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Abstract

We study optimal capital taxation in a model with financial frictions, where the
distribution of wealth across heterogeneous entrepreneurs affects how efficiently
capital is used in the economy. The government sets linear taxes on wealth, con-
sumption, capital and labor income to maximize the steady state welfare of workers,
who own no wealth. In our setting, capital income taxes are particularly costly, be-
cause these taxes lead to a more inefficient allocation of capital and, ultimately, lower
aggregate total factor productivity. We model financial frictions as arising endoge-
nously as a result of an asymmetric information problem and find that the tightness
of financial frictions is affected by tax rates. In our setting, optimal tax rates can be
written as simple closed-form functions of pre-tax prices and parameters. We find
that the optimal total tax burden on entrepreneurs should be zero, even though the
government cares only about workers” welfare.

1 Introduction

This paper studies optimal redistributive capital taxation in a model where taxation af-
fects how efficiently capital is allocated in the economy. The vast literature on optimal
capital taxation in general equilibrium has typically analyzed models in which all physi-
cal capital is the same and the principal deadweight loss associated with capital taxation
is its negative effect on aggregate saving. However, critics of high rates of capital taxation
have long expressed concerns that it has harmful effects not only on the total level of
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investment in the economy, but also on the allocation of investment. For instance, Hayek
(1960, chap. 20) argues that the taxation of profits hinders the accumulation of wealth by
entrepreneurs who manage “successful new ventures", preventing these entrepreneurs
from investing further. As such, he argues that “the taxation of... profits, at [high] rates,
amounts to a heavy tax on that turnover of capital [between entrepreneurs] which is part
of the driving force of a progressive society." Relatedly, it is often argued that taxation
may affect incentives for entrepreneurs to take risks, implying that taxation may affect
the allocation of capital between more and less risky uses.'.

We analyze optimal linear capital taxation in a model which incorporates these issues.
In the model, there are two types of household: workers and entrepreneurs. All wealth
in the economy is held by entrepreneurs and the government sets tax rates to maximize
the welfare of workers, as in Judd (1985). As such, we incorporate the possibility that
taxing capital may be warranted for redistributive reasons. In the model, entrepreneurs
choose how much capital to allocate to a risky technology and how much to allocate
to a risk-free technology. Furthermore, entrepreneurs are heterogeneous in their total
factor productivity levels and lend to one another through financial markets, but these
markets are frictional due to an asymmetric information problem which we model ex-
plicitly. In particular, it is assumed that financial contracts must be written to encourage
entrepreneurs to truthfully report the value of their idiosyncratic shocks, rather than
to lie and divert funds to themselves (in a similar vein to e.g. Bernanke, Gertler and
Gilchrist, 1999). The effect of the financial friction is that entrepreneurs are limited in
their ability to borrow and are unable to fully diversify idiosyncratic risks. This dis-
courages them from allocating capital to the risky technology, which consequently has a
higher expected return than the risk-free technology in equilibrium.

Together, these modeling assumptions imply that taxes on capital affect how effi-
ciently capital is allocated in the economy. Taxes affect how much capital entrepreneurs
allocate to the risky and risk-free technologies. Furthermore, the financial friction limits
entrepreneurs’ abilities to borrow, implying that the amount of capital used by an en-
trepreneur is tied to her individual wealth. Since taxes affect the distribution of wealth,
they therefore affect how far capital is allocated to high-TFP and low-TFP entrepreneurs.
Finally, we allow for the possibility that entrepreneurs may choose to hide capital to
avoid taxes, rather than allocate it to production, creating an additional channel through
which taxation may affect the allocation of capital.

In our model, the government sets linear tax rates on capital income, wealth, labour
income and consumption. Capital income taxes (i.e. taxes on the return to capital) are
not equivalent to wealth taxes (i.e. taxes on the stock of capital) in our setting, unlike in
traditional models. This is because entrepreneurs of different TFP levels differ in their
rates of return to capital. As such, our model speaks to recent debates about whether
wealth should be taxed in addition to capital income (e.g. Saez and Zucman, 2019). Our

ISee Cullen and Gordon (2007) and Devereux (2009) and the citations therein.
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model is highly tractable and we can characterize the steady state values of aggregate
variables as closed form functions of prices, taxes and parameters.

For given prices, parameters and level of aggregate capital stock, we show that the
efficiency with which capital is allocated is strictly decreasing in the rates of tax on cap-
ital income and consumption. As such, increases in these taxes lead to lower output for
a given stock of capital and labour — they reduce the value of the Solow residual for the
aggregate economy. Higher capital income taxes lead to a more inefficient allocation of
capital because these taxes fall most heavily on entrepreneurs who have a high rate of
return to capital. As such, capital income taxes tend to reduce the share of wealth of
high TFP entrepreneurs, which also shifts the allocation of productive capital away from
these entrepreneurs (due to financial frictions). Additionally, both higher capital income
taxes and higher consumption taxes tend to worsen financial frictions by tightening the
borrowing constraints of entrepreneurs in our setting, an effect which, to our knowledge,
has not been previously studied. This effect occurs because higher values of these taxes
encourage entrepreneurs to divert funds to themselves all else equal, thereby reduc-
ing the maximum amount that they can borrow in an incentive compatible contract. By
tightening financial constraints, higher capital income and consumption taxes reduce the
amount of capital that high TFP entrepreneurs can use, and also mean that entrepreneurs
need to bear a greater share of the idiosyncratic risk of their projects, which discourages
them from putting capital into the risky technology and instead shifts capital to the low
return risk-free technology. The net effect of these mechanisms is that higher consump-
tion and capital income taxes shift capital away from high TFP entrepreneurs, and away
from the high return risky technology. As such, these taxes lead to a more inefficient
allocation of capital in the steady state.

Furthermore, we find that the steady state capital stock is lower when taxes on capital
income, consumption and wealth are higher. For capital income and wealth taxes, this is
primarily a consequence of the usual mechanism that taxes on capital discourage saving
and capital accumulation. However, for capital income taxes and consumption taxes,
there is an additional effect that higher taxes reduce the efficiency of capital allocation,
as mentioned above, thereby reducing the average return to capital and discouraging
capital accumulation. That consumption taxes discourage capital accumulation in our
model contrasts with the usual finding that these taxes do not distort capital accumula-
tion when financial frictions are absent (e.g. Coleman, 2000).

In our model, the optimal steady state tax rates (those that maximize the steady
state welfare of workers) can be written as simple closed form functions of prices and
parameters, as in the literature on the “sufficient statistics" approach to optimal taxation
(e.g. Piketty and Saez, 2013). We show that optimal steady state taxes on entrepreneurs
are zero on average. This result is in a similar style to those of Chamley (1986) and Judd
(1985) and occurs because the long run elasticity of the capital stock to capital tax rates
is infinity in our model, as in standard neoclassical models. At the same time, while



optimal steady state taxes on entrepreneurs are zero on average, we do not find that the
tax rates themselves are zero. Rather, we find conditions under which optimal steady
state taxes are strictly negative on capital income, weakly positive on wealth, and strictly
positive on consumption. The rationale for negative capital income taxes and positive
wealth taxes is that positive capital income taxes lead to a more inefficient allocation of
capital by falling heavily on high return uses of capital (as discussed above) but wealth
taxes do not, since a wealth tax taxes a dollar of capital at the same rate regardless

of whether or not it is put to a high return use.”

Negative capital income taxes are
desirable because they shift capital towards more high return uses. We calibrate the
model to data in the US national accounts and Survey of Consumer Finances. We find
that the calibrated model is able to match a risk premium on risky capital equal to the
equity premium in US data and produces a distribution of wealth at the top percentiles
that is similar US data. In the calibrated model, we find that the optimal steady state
capital income tax is -28%, the optimal steady state consumption tax is 28%, the optimal
steady state wealth tax is 0% and the optimal labor income tax is -3%.

These results suggest that taxing capital income may be relatively less desirable in
general than taxing either consumption or wealth due to the sizable negative effect of
capital income taxes on both aggregate saving and on the allocation of capital. Since
most countries today rely much more on capital income taxes than wealth taxes to raise
revenue, this begs the question of whether existing tax arrangements are far from op-
timal, or whether abstract features of our environment fail to capture the real-world
advantages of capital income taxes. Our model is quite general in a number of respects,
which argues for the relevance of our results. In particular, our optimal tax formulae
hold under weak assumptions about the production function, arbitrary autocorrelation
of entrepreneurs’ TFP levels over time, and a wide range of financial friction parameters
that allow for high or low levels of external finance and equity-like or debt-like financial
contracts. Nevertheless, to maintain analytical tractibility and simplicity of exposition,
our model is restrictive on a number of important dimensions. We restrict attention to
linear tax rates, assume logarithmic utility and constant returns to scale throughout and
do not allow for endogenous changes in entry into entrepreneurship. We also do not
consider bequests or aging. Finally, we do not consider the possibility of entrepreneurs
declaring income as either capital or labour income in order to reduce tax liability. Re-
laxing these assumptions is left to future work. While these many considerations will
doubtless affect the value of optimal taxes, the channels through which taxes affect the
allocation of capital in this paper will presumably continue to operate.

The remainder of this paper is structured as follows. The next subsection reviews
the recent related literature. Section 2 outlines the model assumptions. Section 3 derives
properties of the model equilibrium and steady state and shows how the steady state is

2This is the ‘Use it or Lose It’ effect of wealth taxation studied by Guvenen et al. (2019). We discuss this
closely related paper in more detail in the literature review below.



affected by tax rates. Section 4 derives formulae for the optimal tax rates and shows the
values of optimal taxes in the numerical calibration. Section 5 concludes.

Related literature. = This paper studies optimal taxation where aggregate output
depends on the allocation of capital across heterogeneous entrepreneurs, which is af-
fected by taxation. This is a relatively recent research avenue, with only a few papers
sharing the same broad framework. Three related papers study optimal policy analyt-
ically: Shourideh (2014), Evans (2015) and Itskhoki and Moll (2019). Compared to our
paper, the focus of Shourideh (2014) and Itskhoki and Moll (2019) is on different policy
issues.” Evans (2015) studies optimal dynamic linear capital and labor income taxation
in a model with persistent entrepreneurial productivity shocks. Compared to this paper,
we differ in focusing on the steady state, but allow for a wider range of tax instruments
and study the distinct effects of wealth, consumption and capital income taxes on the
allocation of capital. Moreover, we introduce a micro-founded financial friction that
changes endogenously in response to taxes. Finally, in our model, entrepreneurs have
access to a risky and a risk free technology, allowing us to study how taxation affects the
allocation of capital between more high risk and low risk uses.

Our paper is closely to related to work that studies the effects of taxation numerically
in models with entrepreneurs with heterogeneous productivity levels. Closest among
these to our paper is Guvenen et al. (2019), which numerically compares the merits of
optimal wealth taxes and optimal capital income taxes in a framework with heteroge-
neous entrepreneurs and financial frictions. Guvenen et al. (2019) show that wealth taxes
may lead to a greater efficiency of capital allocation than capital income taxes in such an
environment, since wealth taxes do not fall more heavily on agents who earn a higher re-
turn to capital. This effect also exists in our model, a key mechanism behind our finding
of negative optimal capital income taxes. Other related work in this literature includes
Cagetti and De Nardi (2009), Kitao (2008), Rotberg and Steinberg (2019) who study the
effect of changing estate, capital income and wealth taxes in related settings.

We differ from this literature in several ways. First, our model is analytically tractable
and we focus on analytical rather than numerical results, with the aim of making the in-
tuition behind the key mechanisms as transparent as possible and exploring the effects
of a wider range of tax policy changes. Second, we also study to study how taxation
affects the allocation of capital between high and low risk activities. Third, our financial
friction arises endogenously as a consequence of asymmetric information between en-
trepreneurs and financial intermediaries. This turns out to make a substantial difference
for our results because changes in taxes then lead to changes in the tightness of financial
frictions that entrepreneurs face. As such, our results highlight that the degree to which

3In Shourideh (2014) there are no workers or financial intermediaries and the planner redistributes
among entrepreneurs to insure against productivity risk. Itskhoki and Moll (2019) study whether govern-
ments in underdeveloped countries can accelerate economic development by market intervention, focusing
their analysis on taxes on workers rather than entrepreneurs.



financial markets are frictional may itself be affected by changes in taxes and that this is
of importance when considering optimal taxation.

Our paper also relates to Panousi and Reis (2014), Panousi and Reis (2019) and Phelan
(2019), who study optimal taxation in the presence of idiosyncratic investment risk.
In these two papers, unlike our setting, entrepreneurs do not differ in their expected
productivity levels and there is only one production technology, so the allocation of
capital does not itself affect aggregate output.

Lastly, our paper contributes to the wider literature on optimal capital taxation,
which generally focuses on the effect of capital taxation on aggregate capital accumula-
tion. The hallmark result of this literature is the Chamley (1986) and Judd (1985) claim
that in the long run it is optimal to set the capital income tax is zero. Recently, this result
has been revisited by Straub and Werning (2014), Benhabib and Szdke (2019) and Chen,
Chen and Yang (2019).

A large body of work has extended this result by generalizing the results of Chamley
and Judd to richer environments (see Chari and Kehoe, 1999 for a survey). Abo-Zaid
(2014), Biljanovska (2019) and Biljanovska and Vardoulakis (2019) have explored how
these results are affected in settings with reduced-form financial frictions while main-
taining the assumptions of Chamely and Judd that capital is homogeneous and there is
no idiosyncratic risk.

The rest of the paper is organized as follows. Section 2 outlines the assumptions of
the model. Section 3 discusses properties of the equilibrium of this model. Section 4
presents the government’s optimization problem and the optimal tax policy that results.
Section 5 concludes.

2 Model

In this section we describe our model economy and derive the conditions for equilibrium.

