic lies in the fact that rational agents need to take into account

the redundancy of previous actions under those structures. The full observation assumption in

the canonical model actually violates their condition, so our findings on non-monotone learning

and anti-imitation based on information structures is in a way orthogonal to theirs.7

Most empirical and experimental work on social learning follows the main focus in the

theoretical literature and justifies imitative behaviour and herding. For example, Moretti (2011)

uses box-office data and finds that the sales of movies with positive and negative opening-

weekend surprises in demand diverge over time: a movie that experiences larger sales in Week

1 will experience further increasing sales in subsequent weeks. He considers such imitative

behaviour by consumers as a result of social learning and further quantifies the effect of social

5Callander and Hörner (2009) assume that experts have perfect private information, i.e., q = 1. In fact our necessary and sufficient
condition can be satisfied solely by r ≥

√
5−1
2 without any requirement on q. Nevertheless the more restrictive information structure was

necessary to reduce the computational complexity in their model due to the different observational assumptions.
6Recent works by Morris and Yildiz (2019) and Smith et al. (2020) consider conditions for (non-)monotone mapping from prior to

posterior beliefs in terms of log-likelihood ratios, which are not necessarily compatible with our assumption of positive tails due to the
naturally unbounded support.

7Eyster and Rabin (2014) assume continuous action space, hence it is still possible to have anti-imitation in the canonical model with
binary actions, even though their precise condition is violated.
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learning on movie sales. Cai et al. (2009) conduct a field experiment to distinguish imitative

social learning from salience, in which they tell diners either the recently popular dishes or

the “feature dishes”. They find that diners react more strongly to popularity than to salience,

suggesting that diners imitate. Our work, on the other hand, will potentially raise the question

whether imitative behaviour detected by these papers comes from rational learning.8

Herding or contrarian behaviour has also been studied in the sequential trading model of fi-

nancial market introduced by Glosten and Milgrom (1985), and Park and Sabourian (2011), for

instance, build on the seminal paper by Avery and Zemsky (1998) and characterize conditions

on the underlying information structures that are necessary and sufficient for contrarianism:

traders buy (sell) assets after observing histories that reveal bad (good) information about the

asset value. However, due to the existence of a competitive market maker who consistently

adjusts the bid (ask) prices, these models implicitly impose heterogeneous payoff functions

among traders, which makes the underlying mechanism for contrarian behaviour in such mod-

els distinct from that for non-monotone learning or anti-imitation in standard social learning

models where agents have fully aligned preferences.9

The remainder of the paper is structured as follows. Section 2 constitutes the main body

of the paper, in which Subsection 2.1 introduces the formal definitions of (non-)monotone

learning, Subsection 2.2 discusses the binary setting for illustration, and Subsection 2.3 works

on the general setting with continuous signals. Section 3 concludes. All omitted proofs are

stacked in the Appendix.

2 A Canonical Model of Social Learning

The model setup is canonical. There is an underlying state of the world, θ ∈ {A,B}, whose

realization is unknown to a population of countably infinite agents. Agents hold a common

prior of θ , Pr(θ = A) = Pr(θ = B) = 1
2 . There is an infinite time horizon, t ∈ {1,2,3, . . .}, and at each

period t an agent (referred to as agent t hereafter) is chosen to make a once-in-a-life-time binary

decision, at ∈ {A,B}. The history of past actions, hhht ≡ (a1,a2, . . . ,at) ∈ {A,B}t , is publicly observable

8In Cai et al. (2009), the popularity of dishes is sorted by the actual number of plates sold in the previous week. So roughly speaking,
they are really only looking at how agent 2 reacts to agent 1, and we know that there is no anti-imitation due to the overturning principle.

9Similarly, anti-imitation or contrarian behaviour is less surprising in learning models with negative payoff interdependence, such as
congestion cost in Eyster et al. (2014) or queueing cost in Cripps and Thomas (2019).
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for all future agents. Besides, each agent at period t receives a private signal σt before making

her choice. Conditional on θ , {σt}∞t=1 are independently and identically distributed across t.

Agents’ preferences are fully aligned, u(at ,θ) = 1{at=θ}, ∀t ≥ 1.

2.1 Definitions of (Non-)Monotone Learning

Let pt+1 ≡ Pr(θ = B|hhht) denote the posterior belief of agent t + 1 after observing history hhht but

before acquiring her private signal. pt+1 is also referred to as the public belief at period t + 1

since history hhht is publicly observed by all future agents, with p1 = 1
2 being the prior. Notice

that pt+1 is only well defined for equilibrium history hhht , hence hereafter we restrict attention to

equilibrium histories whenever talking about posterior or public beliefs. 10

To introduce the (non-)monotone property of learning in question, let us set a simple linear

order - on {A,B} such that A - B (and of course B - B). It then induces a partial order on each

Cartesian product {A,B}t :

∀t ≥ 1, ∀hhht ,hhh′t ∈ {A,B}t , hhht - hhh′t if and only if aτ - a′τ for any τ ≤ t,

and we say hhht is B-dominated by hhh′t when hhht - hhh′t .

Definition 1 Learning is monotone if

∀t ≥ 1, ∀ two equilibrium histories hhht and hhh′t such that hhht - hhh′t , pt+1 ≤ p′t+1.

Learning is non-monotone otherwise, or equivalently,

∃ two equilibrium histories hhht and hhh′t such that hhht - hhh′t , hhht 6= hhh′t , and pt+1 > p′t+1.

The non-monotonicity given by Definition 1 is straightforward: a B-dominated history nev-

ertheless generates greater confidence in state B. We also want to highlight a special case of

non-monotone learning, anti-imitative belief, which is particularly linked to the anti-imitative

behaviour we would like to address later.

10As agents are myopic, we do not emphasize a particular notion of equilibrium. Readers can nonetheless assume what we have in mind
is the standard Bayesian Nash Equilibrium throughout the paper.
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Definition 2 Consider two equilibrium histories (hhht ,hhh′t) that differ only in one action:

∃τ ≤ t s.t. aτ = A, a′τ = B; ∀τ ′ ≤ t and τ
′ 6= τ, aτ ′ = a′τ ′ .

We say the posterior belief of agent t + 1 is anti-imitative of agent τ under the pair (hhht ,hhh′t)

if pt+1 > p′t+1. We say the posterior belief of agent t + 1 is always anti-imitative of agent τ if

pt+1 > p′t+1 for every such pair (hhht ,hhh′t).

Definition 2 for anti-imitative belief is quite intuitive as well: fixing the actions of all the

predecessors of agent t + 1 other than agent τ, agent t + 1 becomes less confident in state B had

agent τ’s action switched to reveal more confidence in state B. In other words, it is as if the

posterior belief of agent t +1 “anti-imitates” agent τ’s action.

2.2 A Necessary and Sufficient Condition under Binary Signals

In this subsection, for illustration purpose, we consider the canonical information structure with

binary signals as in Bikhchandani et al. (1992), with a simple twist of introducing heterogeneity

in signal precision, a treatment similar to Callander and Hörner (2009). In particular, agents

are of two informational types: either an expert who receives a private signal σt ∈ {A,B} that

matches the true state with probability q ∈ (1
2 ,1), or an amateur who never receives a private

signal. Each agent’s type is her private information but the probability of being an amateur,

r ∈ (0,1), is the same across the population and commonly known.