Environment = We consider a discrete time, infinite-horizon economy populated by two
types of agents: entrepreneurs and workers. There is a measure one of of entrepreneurs
and measure N of workers. In addition, there is a continuum of competitive final goods
producers, and a continuum of competitive financial intermediaries, which we refer to
as banks. Entrepreneurs own capital, while workers supply labor and live hand-to-
mouth. Entrepreneurs use their capital to produce intermediate goods, which they sell
to the final goods firms. In particular, each entrepreneur is the owner of two different
investment projects, which produce two different types of intermediate goods: she owns
a risky project, which produces ‘entrepreneurial” intermediate goods denoted by yg, and
she owns a risk-free project, which produces ‘standard” intermediate goods denoted by

4

yr. Both types of intermediate goods are sold to final goods firms.” Workers supply

4The device of having two separate types of intermediate goods is a simple way to allow entrepreneurs



labor to the final goods firms. The final goods firms use this labor and intermediate
goods to produce a final good. The government levies (possibly negative) taxes on the
agents and funds the fixed (exogenously given) level of government spending G.

Timing  Each period ¢t is divided into three sub-periods: morning, afternoon and
evening. In the morning, entrepreneurs buy and sell capital amongst themselves and
each entrepreneur freely divides her capital between her risky and her risk-free invest-
ment projects. In the afternoon, each entrepreneur draws an idiosyncratic shock which
affects the quantity of capital in her risky project and her two projects produce inter-
mediate goods. Entrepreneurs sell the intermediate goods they produce to final goods
firms. In the evening, the final goods firms use intermediate goods and labor to pro-
duce output of the final good, which is sold to households. Workers consume all of
the final goods that they purchase, while entrepreneurs divide their final goods between
consumption and investment for the next period. Existing capital depreciates at rate
0 € (0,1). At the end of the period, some agents die and new agents are born.

Technology of Entrepreneurs At the beginning of each period ¢, each entrepreneur
i is endowed with k;; > 0 units of capital. In the morning, before capital is traded,
newborn entrepreneurs draw a 6, ; from the ergodic discrete distribution g (6) given by

1—m if60=0
g@)=1qnm if =1 (1)
0 otherwise.

We refer to 6 as the entrepreneur’s ‘type’. At the start of each period, each continuing
entrepreneur has the same 0 as in the previous period with probability 1 — Ag and draws
a new 6 from the distribution g (0) with probability Ag.

After allocating capital between her risky and risk-free projects in the morning, the
entrepreneur draws a idiosyncratic shock €;; in the afternoon, which is independent
across time and across entrepreneurs. The shock €;; affects the stock of capital in the
entrepreneur’s risky project, so that an entrepreneur who allocates kg ;; to her risky
project in the morning of period t, and draws the shock €;;, has €; ;kg ; ; units of capital
in her risky project in the afternoon. As such, the risky project is risky, because the
quantity of capital in this project changes stochastically over time. We assume that each
entrepreneur’s €;; is drawn from a lognormal distribution H. In particular, we assume

that
2

€ =€+ (1—¢€)exp (qvéi,t - %) , (2)

where ¢;; ~ N(0,1) and ¢ is a parameter determining the variance of €. This assumption

to choose between allocating capital in a risky way or risk-free way. This is designed to capture the idea
that some investment projects are more risky than others and that capital owners must take into account
the risks associated with different projects when making investment decisions.
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implies that E[e;;] = 1 and Var(log(e;; — €)) = ¢*. The lowest possible realization of €
is €.

Each unit of capital in the risky project produces entrepreneurial intermediate goods
equal to the entrepreneur’s 6; ;. Therefore, if an entrepreneur with type 6;; allocates kg ; ;
to her risky project in the morning of period t, then in the afternoon the risky project has
€; tkp ;¢ units of capital, and produces 0; ;€; ;kg ;; units of entrepreneurial intermediate
goods. After allocating capital to her risky project, the entrepreneur is able to allocate
any remaining capital to her risk-free project, or to hide it in order to evade taxes.” Let
kr;: be the amount of capital entrepreneur i allocates to her risk-free project. In the
afternoon, her risk-free project produces an output of yr;; = kr;; standard intermediate
goods. Let krg;; denote the capital hidden by the entrepreneur at the start of period t.
This capital can be stored and used in the following period. In particular, each unit of
capital the entrepreneur hides at the start of period t can be transformed into 1 + r units
of capital the entrepreneur can use at the start of period t + 1, where r < 0.

In addition to producing intermediate goods, entrepreneurs are able to hide some of
the capital in their risky project after observing their shock €;; and converting it directly
into units of consumption.® In particular, instead of using units of capital in the risky
project to produce intermediate goods, an entrepreneur can convert one unit of capital
in the risky project into ¢ € (0,1) units of consumption. However, entrepreneurs cannot
hide units of capital in the risk-free project or hide intermediate goods. It will be shown
that, when taxes are set optimally, entrepreneurs will not choose to hide any units of
capital in equilibrium. However, the ability of entrepreneurs to hide units of capital
nevertheless affects allocations and optimal tax rates by creating frictions in financial
markets in the economy and providing a vehicle for entrepreneurs to avoid taxes, which
prevents the government from setting high tax rates.

The capital held by the entrepreneur i evolves from one period to the next according
to the law of motion:

kit1 = (1—=0)(eitkpir+krit —kmit) +Lig+ (1 4+1)krEir 3)

where [;; denotes the quantity of investment by the entrepreneur at the end of the
period. We let kp;; denote the quantity of capital the entrepreneur hides. The term
€; tkg iy appears in this equation because this is the quantity of capital in the risky project
that the entrepreneur has at the end of the period, if the entrepreneur does not hide any
capital.

Technology of Final Goods Firms = We assume that the final goods producer buys
entrepreneurial intermediate goods from the entrepreneur at price rg; per unit, and

5As will be discussed below, entrepreneurs do not pay taxes on the units of capital they hide.
®As we subsequently discuss, the realization of €;; is private information to the entrepreneurs, so they
are able to hide capital.



buys standard intermediate goods from the entrepreneur at price rr; per unit. Since an
entrepreneur’s output of standard intermediate goods is yr;; = kr;;, a consequence of
this is that rr; is the market rate of return to capital in risk-free projects per period. The
final goods producer also hires workers at wage rate w;. The representative final goods
producer produces final output according to the production function

Y, =F (yglt, YE,, N) ,

where Y; is the aggregate final output per period, N is aggregate labor, Yg,t is aggre-
gate input of the entrepreneurial intermediate good and ng,t is aggregate input of the
standard intermediate good. We assume that F is concave and strictly increasing in all
arguments, and satisfies the Inada conditions.

Demographics At the end of each period fraction ¢y € (0,1) of entrepreneurs and
workers die. They are replaced by an equal measure of newborn entrepreneurs and
newborn workers. An agent’s occupation as entrepreneur or worker is fixed exogenously
from birth and never changes. The capital of dead entrepreneurs is redistributed equally
between newborn entrepreneurs, so that each newborn entrepreneur i starts period ¢
with capital k;; = K;, where K; is the aggregate capital stock at the start of period ¢,
which is also equal to the average capital per entrepreneur. Workers are born with no
wealth and live hand-to-mouth every period.”

Preferences  Each worker has a constant labor endowment n = 1 which he supplies
inelastically. Entrepreneurs do not work. The consumption of an entrepreneur i is
denoted c;; and the consumption of a worker is denoted cy ;. Workers are identical and
so each will have the same consumption. A worker born in period ¢ values his future
consumption stream according to: 3% (1 — o) (1 =) u(cn,ivj), where u is a strictly
increasing function. An entrepreneur born in period ¢ values her future consumption
stream according to 3% (1 — o) (1 =) U(ci 1) and we assume that the entrepreneur’s
utility function satisfies U(c) = log(c).

Government The government sets four different types of tax: a consumption tax 7c ,
a labor income tax Ty, a capital income tax 7x ; and a wealth tax Ty ; per period. Any of
these tax rates can be negative. The government has to finance exogenous expenditure G,
and must balance its budget every period. Taxes are paid in the evening and government
spending also takes place in the evening. The government is not allowed to trade in

"Provided that workers are born with no wealth, the assumption that they live hand-to-mouth is not
critical for the formal results. If we instead allowed workers to hold risk-free bonds earning the risk-free
interest rate, they would always choose to hold zero wealth in the steady state, because the steady state
risk-free rate is lower than the discount rate m — 1. Therefore, all the steady state results derived
below under the assumption that workers live hand-to-mouth would carry through to this alternative
case, and steady state optimal taxes would be unchanged.



financial assets at any time. The government’s budget constraint each period is

G = TngweN + T (rEsYE, + 17t YEr — 8 (K — K7 )
+ Twt(Ke — Krgt) + 70t (Ct — Cht)- (4)

It is instructive to examine the right hand side term by term. The labor income tax
revenue is simply Ty ;w;N. The total gross capital income earned by entrepreneurs each
period is equal to the total revenue they earn by selling intermediate goods, ”E,tY}g,t +
rp,tYﬁt. The government taxes their capital income at rate 7x, after deducting for de-
preciation. The total private wealth of the economy at the start of each period is the
total capital held by entrepreneurs, K;. The government taxes this at rate Tyy;. At the
same time, it is assumed that capital that is hidden by entrepreneurs in the morning
cannot be taxed by the government. The consequence is that government revenue from
the wealth tax is proportional to aggregate capital K;, net of aggregate capital hidden
by the entrepreneurs in the morning Krg;. Finally, all agents pay the tax 7c in propor-
tion to their consumption. As such, government revenue from the consumption tax is
equal to aggregate consumption C;, net of the consumption Cp; which is generated by
entrepreneurs from hiding capital, since this consumption cannot be taxed. We show
below that Cp is always zero in the steady state if the tax policy is set optimally.

Financial Markets = Entrepreneurs may fund capital purchases each morning by writ-
ing one-period state-contingent financial contracts with banks. We assume that banks
are risk neutral and perfectly competitive and live for only one period each, so they have
no interest in multi-period financial contracts. New banks are created at the start of
each period. The financial market opens immediately after each entrepreneur’s ability
0; ; is revealed. If she writes a financial contract with the bank, the entrepreneur receives
from the bank some quantity b; ; (possibly negative) in the morning and in exchange she
agrees to return to the bank the quantity b; ; (possibly negative) at the end of the period,
where Ei,t may depend on the realization of the entrepreneur’s shock €;;. In this way,
financial contracts function as a within-period loan for entrepreneurs, and entrepreneurs
can also use them to insure themselves against the idiosyncratic risk associated with the
shock €;;. We refer to an entrepreneur as a borrower if she chooses b;; > 0 and a saver
if she chooses b;; < 0.

It is convenient to write the entrepreneur’s choices of b; ; and Bi,t as policy functions of
the relevant state variables. In general, an entrepreneur’s choice of b; ; will depend on her
ability 0;;, her start of period capital k;; and the aggregate state of the economy, which
we label X;. Therefore, abusing notation slightly, we write b;; = b(0;;,k;;, X;). Likewise,
we write Ei,t = E(Gi/t, kit €it, Xt), since Ei,t will depend on the variables 0;;, k; ;, X;, as well
as the shock €;;.

Since banks are risk-neutral, perfectly competitive and profit maximizing, a bank
will agree to a financial contract written by an entrepreneur if and only if the financial

10



contract delivers it non-negative profits in expectation at the end of the period. As such,
banks will only lend to entrepreneurs in the morning if the expected return on the loan
in the evening is equal to the market risk-free rate. This implies the following constraint

/ B (ki,t/ Qi,tl €, Xt) dH (€) Z RF,tb (ki,t/ Oi,t/ Xt) ’ (5)
€

where Rr; denotes the gross market risk-free rate of interest per period. Since en-
trepreneurs have no desire to pay the banks more than is necessary, the inequality (5)
will be satisfied with equality. The consequence is that banks make exactly zero profits

in equilibrium.8

Budget Constraints =~ Workers live hand-to-mouth. Thus, the consumption of each
worker satisfies

en(I4+10r) = wi(1—Tvy)- (6)

In the morning of each period the entrepreneur may buy and sell capital, divide her
capital between a risky and risk-free project, hide some capital and write a financial
contract with a bank. Her choices in the morning must satisfy the budget constraint

keit+krir+kreir = kis+Dbis (7)

After receiving the €;; shock, the entrepreneur chooses how many units (if any) of
capital in the risky project to hide. We let kp;; denotes the quantity of capital the
entrepreneur hides in the afternoon. In the evening, the entrepreneur chooses how
much to consume, which we denote by c;;, and how much to invest, I;;. Capital hidden
in the afternoon is transformed into cp;; units of consumption. Finally, in the evening
the entrepreneur repays the bank Bi,t (or is paid by the bank if lA?i,t < 0) and pays her taxes
to the government. Consequently, in the evening the entrepreneur’s budget constraint is

(T+1es)(cip —crip) + L+ by = (1—tk) (FEaYE + TEidYFit)
+ txO(€itkEir +krit) — Tw(eikgis +krir), (8)

where cp ;s YE+ Y i ¢ Satisfy

CHit = Pkt 9)
YEr = 9i,t€z’,tkE,i,t (10)
yrit = kris (11)

8Since banks make zero profits, it makes no difference to the equilibrium behavior of the economy who
owns the banks. We may assume that they are owned either by workers or by entrepreneurs.
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It is convenient to define the entrepreneur’s end-of-period resources w; ; as

(I+tc)wiy = (M+7c)cmis—bis+ (1 —1k) (PEAYELt + TFitYEit)
+ (1-0(1—1«)—tw) (€itkpir+krit)
— (1=0)kpit+ (1 +71)krE,is (12)

Then, using the capital accumulation equation (3), the entrepreneur’s evening budget
constraint can be re-written as

k.
Cit + il AR Wi ¢ (13)

We can write the entrepreneur’s decisions as policy functions of the relevant variables, as

was done in the previous section for b;; and lf)i,t. That is, we define the capital functions

ke (ki,t/ gi,t/ Xt) = kE,i,t/ kF(ki,t/ 9i,tl Xt) = kF,i,tr krg (ki,i’/ 9i,t/ Xt) = kTE,i,t/ kH(ki,t/ Gi,tl Xf) =

kg i 1, consumption and investment functions c(k; ¢, 0; ¢, €it, X¢) = ciy, cu(kit, 0ir €ir, Xi) =
it 1(Kkit, 0it, €t Xi) = Iy, output functions ye(ki¢, 0;t, €1, Xt) = YEit, YF(Kit, Oirs €1, Xi) =
yeit, and the cash-on-hand function w(k;¢, 0it,€it, Xt) = wi;. Furthermore, we let

k' (ki 0;1,€i 1, X¢) denote the choice of k; ;1.

Agency Friction = During the period, an entrepreneur’s realization of €, the quantity of
capital in the risky sector she hides, her end-of-period investment and the consumption
she obtains from converting hidden capital are all private information. In particular,
after observing the shock €, an entrepreneur can choose to honestly report the amount
of capital she has in the risky sector, but she can also lie by under-reporting the amount
of capital she has and hiding more capital than she admits to. However, the quantity of
capital allocated to the entrepreneur’s projects initially, and the quantity of intermediate
goods she produces are assumed to be public information.’

When an entrepreneur writes a financial contract in the morning, the market will
expect the entrepreneur to repay b(k;,, 0;,€;, X;) in the evening, given her realization of
€. In equilibrium, the market must be correct in expecting this, and so the entrepreneur
must have an incentive to repay this amount, rather than lying about € and repaying too
little. Therefore, it is without loss of generality to restrict attention to contracts where
the entrepreneur honestly reports her €, and pays the promised amount b(k;;, 6; 1, €; 1, X;).
Such a contract is only incentive compatible if it is optimal for the entrepreneur to report
€ honestly, rather than lying by reporting some é # € and hiding more (or fewer) units
of capital than she admits to. The entrepreneur will be tempted to lie about € only
if doing so increases her available resources for consumption and/or her next period
capital, which will be true if and only if by lying she is able to increase her end of period

In the extreme case ¢ = 0 there would be no informational friction, since the entrepreneur has no
incentive to hide capital.
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wj ;. This gives rise to the following incentive compatibility constraint
w(k,8,e,X) > w(k,0,é X)+ ¢ke(k,0,X)(e — &), (14)
for any € and € > 0 satisfying
ye(k, 0,6, X) <yg(k,6,¢e X). (15)

This constraint arises from the fact that an entrepreneur who reports é # € will find
herself with kg(k,6, X)(e — é) more units of capital than she claimed to have, which
she can hide and then transform into ¢kr(k, 6, X)(e — €) units of consumption. In that
case, her end of period cash-on-hand will be the amount w(k,6,é, X) prescribed by
the contract if she drew €, plus the value of the extra consumption she produces from
the hidden entrepreneurial intermediate goods. For truth telling to be optimal, this
must be less than the end of period cash-on-hand she would obtain from reporting
truthfully, w(k, 6, €, X). This incentive compatibility constraint need only be satisfied for
€ consistent with equation (15) because the entrepreneur cannot convincingly claim to
have an é so high that the contract would mandate her delivering more intermediate
goods to the final goods producer than she has actually produced.'

Entrepreneur’s Optimization Problem We write the entrepreneur’s optimization
problem recursively. Let V(k,6,X) denote the continuation value of the entrepreneur
who starts the period with capital k and draws ability 8, when the aggregate state is X.
Then, the entrepreneur’s optimization problem is to choose functions kg (-), kr(-), kre(-),

kr(+), b(-), b(-), c(-), e (-), I(-), ye(), ye(-), w(:) and K'(-) to solve

V(k,6,X) = sup /€>0 (log(c(k,f),e,X))

+(1—MO—WEPKVWﬁaXL%XU

4)dH@L (16)

subject to the budget constraints (7) and (8), the law of motion for capital (3), the pro-
duction functions for cy in (9), yg in (10) and yr in (11), the definition of w in (12), the
incentive compatibility constraint (14), the break-even condition for the banks (5), and
the non-negativity conditions kg(-) > 0, kg(-) > 0, kg(-) > 0, ¢(-) > 0, cy(:) > O,
I(-) +kre(-) > 0,ye(-) >0, yr(-) 20, w(-) > 0 and kK'(-) > 0./

10She cannot do this because sales to the final goods producer are publicly observed.

"We do not impose the constraint cy(+) < ¢(-) for the entrepreneur, although we do impose Cy ; < C; in
the aggregate in equation (18). To not impose cy(-) < ¢(+) is justified if the entrepreneur is able to covertly
sell the consumption goods generated from hidden capital to other entrepreneurs and/or workers, which
would allow the entrepreneur to choose cy(-) > c(-). Regardless, we conjecture that this assumption is
of no consequence in practice, because the constraint ¢y () < ¢(-) would not bind at realistic parameter
values even if it were imposed.

12The restriction I(-) + krg(-) > 0 amounts to the assumption that the entrepreneur could sell hidden
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Here, by having the entrepreneur choose the functions b(-) and b(-) subject to the in-
centive compatibility constraint and break-even condition for the bank, we are assuming
that the entrepreneur designs a financial contract and proposes it to a bank. The bank
accepts provided that the contract is incentive compatible and the bank breaks even in
expectation.

Aggregation and Market Clearing  The aggregate level of consumption C; and of Cg
satisfy

C: = News+ / i di (17)
1

Chs = [enidi < Cr (18)
1

The aggregate levels of capital devoted to each use satisfy

Ky = i ki ydi (19)
Kgr = i ke i pdi (20)
Kr: = i kr;di (21)

Krey = l_ krE,isdi (22)
Kp: = kg ; pdi. (23)

In each period, the asset market must clear. This requires that the net amount banks
lend to entrepreneurs must equal zero

/ bidi = 0. (24)
1
The market for intermediate goods of each type must clear each period

YE, = [ygdi (25)

YE, = [ypdi. (26)

The first order conditions of the representative final goods producer imply that the (be-

capital at the end of the period in order to finance investment.
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fore tax) returns on capital and wage rate are given by:

ree = By (Y2, YELN) (27)
ree = By, (YER Y2 N) (28)
w = By (YE, YELN). (29)

The final goods market clearing condition then follows by Walras’ law'®

Ci+Kiy1 +G = F(Yet, Yei, N) +(1—06) (Ke — Krpt — K p) + (1+1) Kre ¢ + CH30)
Equilibrium  We are now in the position to define an equilibrium for our model
economy.

Definition 1. For a given sequence of tax rates {Tw ¢, Tk t, TCt, TNt } s A1 equilibrium E of
this economy is a sequence of prices {rg, 1y, Wtk o, policy functions giving entrepreneurs’
decisions, a sequence of worker consumption {cn;}i>, and a sequence of aggregate variables
{Ct, Crr,t, Kt, Ket, Kty KrE, 8, Kip g Yo, Y2, YR Y52 such that:

1. The government'’s budget constraint (4) is balanced every period.'*
2. Worker consumption satisfies (6).
3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s problem (16).

4. {Ct,Chy, Kt, K t, Kp g, KE1, Kpip 5o Tepresent the aggregate of agents’ decisions given
by equations (17)-(23).

5. The asset market clears, according to equation (24).
6. The markets for intermediate goods clear, according to equations (25) and (26).

7. Prices of intermediate goods rg; and rr;, and wages w; are determined by the first order
conditions of the final goods firms (27)-(29).

13Tn particular, the goods market clearing condition can be obtained by summing the budget constraints
of workers, entrepreneurs and government, substituting the other market clearing conditions, aggregation
conditions and first order conditions of the final goods firm and using that F displays constant returns to
scale.

4Naturally only some sequences of tax rates { Ty , Tk t, Tc t, TNt }po o Will be consistent with this condi-
tion and, therefore, with existence of an equilibrium.
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3 Properties of the Model Equilibrium

In this section, we characterize the optimal decisions of entrepreneurs in the model and
the aggregate steady state. We derive comparative static results for how aggregate steady
state variables change in response to changes in taxes.

3.1 Entrepreneur’s Optimal Decisions

We now solve the entrepreneur’s optimization problem in (16). To simplify the problem,
note first that all the entrepreneur ultimately cares about this period is her level of
consumption ¢ and her level of capital for the next period, k’. These are the only variables
over which she has influence that enter directly into the entrepreneur’s Bellman equation
in (16). Now, the level of ¢ and k' that the entrepreneur can afford at the end of the
period depend solely on her total resources w at the end of the period, according to the
equation (13). That is, her within-period choices of how much capital to put into each
project, how much to borrow and how much capital to hide only impact on the level
of ¢ and k' she can afford insofar as they affect the w she will have at the end of the
period. Therefore, we can split the entrepreneur’s problem into a within-period choice
of trying to achieve a high value of w, and a between period choice of how to divide
her resources w between consumption and next-period capital. To this end, let V(w, X)
denote the value in the evening of a period of an entrepreneur with resources w, who is
yet to divide her resources between consumption and next period capital. Then, we can
write the entrepreneur’s between period problem recursively as:

V(w,X) = sup (log(c) +(1—p)(1—79)E {V(k’, g, x’)] ) (31)

c,k'>0

k/
s.t. ¢+ Tt w. (32)
The entrepreneur’s recursive within period problem is to choose non-negative func-
tions kg (k,0, X), kp(k,0,X), krE(k,0,X), ki (k, 0, X), w(k,0,€, X) and functions b(k, 0, X)

and b (k,0,€,X) to solve:

V(k, 6, X) = sup / V(w,X)dH(e), (33)
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subject to the constraints:

ke +kp+krg = k+0b (34)
/e bdH (¢) = Rgb (35)
(1+1c)w = (1471)pky —b (k0,6 X)+ (1 — %) (rpebkg + rrkr)

+ (1-6(1—1%)— W) (€kg + ki)
— (1=08)ku+ (1 +71)krg (36)
w(k0,e,X) > w(k06,¢éX)+ pkp(e —é€), (37)

for any € and € > 0 satisfying:

fékr < Oekg. (38)

The constraints (34), (35), (36) and (37) are simply the equations (7), (5), (12) and (14),
respectively, where we substituted in the equations (9), (10) and(11) to eliminate Cy, yr
and yr.

The constant returns to scale assumptions on the entrepreneur’s technology for pro-
ducing intermediate goods means that the value function must take a particular form,
as shown in the following lemma. This considerably simplifies the solution to the en-
trepreneur’s problem.

Lemma 1. There exists a function V (0, X) such that, for any k, 0 and X,

E {V(k, 6, X)

_ log(k)
k,G,X} =V(0,X) + 7= e

Proof. See Appendix A.1. O

Using Lemma 1, the solution to the between period problem can be found immedi-
ately by taking the first order condition
1 _ (A=-p(=-9) 1

(I+t)w—kK 1-(1—-p)(1—7)k"’

and combining it with equation (32) to conclude that the entrepreneur chooses

¢ = 1-(1-p)(1-7))w (39)
K= (1+%)1-p)1-7)w. (40)
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Substituting these choices into the Bellman equation (31), we have that

V(wx)=— 8@ en 1))

1-(1-p)(1—1)
(1-p)(1=7)log((1+1c)(1-p)(1—17))
1-(1=p)(1—17)
+ (1=p)(1=7)E[V(8,X)]. (41)

This completes the solution of the between period problem.

To solve the within period problem, we first take the first order approach to the
incentive compatibility constraint."> In particular, we can replace the equation (37) with
the associated first order condition for the choice of €, evaluated at the honest report
E€=c¢

dw(k,0,€ X)
0é
Integrating with respect to €, it follows that there must exist some function w(k, 6, X)
such that:

= pke(k, 0, X).

w(k,0,e,X)=w(k6,X)+ ¢pke(k, 0, X)e. (42)

Thus, the entrepreneur’s end-of-period resources w must linearly increase with ¢,
so that it is optimal for her to report her € honestly, rather than under-reporting e,
hiding some capital, and converting it into units of consumption. Note that the more an
entrepreneur’s end-of-period resources are sensitive to €, the more risk the entrepreneur
faces. Since the entrepreneur has log utility, she is risk averse. On the other hand, the
bank is risk neutral. Therefore, in the absence of agency frictions, the entrepreneur and
bank would prefer a contract in which the bank took all the risk and the entrepreneur’s
w was independent of €. The agency friction prevents this, leading the entrepreneur to
face the level of risk implied by the equation (42).

To simplify the within period problem further, note that during the period t the
entrepreneur can do four different activities each of which yields a riskless return to
her capital. First, she can hide capital at the beginning of the period. Second, she
can sell capital and lend to a bank, setting b < 0. The bank’s break even condition
(35) implies that the bank would be willing to borrow from her and pay back the risk-
free gross interest rate of Rr at the end of the period, for each unit lent to the bank.
Third, the entrepreneur can allocate capital to her risk-free project and sell the output
of this to the final goods firms. Fourth, the entrepreneur can hide her capital after
observing ¢ and transform it into units of consumption. Lemma 2 below establishes that,
for the asset market and market for standard intermediate goods to be in equilibrium,
the entrepreneur’s return from lending to the bank must be identical to the return she

I5A proof that the first order approach provides the correct solution to this problem is available upon
request.
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obtains from hiding capital in the beginning of the period and allocating capital to her
risk-free project and must be the same or greater than the return from hiding capital
after observing the realization of e. The consequence is that the entrepreneur will weakly
prefer to lend to the bank over all other risk-free activities.

Lemma 2. In an equilibrium of the economy, it must hold every period that
Rr = 1+£:1+[(1—TK)(1’F—5)—Tw]Z4)(1—|—Tc). (43)

In equilibrium, all entrepreneurs are indifferent over their choices of the level of kr. If the inequal-
ity in (43) is strict, all entrepreneurs strictly prefer to set kg = 0. If the inequality in (43) holds
with equality, entrepreneurs will be indifferent over the level they choose of k.

Proof. See Appendix A.2. O

Equation (43) establishes that in a equilibrium of the economy each entrepreneur is
indifferent between hiding capital in the beginning of the period, allocating capital to her
risk-free project (and selling the intermediate goods that result) and lending to a bank. If
¢ is sufficiently high, an entrepreneur may also be indifferent between these and hiding
capital after observing the realization of €. On the other hand, if the inequality in (43) is
strict, the entrepreneur will choose to hide no capital in the middle of the period.

Given that the entrepreneur weakly prefers to lend to the bank than the other risk-free
activities, we can solve her optimization problem under the assumption that she chooses
kte = kr = kg = 0, with the understanding that in equilibrium some entrepreneurs may
borrow from banks to engage in these other risk-free activities, to the extent needed to
clear markets. Combining the rewritten incentive compatibility constraint (42) with the
definition of w in (36), and integrating with respect to € using that ktg = kr = kg =
cg = 0 and E[e] = 1, reveals that w(-) must satisfy

(1 + Tc)(g+ (PkE) = (1 - 5(1 — TK) — TW)kE + (1 - TK)I’EQkE - /el;(k, 0,¢, X) dH (6) .