For convenience, in this subsection we work with the posterior log-likelihood ratio, lt+1 ≡

ln pt+1
1−pt+1

= ln Pr(θ=B|hhht)
Pr(θ=A|hhht)

= ln Pr(hhht |θ=B)
Pr(hhht |θ=A) , instead of the posterior belief pt+1 itself. Notice that, since

lt+1 is a monotone transformation of pt+1, Definition 1 and 2 for (non-)monotone learning and

anti-imitative belief, remain unchanged apart from the notation override from pt+1 to lt+1.

To begin the analysis, we first characterize the (equilibrium) dynamics of the public beliefs

{lt}∞t=1 by solving the binary Bayesian decision problem of each agent. It is not hard to see that

each agent’s decision rule is unique up to a tie-breaking rule, and we simply assume that an

expert follows her private signal when indifferent, and an amateur chooses randomly between

A and B when indifferent.11

11Tie-breaking assumptions are no longer important for the continuous-signal model in the next subsection.
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Lemma 2.2.1 Let M ≡ ln r· 12+(1−r)·q
r· 12+(1−r)·(1−q) , L ≡ ln r+(1−r)·q

r+(1−r)·(1−q) , and H ≡ ln q
1−q . Along every equilib-

rium path hhh∞ ≡ (a1,a2, . . . ,at , . . .), the (public) posterior beliefs evolve in the following way:

l1 = 0; l2 =


M if a1 = B

−M if a1 = A
; ∀t ≥ 2, lt+1 =



lt +H if at = B and at−1 = A

lt −H if at = A and at−1 = B

lt +L if at = at−1 = B and lt ≤ H

lt −L if at = at−1 = A and lt ≥−H

lt otherwise

.

Proof. See Appendix.

Except for the first action a1, each action later in the history reveals a strong piece of ev-

idence, a weak piece of evidence, or no evidence at all.12 If at+1 is different from at , it must

come from an expert hence it is a strong piece of evidence, which shifts the public belief by

±H. If at+1 is the same as at and |lt | ≤ H, it is only meaningful if it comes from an expert, which

happens with probability 1− r, hence it is a weak piece of evidence and only shifts the public

belief by ±L. If at+1 is the same as at but |lt | > H, it reveals no more information as both types

will follow the immediate predecessor at anyway, hence the public belief remains unchanged

thereafter, i.e., an informational cascade.

With the dynamics of posterior beliefs fully characterized by Lemma 2.2.1, we are in the

position to provide a necessary and sufficient condition for non-monotone learning in this bi-

nary setting. For convenience we present the result using H, M, and L defined in Lemma 2.2.1.

Proposition 2.2.1 Learning is non-monotone if and only if

H > 2M+L, or equivalently, r3

2r(1− r)2 +(1− r)3
> 4q(1−q).

In particular, the posterior belief of agent 3 is always anti-imitative of agent 1 when H >

2M+L, and other cases of non-monotone learning require stronger conditions.

Proof. See Appendix.

12The first action a1 comes from either an informative choice by an expert or a random choice by an amateur, and by Bayes rule it turns
out to be a ‘mediocre’ piece of evidence compared to later actions.
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Let us briefly go through the logic behind the anti-imitative belief of agent 3, and leave

the discussion over other cases of non-monotone learning to the Appendix. We compare only

hhh2 =(A,B) and hhh′2 =(B,B) for agent 3 as the other comparison between (A,A) and (B,A) is symmetric.

History (A,B) reveals one mediocre piece of evidence against state B from the first action A but

one strong piece of evidence in favour of state B from the second action B, and by Lemma 2.2.1

the posterior belief after (A,B) can be precisely calculated as l3 = −M +H. On the other hand,

history (B,B) reveals one mediocre piece and one weak piece of evidence in favour of B from

the first and second action B, respectively, and by Lemma 2.2.1 the posterior belief after (B,B)

is l′3 = M +L. To make the posterior belief of agent 3 anti-imitative, we need l3 > l′3 or simply

H > 2M+L. It is not hard to see that this inequality can be satisfied by some pair (r,q) such that r

or q is sufficiently high: either the weak/mediocre piece of evidence is fairly insignificant due to

a large proportion of amateurs in the population, or the strong piece of evidence is sufficiently

dominant due to a high precision of experts’ signals.13

We have shown that, in contrast to the canonical model and what people might have learned

from the existing literature, learning is indeed non-monotone in this simple setting with hetero-

geneous informed agents. We do want to point out that Proposition 2.2.1 does not contradict

with the existing results on the long-run behaviour of agents, e.g., an informational cascade oc-

curs eventually or a herd arises eventually.14 In fact, non-monotone learning does not guarantee

anti-imitative behaviour, defined as follows, when private signals are discrete.

Definition 3 Consider two equilibrium histories (hhht ,hhh′t) that differ only in one action:

∃τ ≤ t s.t. aτ = A, a′τ = B; ∀τ ′ ≤ t and τ
′ 6= τ, aτ ′ = a′τ ′ .

We say agent t +1 anti-imitates agent τ under the pair (hhht ,hhh′t) if

Pr(at+1 = B|hhht)> Pr(at+1 = B|hhh′t).

13Note that the necessary and sufficient condition in Proposition 2.2.1 can be satisfied solely by r ≥
√

5−1
2 without any requirement on q.

Hence, in a way, how many experts there are plays a more important role for non-monotone learning than how expert they are.
14See Proposition 1 in Bikhchandani et al. (1992) or Theorem 3(a) in Smith and Sørensen (2000).
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We say agent t +1 always anti-imitates agent τ if

Pr(at+1 = B|hhht)> Pr(at+1 = B|hhh′t) for every such pair (hhht ,hhh′t).

This definition of anti-imitative behaviour is in the similar spirit of anti-imitation defined in

Eyster and Rabin (2014), except that we use a probabilistic criterion here on account of the bi-

nary action space.15 To appreciate the difference between non-monotone learning, particularly

anti-imitative belief, and anti-imitative behaviour, let us reconsider agent 3 after history (A,B)

or (B,B). Suppose the posterior belief of agent 3 is already anti-imitative, i.e., l((A,B)) > l((B,B))

or H > 2M + L. If agent 3 is an amateur, she will choose B after both histories. If agent 3 is

an expert, she will follow her private signal after both histories since l((A,B)) = H−M < H and

l((B,B)) = M +L < H. Therefore, although agent 3’s posterior belief is anti-imitative, there is no

probabilistic difference in her behaviour and she does not anti-imitate agent 1.

A corollary is given to highlight the difference between anti-imitative belief and anti-

imitative behaviour in the current setting with binary private signals.