Combining this with the bank zero profit condition (35) and the budget constraint (34)
and rearranging gives

(1 + Tc)g = (1 — 5(1 — TK) — W — (P(l + Tc))kE + (1 — TK)TEQkE + Rp(k — kE) (44)

Using equations (41), (42) and (44), we can rewrite the entrepreneur’s within period
problem more compactly. The entrepreneur seeks to choose functions kg(-) and w(-) to
solve:

sup/log(g—l— ¢pekp)dH (e), (45)
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subject to the constraints:

I+tw)w = [1-6(1—t%)—Tw—¢(1+7)+ (1 —tk)re8 — Re] ke + Rpk  (46)
kg > (47)
w + pekp > (43)

Here, we used that the only part of V in (41) which depends on the entrepreneur’s deci-
log(w)
L 1-(1-p)(1-7) _ ‘ _
to maximizing the expected value of this term. The constraint (48) arises because the

sions is the term . Therefore, maximizing the expected value of V amounts
minimum value of € is € > 0 so, the entrepreneur can be sure of non-negative consump-
tion if and only if w + pekk.

Now, we note that, in an equilibrium of this economy, it must be that the price of
entrepreneurial intermediate goods is sufficiently low that entrepreneurs do not wish to
produce and sell infinite quantities of entrepreneurial intermediate goods. This condi-
tion is contained in the following lemma.

Lemma 3. In an equilibrium of the economy, it must be the case every period that:

1—5(1—’([()—Tw—l—(l—TK)aTE—(P(l—{—Tc)—RF < 0 (49)

Proof. See Appendix A.3. O

The entrepreneur’s optimization problem (45) amounts to determining the optimal
choice of kg. This is simply a problem of a trade-off between risk and return. Choosing
higher kg increases the variance of w, since w = w + ¢ekg, but higher kr may carry a
higher expected return. The optimal decision rule of the entrepreneur can be written
more compactly in terms of after-tax prices which we define as follows

- _ re (1 — TK)
P = o T (50)
_ re (1 —1x)

= — 7 1
E 1+ (51)
. 5(1—TK)—|—TW 1—Rg -

= = . 52
P 14 1¢ (1+Tc)+rp (52)

Then, the entrepreneur’s within-period problem is to to choose functions kg (k, 6, X)
and w(k, 0, X) to solve:

sup/log(g—l— ¢peke)dH(e), (53)
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subject to the constraints:

w = (_¢+?E9_?F)kE+(1—1—1Tc_ﬁ+?F)k (54)
ke > (55)
w + pekp > (56)

3.2 Continuous Time Limit

To describe the environment, the equilibrium conditions and to simplify the contracting
problem between the entrepreneurs and banks it was natural to make the assumption
of discrete time. In the remainder of the paper, which is devoted to characterizing the
entrepreneur’s optimal decision rule, the steady state of the economy, and to solving for
the optimal taxes, it is more convenient to work in continuous time. We formally derive
a continuous-time version of our discrete-time model in Appendix B. There, we assume
that each period is of length A and obtain solutions to the entrepreneur’s problem and
characterize the steady state of the economy. We then take the limit as A goes to zero.
This leads to the following optimal decision rule for the entrepreneur in the continuous-
time version of the model.

Proposition 1. In equilibrium, the entrepreneur’s problem has a unique solution which depends
continuously on the parameters. The entrepreneur’s optimal choices are:

k : 0rg — 7r } }
ke = X max<{ 0;min{ ———;1 57
e M L e 7 ©7
¢ = P+ (58)

dk = [(1 + Tc) (171: — ﬁ) k + (1 + Tc) (kE (917]3 — 771:) — C)] dt
+heg (14 7¢) (1 €) gdW (59)

where dW is the difference of a standard Brownian motion.

Proof. See Appendix B.4. O

As such, the solution to the entrepreneur’s optimization problem implies that if the
after-tax expected return on the risky project 67 is lower than the after-tax risk-free net
return on the risk-free project 7r, then it is optimal for the entrepreneur to set kp = 0
and either hide all capital in the beginning of the period, or allocate all her capital to her
risk-free project, or sell it and use the revenue from the sale to lend to a bank. If the after-
tax excess return from investing the risky project is positive, i.e. 87 — 7r > 0, then the
entrepreneur allocates an amount of capital to her risky project which is proportional to
her initial capital k. As in many other models with financial market frictions, it therefore
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follows that the allocation of capital in the economy depends on the wealth distribution
across entrepreneurs — capital is not necessarily allocated to its most productive uses.
If the after-tax excess return from investing the risky project is sufficiently high, the
entrepreneur will choose the largest kg that guarantees non-negative consumption under
the lowest possible realization of e.

Unsurprisingly, all else equal, a richer entrepreneur invests more in her risky project.
Furthermore, entrepreneurs invest more in risky projects and less in risk-free projects
when: (i) the after-tax return to risky projects is relatively higher (i.e. higher 7g), (ii)
the after-tax return to risk-free projects is relatively lower (lower 7r) or (iii) the agency
friction is less severe (i.e. lower ¢).

3.3 Aggregate Steady State

In this section, we formally characterize a steady state of the model. We derive compara-
tive static results for how aggregate steady state variables change in response to changes
in taxes. In Section 4 below, we use these results to derive the government’s optimal
steady state tax policy. We define a steady state as follows:

Definition 2. A steady state .7 of the economy is a set of values of tax rates { T}y, T%, T&, T }
prices {ry, %, w*}, aggregate variables {K*, K%, C*,Y2*,Ye*} and an equilibrium & in which
all tax rates, prices and aggregate variables are equal to these steady state values in every period.

We focus on steady states in which no capital or intermediate goods are hidden
because, as argued below, the government will never design a tax policy to select a steady
state in which capital and intermediate goods are hidden. The full set of conditions that
must be satisfied in a steady state are summarized in Proposition 2 below. To write
the conditions compactly, we express them in post-tax prices. The steady state post tax
prices 7, 7f and p* are defined according to equations (50)-(52) above. We define the
steady state post-tax wage as:

w* (1 — 1Y)

w*

(60)

Using these definitions, Proposition 2 summarizes the necessary and sufficient condi-
tions for a steady state:

Proposition 2. There exists a steady state . which is consistent with the particular values
of aggregate variables {K*, K}, C*, YE*, Y£*}, post-tax prices {F}, ¥z, @*, p*} and consumption
tax rate T5 and in which no entrepreneurs hide capital or intermediate goods, if and only if the
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following conditions hold:

Hi (0) = Aotp+7—(1+1C) (Fe— P+ (0) (07 —FF) ) (61)
ok F
T’F o Yg*
?_* a F/S* (62)
E v
YE* = K* — K& (63)
C* = @*N + FRY2* + FRY2* — pPK* (64)
C* = DN+ (0+7) e (65)
C*+0K"+G = F(Y2*,YE*,N) (66)
Y2* = K* Y 0kp (0) 1 (0) (67)
Kg = K* Lo ke (0)1u5 (6) (68)
7 _ 1 e OFp—7p .
ke(®) = gy x max {min {57501} ) ©)
where 730 > 75, K < K*, (1+ 1) (Ff — p*) > r and 1+1TC > ¢, with strict inequality if
g > ﬁ
Proof. See Appendix B.5. O

Equation (61) describes the steady state fraction of wealth held by entrepreneurs of
ability 6, which we denote by uj (0). This can be found by deriving the law of motion for
the fraction of wealth held by entrepreneurs of each 0, and solving for the steady state of
this law of motion. Unsurprisingly, ux () is increasing in g(6), which is the fraction of
entrepreneurs of ability 6, and is also increasing in (14 7¢) (7r — p + kg (0) (67 — fp)),
which is the average rate of return earned by entrepreneurs of ability 6§, measured in
units of capital goods. Equation (62) states that the ratio of prices of entrepreneurial and
standard intermediate goods post-tax is the same as the ratio of marginal products of
these intermediate goods. This follows from the first order conditions of the final goods
tirms. Equation (63) is simply the consequence of the fact that each unit of capital not
placed in risky projects is placed in risk-free projects (since no capital is hidden) and
each unit of capital in risk-free projects yields one unit of standard intermediate goods.
Equations (64), (65), (67) and (68) come from integrating the entrepreneur’s optimal
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decision rules in Proposition 1 across entrepreneurs, while noting that workers live hand-

to-mouth. Equation (66) is the goods market clearing condition. Finally the inequalities

7.0 > 7 and K} < K* ensure that the Inada conditions on the final goods production
. . . R ~ ~ 1

function are satisfied, and the inequalities (1+ 7¢) (Fz — §*) = r and 7 > ¢ are the

continuous time analog of the inequalities that were shown to hold in Lemma 2.

Comparative Statics of Capital Allocation = Using the results in Proposition 2, this
section analyses how the allocation of capital in the economy changes in response to
changes in post-tax prices, treating post-tax prices as exogenous for the moment. In
particular, we derive expressions for the elasticity of key aggregate variables with respect
to changes in tax rates. These elasticities are critical to deriving the optimal tax rates
studied in Section 4.

First, combining equations (61)-(69), we can derive the following expression for Ky in

a steady state in terms of parameters, taxes and pre-tax prices:16
K
(1+7e)¢(1—¢)
Kf = < 1/2
— — 2
max d 14+ Malom) (g 4 do(l=m) ¢
Agr+(1—1) (ri—r§) 2& Ao+ (1-1) (rg—rp) gk ) (1) (rg—rf) <&

(70)
It may seem surprising that the wealth tax 7;;, does not appear in this expression. The
reason is that the wealth tax 7}, affects the total steady state stock of capital K*, but does

not affect the ratio %, given the values of other taxes and pre-tax prices.
Using equation (70), we define eléf and eIT<CE as the elasticity of Ki with respect to
capital income and consumption taxes, holding constant pre-tax prices and aggregate

steady state capital K*.!” That is, we define:

KE_l_TIjE 8KE

e — .

RS K: oty
eKE . 1 + Té ) aKE
iC KE aTé '

Implicitly differentiating equation (70) and rearranging, it follows that these satisfy:

ekE <0 (71)
ehE = —1+efF < 1. (72)

These elf,f and efCE are the crucial elasticities that determine the effect of taxes on how

16See Appendix B.5 for a derivation of this result.
7We treat K* as fixed because it turns out that this is relevant for the government’s optimization prob-

lem in Section 4, since the government can effectively set the tax rate 7}, to achieve its desired level of
K*.

24



efficiently capital is allocated in the economy. The effect of tax changes on aggregate
output, if Ty, is adjusted in order to keep K* fixed, can be directly expressed in terms of
these elasticities. That is, for instance:

oY* _ oYr 9K aY* 9Ky (ri—1E) e K
oty 0Ky 9ty 0Kp oty \l-t¢) B

and similarly

aY* — rE — r}k: K* eKE
T 1+72) B
Since eIfKE and eIT<CE are both negative, we may conclude that an increase in capital or

consumption taxes serves to decrease the aggregate output of the economy, when 7}, is
adjusted to keep K* constant. The reason is that an increase in capital and consumption
taxes distorts the allocation of capital in the economy by affecting both the fraction of ag-
gregate capital allocated to entrepreneurs’ risky projects and risk-free projects, and also
by affecting the fraction of wealth held by high 6 entrepreneurs. The general effect of tax
increases is to reduce aggregate output, by reducing the proportion of capital allocated
to risky projects, which on average carry a higher expected return than risk-free projects.
Since tax increases can decrease aggregate output in this economy even conditional on
the value of aggregate capital K* and aggregate labor N, an economist conducting a
growth accounting exercise would attribute the resulting decrease in output following
a tax rise to a decrease in measured aggregate total factor productivity. The elasticity
of measured steady state total factor productivity with respect to a change in tax rates
would therefore be exactly equal to the elasticity of aggregate steady state output Y*
with respect to a change in tax rates, holding fixed K*. This effect of tax increases of re-
ducing the total factor productivity of the economy by distorting the allocation of capital
is a distinct effect of taxation on capital owners which until recently has not been em-
phasized in earlier literature on optimal taxation.'® The literature has instead focused on
the effect of capital taxation on aggregate investment. In our model, taxation of capital
owners affects aggregate output via both channels.

We now consider the elasticity of entrepreneurs’ consumption with respect to taxes.
Since workers live hand-to-mouth, equation (65) implies that the aggregate consumption

K+

of entrepreneurs is equal to (o +7) ;7= Then, if we define e%f , e% as the elasticity of
C

aggregate entrepreneurial consumption with respect to capital income and consumption

18This channel is also active in Guvenen et al. (2019), Rotberg and Steinberg (2019).
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taxes, holding constant K*, we have that:

¢, (1—1g) oCp

— . — 7
G Cr ot 0 (73)
Cr (1+Tc)'aCE__1 74
e Ty o . (74)

Therefore, the consumption of entrepreneurs, fixing K*, decreases in consumption taxes
but doesn’t depend on capital income taxes.

An additional elasticity that is highly relevant for the optimal tax rates is the elasticity
of the post-tax risk-free return to capital with respect to taxes, where the post-tax risk-
free return to capital is given by Rp = (rp — 6)(1 — %) — tw = (1+ 1¢) (Fr — p). This
is important for the government’s choice of optimal taxes because, for entrepreneurs to
not evade taxes in the steady state, it must hold that R > r, as shown in Proposition 2.
Using equations (64) and (65), it follows that, in a steady state, R; must satisfy:

«
Ri=p+7— (-1t~ i) E. 75)
Intuitively, in order to encourage entrepreneurs to invest enough, the steady state post-
tax risk-free rate must be higher if entrepreneurs discount the future more (higher p and
7v) and lower if the return to risky capital is higher (tz is lower). Again, 73, does not
appear here directly, but matters indirectly since it influences K*.

Using equation (75) and defining eléf and eIT{CF as the semi-elasticities of R; with re-
spect to g and 7, holding constant K* (but not K7), we have:

Rp _ * aR}k—" _ *\ (L F * KE Kg

ene = (1—1¢)- 5o = (1—7)(rg — rP)E(l —ezl) (76)
K

Rp _ * aRT: _ * * * E Kg

et =(1+78)- 50 —(1 =) (rg — YF)@‘?T@ (77)
C

4 Government Optimization

In this section, we formulate and solve the government’s problem of choosing optimal
taxes. We focus on an optimal steady state tax policy. In particular, we assume that
the government chooses steady state tax rates {13, 7%, Tjy, Tv }, and an aggregate steady
state .7 of the economy consistent with these tax rates, in order to maximize the present
discounted utility of a newborn worker in the steady state.'”

YProvided that newborn entrepreneurs are better off than newborn workers (which will be the case
provided the number of entrepreneurs is small relative to K*), this amounts to maximizing the steady
state value of a Rawlsian social welfare function. Equally, provided the number of entrepreneurs is small
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To solve the government’s optimization problem, we first remark that the assump-
tions made on the final goods production function in Section 2 ensure that it is inefficient
for the aggregate economy if entrepreneurs hide capital or intermediate goods. Further-
more, Lemma 2 and Lemma 3 ensure that, in any steady state, entrepreneurs weakly
prefer not to hide capital or intermediate goods. Then, the government will always pre-
fer to select a steady state in which entrepreneurs do not hide capital or intermediate
goods.

The first order conditions for the government’s optimal choice of taxes are given by
the following Lemma.

Lemma 4. If there exist tax rates Ty, T, T3 € (—00,1), ¢ € (—1, 00) which solve the govern-
ment’s optimization problem, then the taxes Tg, Ty, Ty, TC must satisfy the following first order

conditions:
(rk — r5) KieXE — CpeSF = —pupelr (78)
(rf —r3) KpeRE — CpeS = —ppele — (79)
riKs + rie(K* —KE) —6K* = Ci = 0, (80)

where yy and yy are Lagrange multipliers on the constraints ﬁ > ¢ and RF > r, respectively.
Proof. See Appendix B.6 O

Intuitively, these three first order conditions should be viewed as first order condi-
tions for 1z, 75, and Ty, respectively. The left hand sides of the first two first order
conditions reflect the fact that the change in worker lifetime utility from a tax increase
is equal to the increase in total output after the tax increase minus the increase in en-
trepreneurs’ consumption after the increase in taxes. The first term on the left hand
sides of the first two first order conditions represents the change in aggregate output
from an increase in capital income and consumption taxes, respectively, as discussed in
the previous section. The second left hand side terms for each of these represents the
change in entrepreneurs’ consumption after an increase in these taxes. The right hand
sides of the first two first order conditions reflect the fact that the constraints ﬁ > ¢
and RF > r may bind.

It may seem surprising that these first two first order conditions seem to ignore the
effect of a tax change on K*. This is because, the third first order condition (80) is that
the wealth tax 7} is set to ensure that K* is at the level consistent with maximizing

relative to K* and relative to the number of workers, this is also a close approximation to maximizing a
utilitarian social welfare function, since entrepreneurs’ consumption will then be relatively high compared
to the consumption of workers, and so the marginal utility of consumption of entrepreneurs multiplied by
the mass of entrepreneurs will be relatively low compared to the marginal utility of workers multiplied
by their mass.
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workers’ steady state consumption.”’ Then, a small change in K* has no marginal effect
on workers’ steady state consumption. The first three left hand side terms of (80) sig-
nify the marginal increase in aggregate national income, net of depreciation, associated
with an increase in K*. The last left hand side term denotes the marginal increase in en-
trepreneur’s steady state consumption associated with an increase in K*. Then, the left
hand side is the marginal increase in workers’ consumption associated with an increase
in K*. It is natural that this should be zero at an optimum.

Combining the first order conditions with the characterizations of elasticities in Sec-
tion 3.3 and the characterization of the steady state from Proposition 2, it can be shown
that the optimal taxes must satisfy four properties, which are laid out in Proposition 3.

Proposition 3. If there exist tax rates Ty, 75, T3 € (—00,1), 7% € (—1,00) which solve the
government’s optimization problem, then the taxes Ty, Ty, Ty, TG must satisfy the following four
conditions:

1 _
<TN + %) w*N + 1k (reKg + rpKp — 0K) + twK+1cCy = G (81)
C

rF—0)(1l—tw%)—tw = r (82)
CETC + (7 — (5) w®K*+twK* = 0 (83)
max{(p+7)§;7—rp}K* = Cp, (84)

where

F—6) (1 —12) K* — T K* K*
T+ T+

K} K}
rEK—fwje( —K—E> (86)

S
|

Proof. The results follow from substituting the characterizations of elasticities in Section
3.3 into the first order conditions (78)-(80) and rearranging, using equations (64)-(66)
from Proposition 2 and the definitions of post-tax prices in (50) -(52) and (60). O

Here C; is the steady state consumption of entrepreneurs, and 7 is the average pre-tax

return to all capital *!

Equation (81) is simply the government’s budget balance condition
as in (4), where we take into account that entrepreneurs do not hide capital, and so do
not evade taxes. Equation (82) is a important result. This states that entrepreneurs
should be indifferent between hiding capital and not hiding capital. This implies that
the government should tax wealth at the highest rate consistent with agents not evading

taxes by concealing their wealth. The reason for this result is that, as shown in Section

20The reason that the wealth tax is set so that K* is at the optimal steady state level is because K* is
infinitely elastic with respect to the wealth tax.

2IEquation (85) comes directly from equations (64)-(66), rather than relying per se on taxes being set at
an optimal level.
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3.3, an increase in capital income taxes reduces aggregate output when the wealth tax
is adjusted to keep the aggregate capital stock K* constant. Then, it is optimal for the
government to cut capital income taxes and increase wealth taxes (while holding K*
constant) until it can no longer do this without entrepreneurs choosing to hide their
capital. That is, taxes on wealth are set at the highest possible level consistent with
agents not evading these high wealth taxes.

Equation (83) states that the total sum of all taxes paid by entrepreneurs is zero at
the optimal steady state. This comes directly from equation (80), in combination with
Proposition 2 and is essentially a result in the spirit of Chamley and Judd. Intuitively,
aggregate K* is perfectly elastic with respect to average tax on all capital (whether this
is aggregate capital income or wealth taxes), so taxes on entrepreneurs are very costly
in terms of their effect on aggregate K*. The government therefore sets taxes to achieve
its ideal level of capital stock, which occurs when total taxes on entrepreneurs are set to
zero.”?

Finally, equation (84) states that the level of entrepreneurs’ steady state consumption
chosen by the government is equal to the term on the left hand side, which is roughly
a measure of the severity of financial frictions. Financial frictions are more severe if ¢
is higher— since this means entrepreneurs can hide capital more easily. When the con-
straint ﬁ > ¢ binds (recall that higher consumption taxes than this would persuade

entrepreneurs to hide capital), then the optimal set of taxes entrails C; = ¢(p + ),

1
1+
does not bind, entrepreneurs’ consumption is determined by the capital market wedge

with entrepreneur’s consumption depending on ¢ because = ¢. If this constraint
7 — rz, which is the gap between the average rate of return and the risk-free return. If
capital was efficiently allocated, we would have that 7 = rr. However, due to the non-
diversifiable risk associated with risky capital investment, we have instead in general
in a steady state that r; > 7 > r£.?> The larger is 7 — r}, the more inefficient is the
allocation of capital, and so the more the government would prefer to cut taxes on en-
trepreneurs’ consumption to induce a more efficient capital allocation (since eIECE < 0),
thereby increasing entrepreneurs’ consumption.

Rearranging the equations in Proposition 3, we can solve for the four optimal taxes
Ty T Ty, T in terms of pre-tax prices and parameters. The results are shown in the

following corollary.

Corollary 1. If there exists tax rates T}y, T, T3 € (—0,1),7¢ € (—1,00) which solve the

22The reason it is optimal to set total taxes on entrepreneurs equal to zero is that government chooses
to cut taxes on capital income and increase K until the marginal tax revenue per additional unit of K is
equal to zero, which will only be true if total taxes on entrepreneurs equal zero.

Z3This follows directly from Proposition 2.
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overnment’s optimization vroblem, then the taxes Ty, Toy, Tx;, T, must satisfy:
K twr Ins e

, P+
= —1 7
T mad{(p Vo717 87)
R e ¢
* maxq (p + ;T — 1} max{ (o + T — 1k
G = G (TREOT R ) (medip 0T r)
F F
G *
* wN — TC
T oo (90)

where 7 is as defined in Proposition 3.

Using that r < 0, these formulae immediately imply that 7, > 0, which is unsur-
prising since wealth taxes are set to the highest level consistent with no tax evasion.
Furthermore, provided that 7 — r; < p + <y (that is, the allocation of capital is not too
inefficient), the formulae imply that 77 > 0 and g < 0. Intuitively, this is because
consumption taxes reduce entrepreneurs’ consumption for a given value of K* (by equa-
tion (85)) but capital income taxes do not, so consumption taxes are generally preferable
to capital income taxes. However, if the allocation of capital is very inefficient (i.e. if
7 —r1p > p+) then 75 < 0 < 1% is possible. This is because the elasticity of Kr with
respect to consumption taxes is large (]eIT<C5| > |e§f | according to the results of Section
3.3) and so if the capital allocation is highly inefficient, the government does not desire
to make it even more inefficient through consumption taxes.

To provide a sense of what level of taxes these formulae might imply in practice, we
consider a numerical calibration in the next section.

4.1 A Numerical Calibration

To interpret the magnitudes of these optimal taxes in practice, we undertake a numerical
calibration. To that end, we construct a benchmark economy that has the same primitives
as the economy outlined in Section 2 and in which we set taxes at their current levels
in the United States. We calibrate the benchmark economy at annual frequency and
summarize parameter values in Table 1.

Demographics ~ We set the mortality rate y to 1%, corresponding to a life expectancy of
100 years. We choose the discount rate p so that in the steady state the average return
to capital, weighted by capital shares and net of depreciation, is 4% (McGrattan and
Prescott, 2001).

Technology ~ We set the depreciation rate é to 7%, approximately the average depre-
ciation rate in the US fixed asset tables, and the autocorrelation of the productivity
shock 1 — Ag to 0.885, as in Cooper and Haltiwanger (2006). Following Panousi (2012),
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we calibrate ¢ to 0.15, to match the variance of entrepreneurial capital. We choose the
lowest possible realization of the idiosyncratic productivity shock, €, to match a debt-to-
asset ratio for entrepreneurs of 0.35 (Mehrotra and Crouzet, 2017, Boar and Midrigan,
2019). Lastly, we assume that the final output production technology is Cobb-Douglas
Y = AY;PYRFNIT%67%F and jointly calibrate ag, ar and 7, the probability of a high type
(i.e. 8 = 1), to match a labor share of 2/3, the return to risky capital and the risk-free
interest rate. We calibrate to an average return to capital in risky projects gross of de-
preciation of 15% so that the return net of depreciation is 8%, approximately the annual
rate of return to equities in the US over the twentieth century (Mehra and Prescott, 2003).
We calibrate to a risk-free return gross of depreciation of 8%, consistent with a risk-free
interest rate of 1% which is close to the average return of relatively riskless securities in
the US over the twentieth century (Mehra and Prescott, 2003).

Financial friction =~ We calibrate the parameter ¢, indicating the severity of the agency
friction, to 0.76 so as to match the equity share of business owners in the US data. We
use the Survey of Consumer Finances (National) Survey of Small Business Finances to
document that entrepreneurs own, on average, 84% of their firm’s equity.”* We set r = 0.

Tax system  We set the consumption tax 7c to 11%, following Altig et al. (2001) and
Cagetti and Nardi (2009). We set ¢ to 20%, in line with the US corporate tax rate for
small businesses reported in the OECD Tax Database, and Ty to zero, in line with the
current practice in the US .»> We choose G, so that the share of government spending is
20% of GDP, the historical average in the US over the past four decades.

Table 2 shows that the calibrated model produces a relatively similar wealth dis-
tribution to the data at the top end, despite this not being targeted in the calibration.
Specifically, households in the top 1% of the wealth distribution hold 43% of the wealth
in the model and between 31 and 42% in the data. At the same time, households in the
top 0.01% of the wealth distribution hold 20% of the wealth in the model and between
15 and 22% in the data. It is reassuring that the model matches the extreme wealth
concentration at the top, given the focus on the taxation of wealth and capital income.

Figures 1-3 depict the effect of the wealth tax Ty, the capital income tax 7x and the
consumption tax 7c on steady-state TFP, capital stock K, relative investment in the risky
sector % and post-tax wage @, our measure of welfare. For each of these figures we vary
one of these three tax rates, set the other two tax rates at current US levels, and vary the
labour income tax Ty to balance the government’s budget in the steady state.

Figure 1 shows that increases in the wealth tax lead to a decrease in aggregate capital
but an increase in aggregate TFP. The decrease in aggregate capital is a natural con-
sequence of the fact that the wealth tax reduces the post-tax average rate of return to
capital and therefore reduces aggregate saving. This decrease in the aggregate capital

24Gee Appendix C for a detailed discussion of our treatment of the data.
PThe calibrated value of 7 is an average of the tax rate between 2000 and 2016 and includes both
federal and state taxes.
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Table 1: Parameter Values

Parameter Value Target moment
used

0% 0.010 Lifespan 100 Years

Y 0.022 Average net return to capital 4%

o 0.070 Depreciation

Ag 0.115 Profitability autocor. (Cooper and Haltiwanger, 2006)
) 0.150 Small Bus. Risk (Panousi, 2015)

€ 0.350 Debt-to-asset ratio (Boar and Midrigan, 2019)

XE 0.193 Labor share 2/3

X 0.137 Risk-free rate

T 0.074 Return to Equity

T 0.110 Consumption tax rate (Cagetti and Nardi, 2009)
TK 0.200 Corp. tax rate small businesses (OECD Tax Database)
W 0 Current US level

G 0.200 Govt. spending/GDP

¢ 0.757 Small Bus. Owner Equity Share (SSBF)

r 0 < Risk Free Rate

Table 2: Wealth Inequality

Wealth Model

Data (Saez and Zucman, Data (Smith, Zidar and

Share 2016) Zwick, 2019)
Top 10% 98% 77% 71.4%
Top 1% 43% 42% 30.9%
Top 0.1% 20% 22% 15.1%

stock leads to a general equilibrium effect that raises the pre-tax rate of return to capital
in the risky technology more than rate of return to capital in the risk-free technology all
else equal. This is due to calibrating the production function as Cobb-Douglas. As a con-
sequence, capital is diverted from the low-return risk-free technology to the high-return
risky technology and so the increase in wealth taxes raises aggregate TFP. Nevertheless,
the growth in steady state welfare due to higher aggregate TFP is slightly smaller than
the decrease in welfare due to a lower aggregate capital stock. As such, we find that the
steady state welfare of workers @ would be higher in this case if the wealth tax were set

to a slightly negative level (given the levels of 7x and 7¢).