Corollary 2.2.1 The posterior belief of each agent t ≥ 3 is always anti-imitative of agent 1 if

and only if H > 2M+L and H > 2M+(k∗−2)L, where k∗ ≡min{k ∈ N+|M+ kL > H}. Nevertheless, at

most (k∗−3) agents anti-imitate agent 1.

Proof. See Appendix.

The first part of the corollary builds on Proposition 2.2.1. Suppose the posterior belief of

agent 3 is already anti-imitative, i.e., l((A,B)) > l((B,B)). By Lemma 2.2.1, extending the two

histories by one same action will shift the posterior belief toward the same direction and by

the same amount, ±H or ±L, therefore the inequality still holds. This logic works for further

extensions as well, until the posterior belief after one history, say lt , grows beyond the precision

of private signals, i.e., |lt | > ln q
1−q . Since then lt no longer changes and l′t will catch up until

|l′t | > ln q
1−q as well. The extra condition precisely accounts for this fact and assures that l′t will

not exceed lt in the end.

For the second part, since amateurs always follow their immediate predecessors, only the

behaviour of experts could be different after two histories that differ in the first action. And
15See Definition 5 in Eyster and Rabin (2014) for a comparison. They assume continuous action space as in Lee (1993) and hence define

anti-imitation as one agent’s action being decreasing in some action(s) she observes.
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according to Lemma 2.2.1, that happens only when the posterior belief after one history, say

lt , has exceeded the precision of private signals while the posterior belief after the other, say l′t ,

has not. In that situation an expert will follow her immediate predecessor after lt but follow her

private signal after l′t . However, as we discussed earlier, l′t will catch up along the history and

eventually exceeds the threshold as well. Hence such behavioural difference can only exist for

a finite number of future agents, and the upper bound of that number is precisely (k∗−3). It is

worth noting that Corollary 2.2.1 is indeed consistent with the long-run behaviour predicted by

the existing literature.

In the next subsection we turn to a setting with continuous private signals, in order to better

understand the impact of the underlying information structures on the learning process. Be-

sides, as we will see from Lemma 2.3.1, the continuous model gets rid of the subtle difference

between non-monotone learning and anti-imitation and thus allows a clear focus.

2.3 A Sufficient Condition under Continuous Signals

We now consider a setting with continuous private signals similar to the seminal paper by Smith

and Sørensen (2000). In particular, we assume that the private signal of each agent t is contin-

uous over a compact support, σt ∈ [c,c]. The cumulative distribution function of σt conditional

on state θ ∈ {A,B}}, Gθ (·), is assumed differentiable with density function gθ (·) that satisfies the

monotone likelihood ratio property: gB(·)
gA(·) is strictly increasing over [c,c]. This allows us to iden-

tify the private signal σt by the private belief of agent t after observing σt , qt ≡ Pr(θ = B|σt) ∈ [0,1].

In fact we work directly with qt instead of σt as what matters for each agent is the information

generated by her private signal rather than the realization of private signal itself. Let Fθ (·) be

the cumulative distribution function of qt conditional on θ . FA(·) and FB(·) capture the underlying

information structure, and if both are differentiable with density function fA(·) and fB(·) respec-

tively, the unconditional density function of qt , f (·) ≡ 1
2 [ fA(·) + fB(·)], is already sufficient. In

particular, Bayesian updating implies a simple “no introspection condition” that fB(x)
fA(x)

= x
1−x and

thus fA(x) = 2(1− x) f (x) and fB(x) = 2x f (x).16 Hence f (·) is referred to as the information structure

throughout this subsection, and we impose the following assumptions on it:

Assumption 1 (Full support) f (·) is strictly positive on (0,1).
16The private belief structure is commonly used in the literature. Curious readers can look at Appendix A in Smith and Sørensen (2000)

for the justification of it.
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Assumption 2 (Smoothness) f (·) is continuously twice differentiable on (0,1), and both lim
x→0+

f ′′(x)

and lim
x→1−

f ′′(x) exist.

Assumption 3 (Positive tails) f (0) = lim
x→0+

f (x)> 0 and f (1) = lim
x→1−

f (x)> 0.

The assumption of full support implies that private beliefs are unbounded, which guaran-

tees that no history of actions is off equilibrium, as each agent has strictly positive probability

to follow her private signal no matter what the history was. We are therefore free to compare

any pair of histories when investigating whether learning is monotone or not. The assump-

tion of smoothness is purely technical, and it simply allows us to conduct higher order Taylor

expansions at the boundaries to yield the sufficient condition for non-monotone learning later.17

The last assumption of positive tails, on the other hand, is critical for our analysis. Notice

that the assumption of full support allows the possibility that f (0) = 0 and/or f (1) = 0, and in fact

such possibility is the default when private signals are over an unbounded support, for which

integrability requires the density of extremely high or low realizations to tend to 0.18 However

positive tails may well be admissible when private signals are over a compact support, e.g.,

gA(σ)= 2−2σ and gB(σ)= 2σ over common support [0,1] generate a uniform information structure,

f (x) ≡ 1.19 In a way, our analysis picks up this subtle difference due to the nature of private

signals, and highlights the existence of non-monotone learning under the possibility of positive

tails that could be overlooked when signals over unbounded support are often considered.20

We first claim the equivalence between anti-imitative belief and anti-imitative behaviour,

under the current setting with continuous signals. It relieves us from any extra concern about

the subtle difference between the two that was present in the binary-signal setting, so that any

detection of non-monotone learning now has always a behavioural implication. To see this,

notice that any public belief difference as result of non-monotone learning or more specifically

anti-imitative belief, will lead an agent to exhibit anti-imitative behaviour as long as her private

belief falls in to the gap between the public beliefs generated by the two histories in comparison,

17Strictly speaking, we only need twice differentiability around the boundaries, not over the entire support, to conduct the analysis.
18For example, private signals that are, conditional on state A (or B), normally distributed with a low (or high) mean and the same variance

satisfy the assumption of full support but fail the assumption of positive tails.
19Since for the decision problems in canonical social learning models it suffices to identify the private signals as the private beliefs, it is

to some extent without loss of generality to consider only private signals over a compact support (the unit interval in particular) after all.
20We could possibly replicate our analysis with the Taylor expansion technique of an even higher order, while relaxing Assumption 3

to lim
x→0+

f (k)(x) > 0 and lim
x→1−

f (k)(x) > 0 for some k ≥ 1 but tightening Assumption 2 to f (·) being continuously (k+1) times differentiable.

This could make certain signal distributions over unbounded support admissible but it offers merely a technical edge over the current analysis
without providing extra insights or intuition for the underlying logic of our main result later.
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which happens with a strictly positive probability given the assumption of full support.

Lemma 2.3.1 Let (hhht ,hhh′t) be a pair of histories such that

∃τ ≤ t s.t. aτ = A, a′τ = B; ∀τ ′ ≤ t and τ
′ 6= τ, aτ ′ = a′τ ′ .

Under Assumption 1, agent t+1 anti-imitates agent τ ≤ t under (hhht ,hhh′t) if and only if the posterior

belief of agent t +1 is anti-imitative of agent τ under (hhht ,hhh′t )̇. In other words, Definition 2 and 3

are equivalent.