Figure 2 shows the effect of varying 7x. As expected, an increase in 7x reduces the
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Figure 1: The effect of the wealth tax on investment, efficiency and welfare
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Notes: Tx and ¢ are fixed at their current values.

steady state capital stock and also reduces aggregate TFP, by diverting capital from the
high-return risky technology to the low-return risk-free technology. As a consequence,
we find that the steady state welfare of workers @ is decreasing in x.

Figure 3 shows the effect of varying 7c. An increase in 7¢ reduces aggregate TFP
by tightening financial frictions, thereby diverting capital from the high-return risky
technology to the low return risk-free technology. Since this decrease in aggregate TFP
reduces the average return to capital, we find that the steady state capital stock slightly
decreases. However, the resulting decrease in aggregate output is small relative to the
benefits of the consumption tax: it raises government revenue which finances decreases
in the labor income tax Ty, thereby increasing worker welfare @. As such, we find that
worker welfare @ is increasing in 7¢ in this case.

Using the optimal tax formulae found in Proposition 1, the calibration implies an
optimal value of 7+ of 28.4%, and optimal value of ¢ of -28.4% and an optimal value
of Ty of 0. Government budget balance then implies that the steady state optimal labor
income tax is -3.4%.
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Figure 2: The effect of the capital income tax on investment, efficiency and welfare
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5 Conclusion

We examine the implications of entrepreneurial financial frictions for optimal linear cap-
ital taxation, in a setting where all the wealth in the economy is owned by entrepreneurs
and the government wants to maximize the welfare of workers, who live hand-to mouth,
as in Judd (1985). Allowing for financial frictions implies that capital taxation can affect
the efficiency of the allocation of capital — a force missing from models without finan-
cial frictions. In our framework, entrepreneurs can invest capital in projects which yield
risky return or in risk-free projects. The government seeks to maximize the steady state
welfare of workers using a mixture of (possibly negative) taxes on wealth, consumption,
capital income and on labor, and has to finance exogenous government expenditure
while balancing its budget.

Our model is relatively tractable analytically and we characterize optimal steady state
taxes as functions of prices and parameters. We find that the government optimally sets
zero total taxes on entrepreneurs in the steady state, because the steady state stock of
capital is infinitely elastic with respect to the post-tax rate of return, as it is in the mod-
els of Chamley (1986) and Judd (1985). At the same time, we find that the government
chooses to set wealth taxes at the highest possible level consistent with no tax evasion.
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Figure 3: The effect of the consumption tax on investment, efficiency and welfare
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The reason for this is that capital income taxes entail greater welfare costs than wealth
taxes, because capital income taxes reduce the fraction of capital used in risky projects
by the most efficient entrepreneurs, by particularly taxing these individuals more heav-
ily. As such, the government prefers to raise wealth taxes and cut capital income taxes
as long as there is no tax evasion. We show that, provided financial frictions are not
too severe, the optimal tax on capital income is strictly negative, the optimal tax on con-
sumption is strictly positive and the optimal tax on wealth is weakly positive. When we
calibrate our model to match data on entrepreneurial finance from the Survey of Con-
sumer Finances, we find that the optimal tax on capital income is -28%, the optimal tax
on wealth is 0%, the optimal tax on consumption is 28% and the optimal labor income
tax is —3%.
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Appendices

A Discrete Time Model

A.1 Proof of Lemma 1

Note that the technology associated with an entrepreneur’s risky and risk-free projects
displays constant returns to scale. Consider an entrepreneur Alice, who at some period
t has a > 0 times as much capital as an entrepreneur Bob. The constant returns to
scale properties imply that Alice can make the same decisions as Bob, for each € and 6,
except do everything a times as much: she can consume a times as much each period,
devote a times as much capital to each project, hide a times as many units of capital
etc. If Alice does this she can consume a times as much as Bob each period, for the
same draws of 0 and €. Since, for any ¢, log(ac) = log(a) + log(c), Alice’s present dis-
counted utility from these choices would then be the same as Bob’s plus an additional

Y20(1 = p)(1 =) log(a) = 1—(113%?%' Since these choices are possible for Alice,
it must be that V(ak,0,X) > 1_12%‘1_)7) + V(k,6,X). However, on the other hand, Bob

can choose to do everything that Alice does only % times as much. By the same logic
as before, doing so would yield Bob a present discounted utility equal to Alice’s minus

log(a) - ___ log(a)
T=—p)(1=7)" Therefore, it must be the case that V(k, 0, X) > V(ak, 6, X) ——p) (17"

Comparing these two inequalities that V must fulfil, it is immediate that it cannot sat-
isfy both unless V(ak,6,X) = #ga()l_w + V(k,6,X). In that case, it must be that
V(k,0,X) = % +V(1,6,X). Let V(9,X) denote E[V(1,0,X)|0,X]. Then it

follows that E {V(k, 6, X) O

(1-p)(1=7)"

A.2 Proof of Lemma 2

During the period t the entrepreneur can do four different activities each of which yields
a riskless return to her capital. First, she can hide capital in the beginning of the period.

Equation (36) implies that hiding one unit of capital in the beginning of the period

1+r
14+7¢

capital and lend to a bank, setting b < 0. The bank’s break even condition (35) implies

increases the entrepreneur’s w at the end of the period by . Second, she can sell
that the bank would be willing to borrow from her and pay back the risk-free gross
interest rate of Rr at the end of the period, for each unit lent to the bank. Then, equation

(36) implies that to do this would increase the entrepreneur’s w at the end of the period

by 15%. Third, the entrepreneur can allocate capital to her risk-free project and sell



the output of this to the final goods firms. Examining the equation (36) reveals that for

each additional unit the entrepreneur can allocate to kr she is able to increase her w by

(1—t)rp+1-6(1—1x)
1+TC

unit of hidden capital allows her to increase her w by ¢.

—W_ Fourth, the entrepreneur can hide her capital. Each additional

Since these four activities are risk-free, that is they increase w by the same amount
regardless of the realization of €, they do not affect W. Consequently, which of
these activites the entrepreneur participates in will have no bearing on the incentive com-
patibility constraint (42), for a given choice of kg by the entrpreneur. Therefore, agency
frictions will not prevent the entrepreneur from allocating her capital to whichever of
these three activities offers the highest return.

Since the entrepreneur optimally allocates her funds between these three activities, it
must be the case in equilibrium that lending to the bank offers at least as high a return

as the other three activities:
Rr > max {1 +71, (1 — TK)I”F +1-— 5(1 — TK) — Tw;gb(l + Tc)} . (A1)

To verify this, suppose otherwise. Then, the entrepreneur would be able to borrow
without limit at the start of the period, buy capital which she allocates to one of the
other three activities that offers higher return, repay her debts at the end of the period,
and obtain an arbitrarily high w at the end of the period. This cannot be a equilibrium
of the economy.

Equally, in equilibrium, it must be the case that the entrepreneur’s risk-free project
offers at least as high a return as lending to a bank and as hiding capital in the begin-
ning of the period. Suppose otherwise, then no entrepreneurs would allocate capital to
their risk-free projects, instead they would sell and lend to banks or hide capital. The
consequence of this would be that the economy’s output of standard intermediate goods
would fall to zero, driving the price of standard intermediate goods to infinity, because
of the Inada conditions on the final goods production function. This also cannot be a

competitive equilibrium. As such, we may conclude that, in equilibrium:
Rr = 14+r=010-w)re+1-6(1—1%) —tIw > ¢(1+ 1¢).

Equation (A.2) establishes that in equilibrium each entrepreneur is indifferent between
hiding capital in the beginning of the period, allocating capital to her risk-free project
(and selling the intermediate goods that result) and lending to a bank. If the inequality
in (A.2) holds with equality then the entrepreneur obtains an equally high return by
hiding capital after observing the realization of €, in which case she is indifferent about
the level of kpy that she chooses. On the other hand, if the inequality in is strict, the



entrepreneur obtains a strictly lower return by hiding capital in the middle of the period
so will not do it. O

A.3 Proof of Lemma 3

In an equilibrium of the economy, it must be the case every period that:
1-6(1—t%)—tw+ (1—1%)0re —¢p(1+ 1) — Rp <0 (A2)

If this were not the case, then equations (42) and (46) imply that w is strictly increasing
in kg for all € > 0 for entrepreneurs with 6 close enough to 6. Then, by choosing an
arbitrarily high kg, such entrepreneurs will be able to achieve arbitrarily high consump-
tion and therefore utility. Therefore, if this condition held, some entrepreneurs would
desire to allocate an infinite amount of capital to their risky projects, which cannot be an
equilibrium, since the capital stock is finite each period. O

B Continuous Time Model

B.1 Environment and Equilibrium with Period Length A

Let A € (0,1] denote the length of a period. Over a period of length A, agents value
future consumption at rate (1 — pA), die with probability yA, capital depreciates at rate
JA, entrepreneurs draw a new productivity 6 with probability ApA and shocks € satisfy
9°A

€:§+(1—§)exp((P\/E'§—T), (B.1)
where { ~ N(0,1) and ¢ is a parameter determining the variance of €. This assumption
implies that E[e] = 1 and Var(log(e — €)) = @?A. Risky projects produce fekgA and
risk-free projects produce krA. A worker’s preferences are described by the lifetime
utility function Y2 (1 — pA) (1 —yA) u (CN,t+jA)- An entrepreneur values her future
consumption stream according to Y7 (1 — pA)’ (1 — yA) U (Cis4ja). The government
sets taxes T¢, Ty, Tk and Ty A per period, and has to finance exogenous expenditure GA.

As in the main text, where A = 1, the entrepreneur’s problem is to solve:

V(k,6,X) = sup /€>O (log(c(k, 0,e,X))+ (1 —pA)(1—A)

x E[V(k’(k,@,e,X),G’,X’)

9} )dH(e), (B.2)



subject to the budget constraints

A+ — = w
(1 + Tc) w = (1 + Tc) cyA — b + (1 — TK) (T’EYEA + T’FyFA)
+ (1 —O0A (1 — TK) — TwA) (GkE + kp) — (1 — 5A) ky + (1 —I—KA) kte,

the production functions cgyA = ¢kg, yg = 0ekgA, yr = krpA, the incentive compatibility
constraint
w(k,6,e,X)>w(k6,€X)+ ¢pke(k,0,X)(e —é),

the break-even condition for the banks
/ b(k,6,e X;)dH (€) > RpAb (k,0,X;),
€

and non-negativity constraints on kg, kr, kg, kg, ¢, ¢, Y, yr, w and k4.

The equilibrium conditions of the model with period length A are summarized below.

Definition 3. For a given sequence of tax rates {Ty s, Tkt Tc,t, TN t } oo, a1 equilibrium Ep
of the economy with period length A is a sequence of prices {r, tr, Wy }ie,, policy functions
giving entrepreneurs’ decisions, a sequence of worker consumption {cn +}5> o, and a sequence of
aggregate variables {Ct, Cpyt, K¢, Ke t, Ket, KTt K t, Y, Yg/t, Yflt}f"zo such that:

1. The government’s budget constraint below is balanced every period:

G = N + Tt (resYE, + res YR, — 0Ki) + Tw ¢ (Ke — Kpe) + 10,0 (Cr — Chie)
(B3)

2. Worker consumption satisfies cn ¢ (1 + tc ) = wi (1 — ).
3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s problem (B.2).

4. {Ct,Chy, Kt, K t, Kp g, KBt Kpip 5o Tepresent the aggregate of agents’ decisions given
by equations (17)-(23).

5. The asset market clears, according to equation (24).
6. The markets for intermediate goods clear, according to equations (25) and (26).

7. Prices of intermediate goods rg; and rr;, and wages w; are determined by the first order
conditions of the final goods firms (27)-(29).



The final goods market clearing condition then follows by Walras’ law:

Cib+ Kiya+GD = F(YE,YE,N) A+ (1—68) (Kes+ Ky — Kisg) + CrriM(B4)

B.2 Solution to Entrepreneur’s Problem with Period Length A

Following the same derivation as in the main text, where A = 1, it can readily be shown
that the solution to the entrepreneur’s between period problem is given by

A = (1=(1=pA)1=74)) = (v+p+708) dw (B.5)
K = (1+1)(1—pA)(1—9N)w = (1+1¢) (W —cA). (B.6)
and that entrepreneur’s within period problem is to choose functions kg (k, 6, X) and
w (k, 0, X) to solve:
sup/log(ﬁ—l— ¢pekp)dH (e), (B.7)
€

subject to the constraints:

W = (~¢+F0A—FrA) kg + ( A+ pr) K B3)

1 + TC
ke = 0 (B.9)
w+¢ekg > 0. (B.10)

The following proposition summarizes the entrepreneur’s optimal decisions.

Proposition 4. In equilibrium, the entrepreneur’s problem has a unique solution for c(k, 6, ¢, X),
k' (k,0,e,X), w(k,6,e, X) and kg (k, 0, X) which depends continuously on the parameters. The

entrepreneur’s optimal choice of kg is:

s-1 (max {O;min {WT_?FA;S*}}) k <7FA + ﬁ — ﬁA)

e ¢ = (07c0 — 7p8) § (max {0;min { 245855+

) (B.11)

where S* = S (%) For any equilibrium values of 7g, 7, the entrepreneur’s choices entail

o}

w = (q? (6 - 1) + 7 AO — ﬁ:A) kg + (1 e — pA + ﬁ:A) k (B.12)
c = (y+p+00)w (B.13)
K' = (1+1)(w—ch), (B.14)



where

, (B.15)

and

. 1
S _5(1_§>. (B.16)

Here S : [O, ﬁ] — [0, S*] is a differentiable and strictly increasing (and therefore invertible)

function.

Proof. Note that

/ (Q—i‘ (,bekE) dH(G) = w + ¢kg = (17EQA — ﬁ:A) ke + < — PA + ﬁ:A) k.

14+ 7¢
If 7e0A < FpA, then it follows immediately that | . (w + ¢ekg) dH (e) is decreasing in k.
By Jensen'’s inequality, it follows that [ log(w + ¢ekg)dH(e) is strictly decreasing in kg
and so the entrepreneur will optimally choose kg = 0.

In the case 7gA > 7rA we take the first order condition. Given the strict concavity
of the objective function, the first order condition is a sufficient condition for a unique
optimum. We guess that the constraints kg > 0 and w + ¢ekg will not bind, and will
verify that this guess is correct by showing that the first order condition has a solution

where they do not bind. In this case, the first order condition is

¢ (e — 1) + FEOA — FrA

/e (¢ (e —1) +7e0A —FpA) kg + <1+1TC — pA +?FA) k

dH(e) = 0. (B.17)

Now, note that, in any equilibrium in which the entrepreneur optimizes, it must be the

case that

< — A+ fFA) k+ (FEOA — #pA) kg > 0. (B.18)
14+ 1
This follows because the entrepreneur can convert units of capital into consumption

1
1+TC

equilibrium in which some entrepreneurs put a positive amount of capital in the risk-

at rate ¢ and the risk free rate of return is

— PA + 7pA, so there can only be an

free sector if .

14 1¢
guaranteeing that the first term in (B.18) is strictly positive. Furthermore, if 7E0A < 7rA

— A+TFEA > ¢ >0,

then the entrepreneur’s objective function is strictly decreasing in kg, so the entrepreneur



will choose kg = 0 in that case. Therefore, it must always be the case that, at the optimal
solution,
(FEOA — FrA)kg = 0,

guaranteeing that the first term in (B.18) is positive.
Since we have established (B.18), we may multiply the entrepreneur’s first order

condition by ( —— — A + 7rA ) k + (FE0A — 7pA) kg and write it as:
y 1+7¢ p

/ ( (ﬁ — A+ 7FA> k+ (FE0A — FeA) kp + e — 1)k
€

-1
> (¢ (e — 1) + F0A — 7rA) dH(e) = 0.
(e — A+ 7rA) K+ (7E0A — 7)) K

This is the same as:

/ (1+x(e—1))_1 (¢p(e—1)+ 70 —7p)dH(e) =0, (B.19)

where

x= Pke . (B.20)
(v = PO+ 7eA) k+ (P08 — FrA) ki

We can rearrange (B.19) further, to get

/ (1 +x(e— 1)) " pedH(e) = (¢ — Fe0A + FrA) / (1 +x(e— 1)) T dHE). B21)

Now, inspecting the formula for the entrepreneur’s end of period resources w, and
comparing with (B.20), we see that the entrepreneur’s end of period resources are pro-
portional to 1 + x(e — 1). Since the entrepreneur will not make decisions which give her

zero (or negative) consumption with positive probability, it must be that 1+ x(e —1) > 0

with probability 1. Therefore |[. (1 + x(e — 1)) dH(e) > 0 and so we can divide

through by it. Likewise, ¢ > 0, so we can rearrange the entrepreneur’s first order condi-

tion as: .
i) (1—|—x(e—1)> edH(e) 5 OA 4 7
€ — + 7eA
_ _P -7 ; Fa. (B.22)
/. (l-i—x(e—l)) dH(e)
We can write this as FOA — FoA
S(x) = S, (B.23)



where

J. (1 + x(e — 1)) _1edH (€)

S(x)=1- (B.24)

/. (1 + x(e — 1)) _1dH (€) ’

and is a differentiable and strictly increasing function (as discussed below) that satisfies
S(0)=1- @ =0and S(1) =1-— ﬁ < 1, since E[e '] > 1 by Jensen’s inequality.
We now show that S(x) is differentiable and strictly increasing. To show that S(x) is
differentiable, recall that the entrepreneur’s objective function is continuously differen-
tiable over some compact set containing the optimum. Furthermore, the entrepreneur’s
choice set can easily be verified to be compact and depends on the rates of return and
parameters in an upper hemi-continous way. Thus, the conditions required for the appli-
cation of Berge’s theorem of the maximum are satisfied. By the theorem of the maximum,
ke(k,0) is differentiable with respect to 6,¢ and the rates of return. Since we showed

above that kg (k, 0) is the solution to

S(x) _ FEOA — ?FA,
¢

where x is given by (B.20), it is immediately evident that if S(x) is not differentiable at x,
then kg cannot be a differentiable function of the parameters, contradicting Berge’s max-
imum theorem. Therefore S(x) is differentiable. To show that S(x) is strictly increasing,
note that there exists a unique kg satisfying B.20 and that the kg solving this equation
is a monotonically increasing function of x. Then it must follow that there is only one
solution to the equation S(x) = y and thus S(x) is invertible. Since S(x) is invertible as
well as differentiable, it must be strictly monotone. It was shown above that S(0) = 0
and S(1) € (0,1). Therefore, S(x) must be strictly increasing.

Let x* denote the x that makes the entrepreneur’s consumption equal to zero for
the lowest realization of €. That is, 1 4+ x*(e¢ — 1) = 0, which rearranges to x* = 11:
Additionally, let S* denote S(x*). )

Above we showed above, the entrepreneur’s first order condition is
_ FpOA —FpA
¢

where x is given by (B.20). Then, since S is invertible, we can write:

S(x)

x = Pk M)

— g1 (
(v = PO+ 7eA) K+ (F0A — FeA) ke ¢



which rearranges to

(noAn 1 (TEOA —TEAN | o 1 [ PEOA — FEA
kg [tP (FE0A — 7pA) S (—‘P )}_k(l—i—’tc PA+TEA ) S B

We know that the FOC is only relevant when > 0, since otherwise the en-

FEOA—FFA
¢
trepreneur chooses kg = 0. Furthermore, since S(0) = 0 and S is strictly increasing, it
follows that S~1(0) = 0 and S™! is strictly increasing. Therefore, if the FOC is relevant

then §~1 (722574 ) > 0. Now, if
FEOA — FEA
¢ < (FOA — FrA) S71 (—rE i ) ,
¢
then the left hand side of the FOC is negative and the right hand side is positive, so the
FOC has no solution, and the entrepreneur’s optimization problem must be the corner

solution where kg is at the level that makes consumption exactly zero when € = ¢ (this
is the largest kg the entrepreneur could possibly choose). On the other hand, if

¢ > (fEHA — pr) 571 (—rEQA _ rFA) ,

¢

then we can divide through to solve for kg. That is,

ke — k <1+17C - ﬁA—i-?FA) Slﬁ%T?FA)
¢ — (FOA — FpA) S <@%T_rpA>

This gives kr in the case where the first order condition holds. Note that, if 6 is
sufficiently high, the FOC will not hold and the entrepreneur will choose kg such that
the entrepreneur’s consumption is zero when € = €. After some rearrangement of the

entrepreneur’s budget constraints, this is

o k(ﬁ—mwm) = k(ﬁ—ﬁA+?FA> x*
FT o (A A ¢ — (Fe6A —FpA) X
k(e = po+7e0) S7Y(S7)
(P — (17E9A — ﬁ:A) 5_1(5*)

This is the highest possible value kg can take, while respecting ¢ > 0. We know also
that if (W) < 0, the entrepreneur chooses kg = 0, and in all other cases, the

entrepreneur chooses kg satisfying the rearranged first order condition above.



Then, since S~!(0) = 0 and S~!(-) is strictly increasing, we can collect all three cases
into one equation, and say that the entrepreneur’s kg always satisfies:

51 <max {O;min {W%;S*}}) k (ﬁ — PA + ?FA)
¢ — (FEOA — 7pA) ST (max {O;min {W%;S*}})

kg = (B.25)

From equations (42) and (B.8), we have that

w=(¢(€—1)+759A—?FA)kE+( —ﬁA+?pA)k.
1+ 1
Combining these results with equations (B.5) and (B.6) yields all the results of the propo-

sition. O]

B.3 Steady-state with Period Length A

In this section, we formally characterize a steady state of the model in which the length
of the period is A.

Proposition 5. There exists a steady state . which is consistent with the particular values
of aggregate variables { K*, K%, C*, Y£*, Y£*}, post-tax prices {F§, 5, @*, p*} and consumption
tax rate T& and in which no entrepreneurs hide capital or intermediate goods, if and only if the
following conditions hold:

TN’; YE*

F _ : B.26
Y2 = K* — K& (B.27)

C* = @*N + K* (7 — p*) + 7L YE — 72K (B.28)

C*= WN+(o+7—pyA) (fgyg*A +RYE A+ K — ﬁ*K*A) (B.29)

C*+0K*+G = F(YZ*,Y$*, N) (B.30)
Y2t = K Y50k (0) 1% (6) (B.31)
Kf = KYoke(0)ui(0) (B.32)

10



where

AgAg(0)

Hic (0) = 1—(1=2ApA) (1=A(p+7—p7A)) [1+(1+70)A(Fp— pt+ke (0) (07 —Fr) )| (B.33)
_ . [ OFEA—FEA oy . -
by = lmex{omn{ =) (e o) B34

p—(0FEA—FpA)S—1 (max{O;min{ W;S*}})

and where g — FEOA +TEA > 0, 7(0 > T, i — PA+ 7D > ¢, (1 + 1¢) (7} — p*) > rand
Ky < K*.

Proof. First we prove that these conditions are necessary for a steady state. We do this
equation by equation.

For equation (B.26) note that rj = F, because of the first order

YS*
conditions of the final goods firms. Now, I:fy definition:

* /
and rp = FYg*’

- (1-)rp
e = T+1¢
- (1=t}
Te = T+

Dividing the first of these equations by the second yields (B.26).

Equation (B.27) follows from the fact that each unit of capital in risk-free projects
produces 1 unit of standard intermediate goods. Furthermore, since, by assumption, no
units of capital are hidden, all capital must either find its way into entrepreneurs’ risky
projects or risk-free projects. Therefore K = K7 + K7 and (B.27) follows immediately.

To derive equation (B.28), first integrate equation (B.14) across entrepreneurs. We
obtain:

K =(1+1) /widi —a —I—TC)A/cidi
1 1

Using equation (B.12) and noting that, in a steady state, K’ = K = K*, we obtain

K = (1 + Tc)K (ﬁ:A + — ﬁA) + (1 + Tc) (7EYEA — }71:KEA) — (1 + Tc)A /Czdl
i

14+ 7¢

where we assume a large of large numbers holds so that idiosyncratic shocks to each ¢;
do not affect fz w;di and we use that fl 0;kg ;di = Yg. Subtracting K from both sides and
dividing through by A(1 + t¢), we get:
0=K(7r—p)+ (FeYE — 7eKg) — /Cidi
1

Finally, note that aggregate consumption is equal to entrepreneur consumption plus

11



worker consumption. Therefore:
C = [edi+oN
1

Combining these expressions, and using asterisks to denote steady state values, we ob-
tain (B.28).
To derive equation (B.29), first integrate equation (B.13) across entrepreneurs. We

obtain:
/Cidi =(p+7—p7d) /widi
1 1

Using equation (B.12) to eliminate w;, and noting that aggregate consumption satisfies
C = [,cidi+ @N, and Y§ = K — Kg, we obtain (B.29).

Equation (B.30) is just the steady state form of the goods market clearing condition
(B.4), where we impose that Ki + K = K1 = K¥, since by assumption no capital is
hidden, and impose Cj; = 0, since by assumption no capital is hidden. This immediately
yields (B.30).

To show (B.31) and (B.32) , note that Proposition 4 implies that kg (k, 6, X) is pro-
portional to k. For the proof, it is convenient to define k(§) = Lkex) Thus, two
entrepreneurs with the same 6 will always choose the same k().

Now, in equilibrium aggregate Kg; and Yg,t are given by equations (20) and (25).
Since 0;; and €;; are drawn independently of k;; each period, and by assumption no
intermediate goods are hidden, we use the standard abuse of the law of large numbers
to infer that:

Ki = K' / ke(0)di = K* Y ke (0) i (0) (B.35)
! 0

YR* = K'Y 0ke(0)ui(6) (B.36)
0

where % (0) is the proportion of aggregate capital held by entrepreneurs of ability level
6 in the steady state. Thus, we have shown (B.31) and (B.32). From Proposition 4, it
follows immediately that ki (6) satisfies (B.34).

Now, to derive equation (B.33), note that Proposition 4 implies that two entrepreneurs
with the same 6 and e will choose the same k. Let £/ (6, €) = WTGX) Let yug +(6) denote
the proportion of aggregate capital held by entrepreneurs of ability level 6 at time t. Our

assumptions on the evolution of 6 for each entrepreneur imply that, for each 6,
Kiabicra(6) = AoAg(0)Kiya + (1= 20A)Kipica(6) [ K(8,€)aH(e)  (B37)
€

12



The justification for equation (B.37) is as follows. Recall that, at the start of each period,
entrepreneurs retain the same 6 with probability (1 — AgA) and draw a new 6 with
probability ApA. The left hand side corresponds to the total capital held by entrepreneurs
of ability level 0 at time t 4+ A. The first right hand term indicates the capital held at time
t + A by entrepeneurs who draw a new ability level that period, who happen to draw 6.
Since the total capital stock at the start of t + A is K, 5, the total capital of entrepreneurs
who draw a new ability level is AgAK;;a, and the proportion of these that draw ability
level 6 is given by ¢(6), so the first right hand side term equation (B.37) follows. The
second right hand side term corresponds to the capital held by entrepreneurs who had
ability level 6 in period t, and who do not draw a new ability level in period t + A. In
period t + A, an entrepreneur who has capital k at the start of period ¢, who has ability
6 and draws shock €, will have capital k'(6,€) at the start of period t + A. Note that
the total capital at the start of period t of entrepreneurs who had ability 0 in period ¢
corresponds to Kiug (6). Then, the total capital of such entrepreneurs at the start of
period t + A corresponds to K (6) [. k'(6,e)dH(e). Since fraction (1 — AgA) of such
entrepreneurs retains the ability 6 into period t + A, the second right hand side term of
equation (B.37) follows.