Proof. See Appendix.

Let us start the analysis by solving the Bayesian decision problem of each agent as well as

characterizing the dynamics of the public beliefs, {pt}∞t=1.

Lemma 2.3.2 Agent t who forms public belief pt from history and private belief qt from her

signal will choose at = B if and only if qt ≥ 1− pt . Therefore the public belief process {pt}∞t=1 in

equilibrium is characterized by the following transition functions:

pt+1(pt ,at) =


m(pt)≡ pt FB(1−pt)

pt FB(1−pt)+(1−pt)FA(1−pt)
if at = A

n(pt)≡ pt [1−FB(1−pt)]
pt [1−FB(1−pt)]+(1−pt)[1−FA(1−pt)]

if at = B
.

Proof. See Appendix.

As in the binary-signal setting, rational agents here simply compare the public belief gener-

ated from the observed history with the private belief generated from their private signals. And

the transitions of public beliefs come from the individual decision rules and Bayesian updating

as a result. In particular, the transition function, m(·) or n(·), captures how the public beliefs

evolve from one period to the next, when the most recent action is A or B.

Next we present an intuitive but important necessary condition for non-monotone learning.

Lemma 2.3.3 Learning is monotone if the transition functions m(·) and n(·) characterized in

Lemma 2.3.2 are monotone.
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Proof. See Appendix.

Quite intuitively, non-monotone learning requires non-monotone transitions of posterior

beliefs. To see it clearly, let us think about two different histories hhht and hhh′t such that hhht - hhh′t .

If hhht and hhh′t differ on the last action, i.e., at = A and a′t = B, then clearly pt+1 < 1
2 < p′t+1 by the

overturning principle. If hhht and hhh′t only differ up to some earlier period τ < t, then pτ+1 < p′
τ+1,

again by the overturning principle. Since after period τ actions are identical between the two

histories, agents should update their beliefs using the same transition function from period τ +1

on along the two histories. If both m(·) and n(·) are monotone, then the inequality ps+1 ≤ p′s+1 is

preserved for every s= τ, . . . , t, and hence non-monotone learning, i.e., pt+1 > p′t+1, is not possible.

Monotone belief updates have been studied in the literature. It can be easily verified that the

monotonicity of the transition function m(·) (and n(·)), taking into account the no-introspection

condition that fB(x)
fA(x)

= x
1−x , is equivalent to the increasing failure ratio property (and the increas-

ing hazard ratio property) of the signal distributions given by Herrera and Hörner (2012), and is

in turn equivalent to the comparable assumptions imposed in Suen (2004). It is worth pointing

out that the sufficient condition for non-monotone learning presented later in Proposition 2.3.1

builds solely upon the violation of monotone belief updates around the two extreme values 0

and 1, so an information structure that leads to non-monotone learning may well satisfy those

established properties for monotone belief updates in the interior.

On the other hand, we make the following interesting observation about what learning pat-

terns monotone belief updates may generate in our model.

Claim 2.3.1 Under Assumptions 1 to 3, the learning process never generates moderate poste-

rior beliefs if the transition functions m(·) and n(·) characterized in Lemma 2.3.2 are monotone.

In particular, pt /∈ (1
3 ,

2
3 ), ∀t > 1.

Proof. See Apendix.

This result depends critically on the assumption of positive tails.21 In particular, positive

tails imply a ‘stronger’ overturning principle: pt+1 ≥ 2
3 if history hhht ends with an action B, or

pt+1 ≤ 1
3 if hhht ends with an action A. For instance, consider the case where an action B follows

a history that reveals a public belief very close to 0. Such action B then reveals a private belief

21Note that positive tails does not preclude monotone belief transitions in the first place so Claim 2.3.1 is not empty. For example, the
uniform information structure mentioned in page 13, f (x)≡ 1, admits both positive tails and monotone transition functions m(·) and n(·).
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very close to 1, and thanks to the positive tails, the informativeness of such extreme private

belief is sufficiently strong to not only overturn the public belief, but also overturn it by a

considerable margin, i.e., pt+1 → 2
3 > 1

2 . Given the monotonicity of the transition function n(·),

any history that ends with an action B then generates a posterior belief at least 2
3 . Similarly

any history that ends with an action A then generates a posterior belief at most 1
3 . We think

such preclusion of moderate posterior beliefs contradicts with many empirical applications of

social learning and creates extra motivation for studying the possibility of non-monotone belief

updates (and thus non-monotone learning) in the model.22

One last observation we want to exploit before proceeding to the main result of this sub-

section is the famous finding by Smith and Sørensen (2000) that unbounded private beliefs,

implied by the assumption of full support, guarantees complete learning. We present it without

replicating the proof from the original paper.

Lemma 2.3.4 Under Assumption 1, pt −→ 1{θ=B} almost surely as t −→+∞.

Proof. See Theorem 1(b) in Smith and Sørensen (2000).

Although non-monotone belief updates are necessary for non-monotone learning according

to Lemma 2.3.3, they are not sufficient since the decreasing region(s) of a non-monotone m(·) or

n(·) may not be reachable in equilibrium with the belief process {pt}∞t=1 being a jumping process

due to the discrete action space. Nevertheless, thanks to Lemma 2.3.4 that ensures the two

extreme values 0 and 1 are always reachable in the long run, we are now in a position to pro-

vide a sufficient condition for non-monotone learning that imposes only a couple of boundary

requirements on the information structure around the extreme values.

Proposition 2.3.1 Under Assumptions 1 to 3, learning is almost surely non-monotone if the

information structure f (·) is such that lim
x→0+

f ′(x)> 3 f (0) and lim
x→1−

f ′(x)<−3 f (1).

Proof. See Appendix.

Despite the tedious algebra behind, one key interim step is to show that, when f (·) dimin-

ishes sufficiently fast around 0 and 1 (while keeping positive tails), the transition functions turn
22For instance, in medical research physicians are allowed to offer patients randomization to different treatments only if clinical equipoise

exists, i.e., there is genuine uncertainty in the expert medical community over whether a treatment will be beneficial. In other words, the
community of physicians should regard the treatments as (roughly) equally preferable, which implies a fairly moderate posterior belief. See
Freedman (1987).
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out non-monotone around 0 or 1. In particular, n(·) is decreasing over (0,ε) for some small ε

and m(·) is decreasing over (1− ε,1). Let us now compare the posterior beliefs after any two

histories, hhht and hhh′t , such that hhht - hhh′t and hhht 6= hhh′t . Generically the beliefs are different as well,

pt+1 6= p′t+1.23 Complete learning implies that both pt+1 and p′t+1 will fall in (0,ε) or (1− ε,1)

when t is sufficiently large. Suppose the true state is A and hence the former is the case. If

pt+1 > p′t+1, learning is non-monotone by definition. If pt+1 < p′t+1, we can simply extend hhht and

hhh′t by an action B, i.e., hhht+1 = (hhht ,B) and hhh′t+1 = (hhh′t ,B). But now pt+2 = n(pt+1) > n(p′t+1) = p′t+2, so

learning is non-monotone. Notice that when hhht and hhh′t only differ in one action, we effectively

get anti-imitation by either agent t +1 or agent t +2.

The boundary conditions in Proposition 2.3.1 can be easily satisfied by either simple density

functions over [0,1] or common distributions (over unbounded support) truncated to [0,1]:24

1. Linear Density: f (x) = (4−8s)
∣∣∣x− 1

2

∣∣∣+2s, ∀s ∈ (5
7 ,1);

2. Quadratic Density: f (x) = s(x− 1
2 )

2 +(1− s
12 ), ∀s ∈ (−6,−2);

3. (Truncated) Double Exponential Distribution: f (x) =
exp(−|x−

1
2 |

s )

2s(1−exp(− 1
2s ))

, ∀s ∈ (0, 1
3 );

4. (Truncated) Normal Distribution: f (x) = s
2
∫ s/2

0 e−t2 dt
· exp[−s2(x− 1

2 )
2], ∀s > 2

√
3;

5. (Truncated) Cauchy Distribution: f (x) = s
2arctan( s

2 )
· 1

1+s2(x− 1
2 )

2 , ∀s > 2
√

3.

Notice that, although Proposition 2.3.1 in principle only induces non-monotone belief up-

dates around the extreme values, it does not necessarily mean that non-monotone learning and

anti-imitation can only happen in the long run. In Figure 1 we plot the transition function

n(·) under the example of (truncated) Cauchy distribution with a sufficiently high parameter

s = 23, which indeed has a very large decreasing region over (0, 1
2 ). In this case learning is non-

monotone as long as we are comparing two histories with the same last two actions that are

alternating, e.g., (A,A,B) versus (B,A,B), (A,A,A,B) versus (A,B,A,B), etc.

In fact, Proposition 2.3.1 does not require any particular shape of the underlying informa-

tion structure f (·) at the interior of its support. One nice implication is that we can construct

information structures satisfying Proposition 2.3.1 that is sufficiently close to any information

23For a generic density function g(·), we can always construct two different histories long enough that generate different posterior beliefs.
24For convenience we impose f (x) = f (1− x) on all the examples so that the two boundary conditions in Proposition 2.3.1 are satisfied

simultaneously. As a result some examples may violate differentiability at x = 1
2 , which does not affect the boundary conditions at all.
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Figure 1: An example of large decreasing region of the transition function(s)

structure of interest, which is summarized as the corollary below. In other words, a social

learning process that completes eventually can be well approximated in a way such that non-

monotone learning and anti-imitation are bound to happen at some point.

Corollary 2.3.1 For any information structure f (·) that satisfies Assumptions 1 to 3, there exists

a sequence of information structures { fk(·)}∞k=1 such that

1. for any x ∈ [0,1], lim
k→∞

fk(x) = f (x);25

2. for any k sufficiently large, learning is almost surely non-monotone under fk(·).

Proof. See Appendix.

3 Conclusion

In this paper we reconsider the standard social-learning model where agents act myopically

and share common preferences. We study how underlying information structures affect the
25 lim

k→∞
fk(x) = f (x) refers to point-wise convergence of the probability density functions (and thus the cumulative distribution functions),

so readers can interpret it as convergence in distribution, i.e., weak convergence, of the random variables (the private beliefs) behind.
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evolution of posterior beliefs as well as the behaviour of rational agents. We show that learning

is not always monotone: rational agents often form posterior beliefs that are non-monotone

with respect to the actions they observe. As a result, alongside the long-run herd behaviour that

has been well established by the existing literature, it is rational for agents to anti-imitate some

of the predecessors during the learning process.

We first look into a simple setting with binary private signals and two informational types of

agents, i.e., agents are either uninformed or informed by a private signal with certain precision.

Learning is non-monotone when the probability of being uninformed is sufficiently large or the

private signals are sufficiently precise. In particular, under such information structures, the third

agent as well as each agent after her always form posterior beliefs that are non-monotone with

respect to the action of the first agent. Consequently, some of them anti-imitate the first agent:

ceteris paribus, they are more likely to choose one action when the first agent has switched to

the opposite, even in the absence of any strategic concern or preference heterogeneity.

Next we consider a canonical setting with continuous private signals, particularly when the

signals have compact support which allows the possibility of positive tails. We establish a link

between (non-)monotone learning and (non-)monotone belief updates that have been studied

in the literature. A sufficient condition for non-monotone learning is obtained, which does

not depend on the general shape of the underlying information structure apart from a couple of

boundary requirements. This suggests that the information structures behind many social learn-

ing processes of interest may indeed be very close to those that induce non-monotone learning

and anti-imitative behaviour by rational agents. We are still in search for a tight condition for

non-monotone learning, and due to the lack of parametrization in the continuous setting, it

remains technically challenging and further work out of this paper is most welcome.

We treat this paper as an interesting contribution to the literature of social learning, where

the majority of existing work has been devoted to studying the efficiency of information aggre-

gation and the long-run behaviour of agents. Our work hopefully points out that, during the

learning process, rational agents may indeed act quite differently from what we might expect

based on the asymptotic outcomes we already know. It is clearly important as well to under-

stand the behavioural implications of rational social learning short of the limit, a lot of which

are still puzzling or at least cannot be simply deduced from the existing results.
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Appendix

Proof of Lemma 2.2.1. The first action a1 is either a random choice by the tie-breaking

assumption if agent 1 is an amateur or the same as σ1 if she is an expert. Hence by Bayes rule,

l2 = ln
Pr(a1|θ = B)
Pr(a1|θ = A)

=


ln r· 12+(1−r)·q

r· 12+(1−r)·(1−q) = M if a1 = B

ln r· 12+(1−r)·(1−q)
r· 12+(1−r)·q =−M if a1 = A

.

For all t ≥ 2, at+1 6= at implies agent t+1 must be an expert with σt+1 = at+1. Hence by Bayes rule,

lt+1 = ln
Pr(hhht = (a1,a2, . . . ,at ,at+1 6= at)|θ = B)
Pr(hhht = (a1,a2, . . . ,at ,at+1 6= at)|θ = A)

= lt + ln
Pr(at+1|θ = B)
Pr(at+1|θ = A)

=


lt + ln q

1−q = lt +H if at+1 = B

lt + ln 1−q
q = lt −H if at+1 = A

.

If at+1 = at and |lt | ≤ ln q
1−q = H, we know that agent t + 1 is either an amateur or an expert with

σt+1 = at+1. Hence by Bayes rule,

lt+1 = ln
Pr(hhht = (a1,a2, . . . ,at ,at+1 = at)|θ = B)
Pr(hhht = (a1,a2, . . . ,at ,at+1 = at)|θ = A)

= lt + ln
Pr(at+1 = at |θ = B, |lt | ≤ H)

Pr(at+1 = at |θ = A, |lt | ≤ H)
=


lt + ln r+(1−r)q

r+(1−r)(1−q) = lt +L if at+1 = B

lt + ln r+(1−r)(1−q)
r+(1−r)q = lt −L if at+1 = A

.

If at+1 = at but |lt | > ln q
1−q = H, agent t + 1 always follows agent t regardless of her type and her

private signal, hence the public belief remains unchanged.

Proof of Proposition 2.2.1. We prove the proposition in several steps.

Step 1: The posterior belief of agent 3 is anti-imitative of agent 1 if and only if H > 2M+L.

To see this, let us consider agent 3’s posterior belief after observing hhh2 = (A,B) or hhh′2 = (B,B):

l3 =−M+H and l′3 = M+L =⇒ l3 > l′3 iff H > 2M+L.

Due to the symmetric information structure of the private signals, the other comparison between
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h̃hh2 = (A,A) and h̃hh
′
2 = (B,A) will yield the same inequality: 26

l̃3 =−M−L and l̃′3 = M−H =⇒ l̃3 > l̃′3 iff H > 2M+L.

Hence the posterior belief of agent 3 is (always) anti-imitative of agent 1 if and only if H > 2M+L.

Step 2: The posterior belief of agent t > 3 is anti-imitative of agent 1 only if H > 2M+L.

Let us start with agent 4. By symmetry, we only focus on two comparisons: hhh3 = (A,B,B)

with hhh′3 = (B,B,B), h̃hh3 = (A,B,A) with h̃hh
′
3 = (B,B,A).

l4 = l3 +L, l′4 = l′3 +L

=⇒ l4 > l′4 iff l3 > l′3 iff H > 2M+L;

l̃4 = l3−H, l̃′4 = l′3−H

=⇒ l̃4 > l̃′4 iff l3 > l′3 iff H > 2M+L.

Hence H > 2M+L is necessary (and sufficient) for agent 4’s posterior belief to be anti-imitative

of agent 1. In fact we can see that, as long as each new action added to the histories updates

the posterior beliefs in exactly the same way, we do not need extra conditions for anti-imitative

beliefs of future agents. However the updates will differ when one posterior belief has absolute

value bigger than H but not the other, and we do need extra conditions to account for that.

Consider the earliest such instance: hhh4 = (A,B,B,B) with hhh′4 = (B,B,B,B). The posterior belief

after hhh4 is l5 = −M +H +2L = H +(2L−M) > H since it is easy to verify that L < M < 2L. Therefore

the only equilibrium history extended from hhh4 is hhht = (A,B,B,B, . . . ,B) for t ≥ 4 and the only valid

equilibrium history extended from hhh′4 to compare is hhh′t = (B,B,B,B, . . . ,B) for t ≥ 4. By Lemma

2.2.1 it is not difficult to calculate the corresponding lt+1 and l′t+1:

lt+1 = l5 = H +(2L−M), ∀t ≥ 4;

l′t+1 =


M+(t−1)L if 4≤ t ≤ k∗+1

M+ k∗L if t > k∗+1
,

26We will use the symmetric structure of the private signals to simplify certain proofs later as well, if possible.
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where k∗ ≡min{k ∈ N+|M+ kL > H}.27 Clearly, lt+1 > l′t+1 for every t ≥ 4 iff

H +(2L−M)> M+ k∗L⇐⇒ H > 2M+(k∗−2)L.

Note that H > 2M+L and M > L implies that k∗ ≥ 3, so this extra condition is not redundant.

Moreover, the same extra condition will be yielded if we compare two histories where the

actions herd on A rather than B eventually. For example, let us consider h̃hh4 = (A,A,A,A) and

h̃hh
′
4 = (B,A,A,A). By symmetry l̃′5 =−l5 <−H, hence the only equilibrium history extended from h̃hh

′
4

is h̃hh
′
t = (B,A,A,A, . . . ,A) for t ≥ 4 and the only valid equilibrium history extended from h̃hh4 to compare

is h̃hht = (A,A,A,A, . . . ,A) for t ≥ 4. By symmetry again,

l̃′t+1 =−lt+1 =−H− (2L−M), ∀t ≥ 4;

l̃t+1 =−l′t+1 =


−M− (t−1)L if 4≤ t ≤ k∗+1

−M− k∗L if t > k∗+1
,

where k∗ is the same as before. Clearly, l̃t+1 > l̃′t+1 for every t ≥ 4 iff

−M− k∗L >−H− (2L−M)⇐⇒ H > 2M+(k∗−2)L.

For a general pair of equilibrium histories that differ only in the first action, agents might

flip between A and B multiple times before a herd starts eventually. However, we do not need

other extra conditions to take care of them because, as argued earlier, all those action update

the posterior beliefs in exactly the same way. Therefore, the only condition required here, in

addition to H > 2M+L, is H > 2M+(k∗−2)L.

Step 3: lt+1 ≤ l′t+1 whenever hhht - hhh′t and a1 = a′1. 28

Take two histories hhht and hhh′t such that hhht - hhh′t and a1 = a′1. Denote τo ≥ 2 as the first period

where hhht and hhh′t differ and τ1 < t as the last period where they differ. Clearly lτo = l′τo as the

two histories are identical up to period τo−1 , and without loss of generality let us assume that

lτo = l′τo = y≥ 0.

27It takes (k∗−3) periods for l′t+1 to grow until beyond H.
28In the current setting with binary signals, learning cannot be non-monotone if two histories starting with the same action are in compar-

ison. This is perhaps not a desired consequence of the model setup, however the majority of the analysis can be reproduced as one can think
of the comparison between two histories whose first few actions coincide as having a potentially biased prior l1 6= 0 and then a1 6= a′1. Such
modelling limitation also disappears as we move to the later setting with continuous signals where initial actions are no longer critical.
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Now we take a look at the following part of the two histories, from period τo to period τ1+1:

(aτo , . . . ,aτ1 ,aτ1+1) = (A,aτo+1, . . . ,aτ1−1,A,aτ1+1),(a
′
τo , . . . ,a′

τ1 ,a′τ1+1) = (B,a′τo+1, . . . ,a
′
τ1−1,B,a

′
τ1+1).

Note that aτ1+1 and a′
τ1+1 are the same and there are strictly less B in (aτo , . . . ,aτ1) than in (a′τo , . . . ,a′

τ1).

Denote p as the number of A’s in (aτo , . . . ,aτ1) and q as the number of B’s in (aτo , . . . ,aτ1), as well as

p′ and q′ accordingly in (a′τo , . . . ,a′
τ1). Clearly p > p′ and q < q′.

Suppose aτ1+1 = a′
τ1+1 = B. By simple calculation we can get

lτ1+2 = y+(q− p+1)L < y+(q′− p′+1)L = l′
τ1+2.

Suppose aτ1+1 = a′
τ1+1 = A. By similar calculation we get

lτ1+2 = y+(q− p)L−H < y+(q′− p′)L−H = l′
τ1+2.

If t > τ1+1, we continue to have lt+1 < l′t+1 as the actions after period τ1+1 are identical between

the two histories.

Note that this result implies that only anti-imitative beliefs with respect to agent 1 are pos-

sible, so step 1 and 2 have covered all the possible cases of anti-imitative beliefs. We cover the

remaining cases of non-monotone learning in the next step.

Step 4: To get lt+1 > l′t+1 for hhht and hhh′t such that hhht - hhh′t and they differ in at least 2 actions, a

strictly stronger condition than H > 2M+L is required.

By step 3 we know that, to get lt+1 > l′t+1, a1 and a′1 must be different, i.e., a1 = A and a′1 = B.

Denote τ2 > 1 as the last period where ht and h′t differ. Denote p as the number of A’s in (a2, . . . ,aτ2)

and q as the number of B’s in (a2, . . . ,aτ2), as well as p′ and q′ accordingly in (a′2, . . . ,a
′
τ2). Clearly

p > p′ and q < q′.

Without loss of generality let us assume aτ2+1 = a′
τ2+1 = B. By simple calculation we have

lτ2+2 =−M+H +(q− p)L; l′
τ2+2 = M+(q′− p′+1)L

=⇒ lτ2+2 > l′
τ2+2 if and only if H > 2M+[2(p− p′)+1]L≥ 2M+3L.

The inequality above is clearly stronger than H > 2M + L. If t > τ2 + 1, we continue to have
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lt+1 > l′t+1 provided that a herd has not started in either history, or we need extra conditions to

take care of possible herds like we did in step 2. Hence we always need a strictly stronger

condition than H > 2M+L.

Finally we rewrite the inequality H > 2M+L in terms of r and q:

H > 2M+L ⇐⇒ ln
q

1−q
> 2ln

r · 1
2 +(1− r) ·q

r · 1
2 +(1− r) · (1−q)

+ ln
r+(1− r) ·q

r+(1− r) · (1−q)

⇐⇒ q
1−q

> [
r · 1

2 +(1− r) ·q
r · 1

2 +(1− r) · (1−q)
]2 · r+(1− r) ·q

r+(1− r) · (1−q)

⇐⇒ r3

2r(1− r)2 +(1− r)3
> 4q(1−q).

Note that this condition can indeed be satisfied by some admissible pair (r,q), for instance,

∀r ∈ [

√
5−1
2

,1), ∀q ∈ (
1
2
,1), r3

2r(1− r)2 +(1− r)3
≥ 1 > 4q(1−q).

Proof of Corollary 2.2.1. The first part was already proved in step 2 of the proof of Proposition

2.2.1. For the second part, clearly agent 2 will not anti-imitate agent 1 so let us consider two

equilibrium histories with length at least 2 that differ only in the first action. Without loss of

generality let us assume the last action of both histories is B, i.e., hhht = (A, . . . ,B),hhh′t = (B, . . . ,B), t ≥ 2.

If agent t + 1 is an amateur, she always follows her immediate predecessor and chooses B,

so an amateur cannot anti-imitate agent 1. If agent t + 1 is an expert, the only way to induce

anti-imitative behaviour of her is that lt+1 > H and l′t+1 ≤ H, in which case agent t + 1 always

chooses B after hhht but still follows her private signal σt+1 after l′t+1. Then unconditional on her

informational type, the probability of agent t +1 choosing B is,

Pr(at+1 = B|hhht) = r ·1+(1− r) ·1 = 1;

Pr(at+1 = B|hhh′t) = r ·1+(1− r) ·Pr(σt+1 = B|hhh′t) =
1+ r

2
< 1.

However, lt+1 never changes after period t +1 while l′t+1 will gradually increase until it exceeds

H according to Lemma 2.2.1, and there is no more behavioural difference for either type from

then on. The number of periods it takes for l′t+1 to increase until beyond H has been calculated
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in the proof of Proposition 2.2.1, which is at most k∗−3.

Proof of Lemma 2.3.1. Note that each agent t chooses at = B if and only if qt ≥ 1− pt . This is

because, due to the conditional independence between hhht−1 and σt ,

Pr(θ = B|hhht−1,σt)

Pr(θ = A|hhht−1,σt)
=

Pr(θ = B|hhht−1)Pr(θ = B|σt)

Pr(θ = A|hhht−1)Pr(θ = A|σt)
=

ptqt
(1− pt)(1−qt)

=⇒ Pr(θ = B|hhht−1,σt)≥ 0.5 iff ptqt
(1− pt)(1−qt)

≥ 1 iff qt ≥ 1− pt .

Therefore Definition 2 and 3 are clearly equivalent:

Pr(at+1 = B|hhht)−Pr(at+1 = B|hhh′t)> 0

⇐⇒ Pr(qt+1 ≥ 1− pt+1)−Pr(qt+1 ≥ 1− p′t+1)> 0

⇐⇒ Pr(qt+1 ∈ [1− pt+1,1− p′t+1))> 0

⇐⇒ pt+1 > p′t+1.

Proof of Lemma 2.3.2. The transition functions can be derived according to the decision rule

verified in the proof of Lemma 2.3.1. When at = A,

pt+1 ≡ Pr(θ = B|hhht) = Pr(θ = B|hhht−1,at = A)

=
Pr(at = A|θ = B,hhht−1)Pr(θ = B|hhht−1)

Pr(at = A|θ = B,hhht−1)Pr(θ = B|hhht−1)+Pr(at = A|θ = A,hhht−1)Pr(θ = A|hhht−1)

=
ptFB(1− pt)

ptFB(1− pt)+(1− pt)FA(1− pt)
.

When at = B,

pt+1 ≡ Pr(θ = B|hhht) = Pr(θ = B|hhht−1,at = B)

=
Pr(at = B|θ = B,hhht−1)Pr(θ = B|hhht−1)

Pr(at = B|θ = B,hhht−1)Pr(θ = B|hhht−1)+Pr(at = B|θ = A,hhht−1)Pr(θ = A|hhht−1)

=
pt [1−FB(1− pt)]

pt [1−FB(1− pt)]+(1− pt)[1−FA(1− pt)]
.
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Proof of Lemma 2.3.3. Suppose that m(·) and n(·) are both monotone, i.e.,

∀0≤ x≤ x′ ≤ 1, m(x′)≥ m(x) and n(x′)≥ n(x).

Let F be the set of all finite-order compositions of m(·) and n(·), i.e.,

F = ∪i≥1Fi, with F1 = {m,n} and Fi+1 = {m◦ f ,n◦ f |∀ f ∈Fi}text.

Obviously all functions in F are monotone: ∀ f ∈F , ∀0≤ x≤ x′ ≤ 1, f (x′)≥ f (x).

Now take any two histories hhht and hhh′t such that hhht - hhh′t and hhht 6= hhh′t . Let τ ≡max{τ ≤ t|aτ = A and

a′τ = B}. If τ = t, pt+1 < 1
2 < p′t+1 according to the overturning principle. If τ < t,

pτ+1 <
1
2
< p′

τ+1 by again the overturning principle;

aτ = a′τ , ∀τ < τ ≤ t =⇒∃ f ∈F s.t. pt+1 = f (pτ+1), p′t+1 = f (p′
τ+1).

Since f is monotone, pt+1 = f (pτ+1)≤ f (p′
τ+1) = p′t+1. Therefore learning is always monotone.

Proof of Claim 2.3.1. We first show that lim
x→0+

n(x) = 2
3 . According to the characterization of the

transition function n(·) in Lemma 2.3.2,

lim
x→0+

n(x)
1−n(x)

= lim
x→0+

x[1−FB(1− x)]
(1− x)[1−FA(1− x)]

.

Given that fθ (·) and thus Fθ (·) are continuously twice differentiable, Taylor expansion yields

1−FA(1− x) = 1−FA(1)+ fA(1)x−
lim

x→0+
f ′A(1− x)

2
x2 +O(x3) = f (1)x2 +O(x3);

1−FB(1− x) = 1−FB(1)+ fB(1)x+O(x2) = 2 f (1)x+O(x2).

Hence lim
x→0+

n(x)
1−n(x) = lim

x→0+
2 f (1)x2+O(x3)
f (1)x2+O(x3)

= 2 =⇒ lim
x→0+

n(x) = 2
3 . Similar derivation yields lim

x→1−
m(x) = 1

3 .

On the other hand, according to the characterization of n(·) and m(·) in Lemma 2.3.2, it is

obvious that lim
x→0+

m(x) = 0 and lim
x→1−

n(x) = 1. Therefore, if n(·) and m(·) are monotone, n(x) ∈ [2
3 ,1]

and m(x) ∈ [0, 1
3 ] for any x ∈ [0,1]. Notice that any posterior belief pt must be within the image of

n(·) or m(·), so pt /∈ (1
3 ,

2
3 ), ∀t > 1.
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Proof of Proposition 2.3.1. We first show that the boundary conditions stated in the proposi-

tion guarantee particularly decreasing transitions of the public beliefs at the boundaries, i.e.,

lim
x→0+

f ′(x)> 3 f (0) =⇒ lim
x→1−

dm(x)
dx

< 0;

lim
x→1−

f ′(x)<−3 f (1) =⇒ lim
x→0+

dn(x)
dx

< 0;

Notice that sgn[dm(x)
dx ] = sgn[

d( m(x)
1−m(x) )

dx ], and d( m(x)
1−m(x) )

dx can be derived according to Lemma 2.3.2:

lim
x→1−

d( m(x)
1−m(x) )

dx
= lim

x→1−
xFB(1− x)

(1− x)FA(1− x)
[

1
x(1− x)

− fB(1− x)
FB(1− x)

+
fA(1− x)
FA(1− x)

]

= lim
z→0+

FA(z)FB(z)+ z(1− z)[ fA(z)FB(z)−FA(z) fB(z)]
z2F2

A (z)
(with z≡ 1− x)

= lim
z→0+

FA(z)FB(z)+2z(1− z) f (z)[(1− z)FB(z)− zFA(z)]
z2F2

A (z)
.

To simplify the expressions later, let R ≡ f (0) > 0 and W ≡ lim
x→0+

f ′(x). Given the assumption of

twice differentiability of fθ (·), Taylor expansion yields that

f (z) = f (0)+ lim
z→0+

f ′(z)z+O(z2) = R+Wz+O(z2);

FA(z) = 0+ fA(0)z+
lim

z→0+
f ′A(z)

2
z2 +O(z3) = 2Rz+(W −R)z2 +O(z3);

FB(z) = 0+ fB(0)z+
lim

z→0+
f ′B(z)

2
z2 +

lim
z→0+

f ′′B (z)

6
z3 +O(z4) = Rz2 +

2
3

Wz3 +O(z4).

Substitute these into the expression for d( m(x)
1−m(x) )

dx ,

lim
x→1−

d( m(x)
1−m(x) )

dx
= lim

z→0+

FA(z)FB(z)+2z(1− z) f (z)[(1− z)FB(z)− zFA(z)]
z2F2

A (z)

= lim
z→0+

(R2− 1
3 RW )z4 +O(z5)

4R2z4 +O(z5)

=
3R−W

12R
< 0 since W

R
> 3 and R > 0.

Therefore lim
x→1−

dm(x)
dx < 0 when lim

x→0+
f ′(x) > 3 f (0), and by similar algebra it can be verified that

lim
x→0+

dn(x)
dx < 0 when lim

x→1−
f ′(x)<−3 f (1).

Moreover, by continuous differentiability of the transition functions m(·) and n(·),

∃ε > 0 s.t. ∀x ∈ (0,ε), dn(x)
dx

< 0; ∀x ∈ (1− ε,1), dm(x)
dx

< 0.
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Suppose θ = A. Consider two histories, hhht and hhh′t , such that

i. hhht - hhh′t and hhht 6= hhh′t ; ii. pt+1 6= p′t+1 and {pt+1, p′t+1} ⊂ (0,ε).

Such histories exist almost surely for t sufficient large, thanks to Lemma 2.3.4. If pt+1 > p′t+1,

learning is non-monotone by definition. If pt+1 < p′t+1, we can extend hhht and hhh′t by an action B,

i.e., hhht+1 = (hhht ,B) and hhh′t+1 = (hhh′t ,B). Now we have pt+2 = n(pt+1)> n(p′t+1) = p′t+2, so learning is again

non-monotone. The case for θ = B can be similarly proved by using the decreasing transition

m(·) and extending the pair of histories in comparison by an action A if necessary.

Proof of Corollary 2.3.1. For instance, construct

fk(x)≡ f (x)− 1
k
+

1
2k

bk(x)+
1
2k

bk(1− x),

where k ≥ max{ 1
inf

x∈(0,1)
f (x) ,1} and bk(x) ≡

x(1−x)k

B(2,1+k) is the probability density function of a Beta distri-

bution. Clearly, lim
k→∞

fk(x) = f (x) for any x ∈ [0,1], and fk(·) satisfies Assumption 1 to 3 since f (·)

does. Then according to Proposition 2.3.1, it suffices to verify that, for k sufficiently large,

lim
x→0+

d fk(x)
dx > 3 fk(0) and lim

x→1−
d fk(x)

dx < −3 fk(1). Note that, by Stirling’s approximation of the Beta

function, lim
x→0+

dbk(x)
dx = O(k2) and lim

x→1−
dbk(x)

dx =−O(k2) as k→ ∞. Hence, for k sufficiently large,

lim
x→0+

d[bk(x)+bk(1− x)]
dx

> 2k[3 f (0)− lim
x→0+

f ′(x)]−6;

lim
x→1−

d[bk(x)+bk(1− x)]
dx

<−2k[3 f (1)+ lim
x→1−

f ′(x)]+6.

Therefore we have

lim
x→0+

d fk(x)
dx

= lim
x→0+

f ′(x)+
1
2k

lim
x→0+

d[bk(x)+bk(1− x)]
dx

> lim
x→0+

f ′(x)+3 f (0)− lim
x→0+

f ′(x)− 3
k
= 3 fk(0);

lim
x→1−

d fk(x)
dx

= lim
x→1−

f ′(x)+
1
2k

lim
x→1−

d[bk(x)+bk(1− x)]
dx

< lim
x→1−

f ′(x)−3 f (1)− lim
x→1−

f ′(x)+
3
k
=−3 fk(1).
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