In a steady state, ux¢ia = ks = px and Ky p = Ky = K*. In that case, equation
(B.37) simplifies to:

K'ic(6) = AaBg(O)K” + (1= AeA)K'ic(0) [ K'(6,€)dH(e)
Rearranging to solve for uy, we get:

AgAg(0)
1— (1 Aph) [.K/(8,€)dH(e)

M = (B.38)

Now, Proposition 4 implies that an entrepreneur’s choice of k' is given by:

K'=(1+1) {k (?FA+ 1+1Tc —ﬁA) +ke(¢(e—1) +97~’EA—771:A):| (1=A(p+v—p74))

Diving through by k, we have that k'(e, §) is given by:

K(,e)=1+1) {T’FA + — pA + ke () (¢ (e —1)+67cA — T’FA)} (I-=A(p+v—py4))

14+ 1¢

Integrating across €:
/gk'(e,e)dH(e) = [1+ (1 +70)A (Fe— p+ke(0) (67 — 75) ) | (1= Ao+ = py8))

13



Substituting this into (B.38), we obtain (B.33).

To show that the conditions of Proposition 5 are necessary for a steady state, it re-
mains only to show that the conditions ¢ — F£0A + F:A > 0, 750 > 7%, ﬁ - PA+TFrA >
¢, (14 1) (Ff — p*) > r and Kj < K* are necessary. The condition ¢ — 7:0A +7;A > 0
is analogous to the inequality (49), which was shown in Lemma 3 to be necessary for any
equilibrium, for a generic period length A. The only change is that we have rewritten this
inequality in terms of post-tax prices using the definitions (50)-(52). Hence, this inequal-
ity must be necessary for a steady state following the same argument in the Proof of
Lemma 3. The inequality 756 > 7} must hold since otherwise Proposition 4 implies that
all entrepreneurs will set kg = 0. In that case, the Inada conditions on the final goods
production function imply that r; goes to infinity, which cannot be an equilibrium. Sim-
ilarly, the inequality Ky < K* must hold in equilibrium since otherwise K¥ < 0, in which
case the Inada conditions imply that r} goes to infinity (or is undefined), which also
cannot be an equilibrium. The condition (1 + t¢) (7 — p*) > r was shown in Lemma 2
to be necessary in order for entrepreneurs not to strictly prefer to hide capital to evade
taxes in the beginning of the period. As above, the only change is that we have rewritten
this inequality in terms of post-tax prices using the definitions (50)-(52).

It remains to show that ﬁ — PA+7rA > ¢ is necessary for a steady state. This
inequality is simply the same inequality as (43), which was shown in Lemma 2 to be
necessary for any equilibrium, but for a generic period length A. The only change is
that we have rewritten this inequality in post-tax prices using the definitions (50)-(52).
Hence, it must be necessary for a steady state following the same argument as in the
Proof of Lemma 2. This completes the proof that the conditions in Proposition 5 are
necessary for a steady state.

To show that these conditions are sufficient for a steady state, we assume that they
hold and use them to construct an equilibrium in which aggregate variables are stable
over time, thereby proving sufficiency by construction. In particular, we set Ky = K* —
Kiand Y* =F (Yg*, YI_@*, N) and we set pre-tax prices 1}, rf and w* to be consistent with
the final goods firms’ first order conditions (27)-(29). We set the tax rates 1y, Tx and T
to be consistent with these values of pre-tax prices, and the already assumed values of
post-tax prices, according to equations (50)-(52) and (60). Since these aggregate variables
are, by assumption, all stable over time, it follows that they form a steady state provided
that these values are all consistent with equilibrium. Therefore, it remains to show only
that these values of aggregate variables and prices form an equilibrium in the sense of
Definition 3.

Government budget balance can be shown by combining the condition (B.30) with the
conditions (B.28) and (B.29) using the final goods firms’ first order conditions (27)-(29)

14



and definitions of post-tax prices (50)-(52) and (60) to eliminate post-tax prices from the
resulting equation, and using that constant returns to scale of final goods firms imply
that Y = rgY? + reY? + wN to eliminate F(Y2*, Y2*, N). After a little rearrangement of
the resulting equation, we obtain the government budget balance condition (B.3).

That workers and entrepreneurs are optimizing in the proposed steady state alloca-
tion follows because for the necessity section of this proof, we showed that equations
(B.28) and (B.29) are consistent with workers” and entrepreneurs’ optimization. Like-
wise for the necessity section of this proof we showed that the equations (B.28)-(B.32)
come directly from integrating entrepreneurs’ and workers” decision rules, and there-
fore must be consistent with the aggregation and market clearing conditions (17)-(23),
(25) and (26), which were also direct integration and summation of the decision rules of
individual agents.

The pre-tax prices are consistent with the final goods frims’ first order conditions,
since we explicitly defined the pre-tax prices so that these conditions would hold.

Finally, the definitions (50)-(52) imply that entrepreneurs are indifferent between
lending to banks and putting resources into their risk-free projects. Therefore, we may
assume that they lend to banks to exactly the level needed to ensure that asset markets
clear. For instance, we can consider an equilibrium in which only one entrepreneur,
whose wealth is negligible compared to aggregate wealth, puts any resources into a
risk-free project, and all the remaining entrepreneurs either put funds into risky projects
or lend to the bank. Then, the total net quantity that the other entrepreneurs will wish
to lend to the bank is equal to their total wealth, minus the amount they allocate to
their risky projects, that is K* — Ki. This will be precisely the amount that the one en-
trepreneur who manages a risk-free project will want to borrow, since K* — Ki = Kx.

Therefore, this is consistent with asset market clearing. O

B.4 Proof of Proposition 1

This proof makes use of the following two lemmas.

Lemma 5. The following holds, for any x € [O; ﬁ]

. S(x) N2,.2
lim ==~ = (1-¢€)¢x. (B.39)

Proof. To prove this, note first that
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S(x) 1 (1_ f€(1+x(e—1))_1edH(e)> B (fe>o (%) (1—|—x(e—1))1dH(e))
A A - '

- J. (1+x(e—1)) " dH (e) Jooo(+x(e—1))"1dH (¢)

Then, it remains to show that, for any x in the domain of S,

= —x(1—¢)?¢? (B.40)

A—0

I fe>0 (%) (1+x(e—1))"'dH ()
| T (A2 —1) H (@)

To prove this, we prove the following results, from which equation (B.40) follows
trivially:

lima o J.oq (%) (1+x(e—1))"1dH (e) = —x(1 — ¢)¢? (B.41)
limp o [ o(1+x(e —1))"'dH (e) =1 (B.42)

To prove these, recall that the ¢;; is given by:

¢*A
€y =€+ (1—¢€)exp (@ﬂgi,t — T) .

where §;; ~ N(0,1). This implies that

€r—1=(1—¢) <‘3XP (4’\/&@# - qoi_A) - 1) :

Therefore, the left hand side of (B.41) is:

im [ (1—e) (exp (fp\/&;— o) - 1) (1 +x(1—e) (exp (wxg_ ");—A) - 1))1 4o (¢),

A—0J—0c0

where ®(+) is the standard normal cdf. Likewise, the left hand side of (B.42) is:

-1

lim [ (1 +x(1—¢) (exp (go\/Zg - q)z—A> - 1)) do (7).

A—0J—co

Now, we consider a first order approximation of exp (q)\/&j — (PZTA) in units of \/E,
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around the point v/A = 0:
A
exp (go\/Z(j — T) ~ 1+ gVAL. (B.43)

Similarly, in the neighborhood of VA = 0:

(1 +x(1—¢) <exp <<p\/&3 - q’zTA) — 1) ) B ~1—x(1-¢€)pVAE. (B.44)

Multiplying the term in the limit on the left hand side of (B.41) by A, and ignoring

terms of order greater than A, we therefore can write it as:
| (1 -0pVa-g(1-x(1 - 0)pv/aT) do @)
= [ (1-e)gVA ¢ —x(1-eP¢?ae2d® )
= (1-€)pVAE[E] - x(1 - )*¢*AE[S]

= —x(1—¢€)*¢*A.

since ¢ is normally distributed. Hence (B.41) follows immediately.
Likewise, considering the term on the left hand side of (B.42), we have:

[ 1-x(1-e)pvaede @)

=1 —x(1—€)pVAE[]
~1.

This proves (B.42). O

Lemma 6. For any z € (—o0,00), it holds that

iiinm S~} (max{0;min{Az; $*}}) = max {O; min { a _Zg)zq)z; 7 ig}} . (B.45)
Proof. To prove (B.45), we first note that
*
lim =— = (1 —€)¢>. (B.46)

A—0 A

This follows immediately from the definition of S* in (B.16) and from Lemma 5.
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Now, we show that

pa— 2 1 71 pum— —Z
Vz € [0,(1—¢€)¢?), i1_r{105 (Az) 20— P (B.47)
To prove (B.47) , define the function .% (x) according to:
Flx) =2 X“). (B.48)

where x € (0, ﬁ) Given that S is continuous and strictly increasing, it follows that
function .Z(-) is continuous and strictly increasing, and therefore invertible. We now
show that, for any z in the range of .#,

Fz) =51 (Az). (B.49)

To show this let x = .#~!(z). Then z = F(x) = %, so S(x) = Az and x = S~!(Az),
giving us (B.49).
Define the function .7 (x) = (1 — €)?¢?x. It follows from simple rearrangement that
its inverse is:
-1 X

7 = T

(B.50)
We know from Lemma 5 that, as A — 0, % (x) converges to .7 (x). Since .# is continuous,
this convergence is uniform, and the inverse .# ~!(x) converges to 7! (x). Then, using
equations (B.49) and (B.50), we obtain (B.47) for values of z in the relevant domain.

Note that, for A > 0, the domain of S~!(-) is [0,S*]. Therefore, the result (B.47)
must hold for all z € (0, limp SK*) = (0, (1 — €)¢?) since, for any such z, Az will be in
will be in the domain of S~! for sufficiently small A > 0. Equally, it must be true that
lima_,0S~1(0) = 0, since S~1(0) = 0 for any value of A > 0. Therefore, (B.47) follows
forz € [0, (1 —€)¢?).

Now, using (B.46) and (B.47), we prove (B.45) for z € (—o0,00). We proceed in cases.
First, consider the case z < 0. Then, for sufficiently small A > 0, equation (B.46) implies
that Az < 0 < S*. Then,

lim S~ (max{0;min{Az;$*}}) = lim sH0) =0, (B.51)
—

A—0

where the second equality used (B.47).
Now, suppose that z € (0 L) Then, for sufficiently small A > 0, equation (B.46)

r1—¢
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implies that 0 < Az < §*. Then,

lim S~ (max{0;min{Az;$*}}) = iin}) S HAz) = ( z (B.52)

A—0 1—¢e)2¢?

where the second equality used (B.47).

Now, suppose that z > . Then, for sufficiently small A > 0, equation (B.46)

€

implies that Az > S* > 0. Then,

1 1
lim §~* ;min{Az; $*}}) = lim S71(5*) = li = B.
A11’1r(1)5 (max{0; min{Az;S*}}) A1mOS (S*) A111101_g T (B.53)
where the second equality used that, for any A > 0, S~ (S*) = ,since S* = S (1 6)

by definition.

Comparing equation (B.45) with equations (B.51),(B.52) and (B.53), we see that we
have proven (B.45) for any z € (—oco,00) except for z = ﬁ In particular, (B.45) must
hold for all z # - in the neighborhood of 1=-. Now, note that the left hand side

€ €

of (B.45) is continuous and weakly increasing in z for any A > 0. Equally, the right
hand side of (B.45) is continuous and weakly increasing in z. Continuity arguments then
imply that (B.45) also holds at z = ﬁ O

Proof of the Propositon  Using Lemma 6, the proof of Proposition 1 becomes straight-
forward. Taking the limit of equation (B.11) as A — 0, and using Lemma 6, we obtain
(57). Combining (B.12) and (B.13), we get:

c=(p+v—pyh) [k (7FA+ — ﬁA) +ke(p(e—1) +97EA—?FA)} :

1+ 1

Taking the limit of this as A — 0 and noting that, as A — 0, ¢ — 1 in probability, we
obtain (58). Finally, we note that Proposition 4 implies that:

K'=(1+1) [k <7FA + - ﬁA> + ke (¢ (e —1) +07eA — 7FA)] — (1+1c)ch,

1 Tc
so that

k' —k
A

-1

= (1+ 1)k (fp—p) + (1+ tc)ke {(P (GT) + 07 — 171:} —c(14+1). (B54)

Now, for sufficiently small A, €41 ~ (1 — ¢)p+/A&; ;. Furthermore, f’z} corresponds to

the difference of a standard Brownian motion, since Sit N (0,A). Therefore, as A — 0,

N/
equation (B.54) simplifies to (59). O
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B.5 Proof of Proposition 2

Of the equations describing the steady state in Proposition 5, most do not contain A, so
these equations are unchanged in the limit as A — 0. The only equations in Proposition
5, containing A are equations (B.29), (B.33) and (B.34). Taking limits, it is immediate
that (B.29) and (B.33) become equations (65) and (61). Furthermore, using that I%E(G) =
&,’(k’x) it follows from Proposition 1 that kg (6) is given by (69) in the limit as A — 0.

The inequalities (1+ tc) (72 — §*) > r, #:0 > #f and K} < K* do not contain A
and so are unchanged as A — 0. Since ¢ > 0, the inequality ¢ — FE0A + FEA > 0 is
automatically satisfied in the limit as A — 0.

The only remaining condition for a steady state in Proposition 5 is

1
1+TC

satisfied in the limit as A — 0 if ﬁ < ¢. Finally, if ﬁ = ¢, then the inequality is

Evidently, this is satisfied in the limit as A — 0 if > ¢. Furthermore, it is not

satisfied in the limit as A — 0 if and only if § < 7. O

B.5.1 Derivation of K;

Recall that the entrepreneurial type 6 is drawn from the discrete distribution g (6) given
by

1—-m if6=0
gO) =3 ifo=1 (B.55)
0 otherwise.

The, equation (69) immediately implies that

12,5(9){0 - if =0
MW X max {O;min {¢(rf__g¢z?1}} if g =1.
Since, by assumption, 7 > 7r, we can simplify further to obtain
(@) — {o | B i =0 -
mxmm{ﬁ;l} ifo=1.
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Using this equation, we can rewrite equations (67) and (68) as
YE" = K =Kke(D)pi(1) = Kke(1) (1 = i (0)) (B.57)

where the last equality follows because, since i (6) is the proportion of capital held by
entrepreneurs of type 6, it must, by definition, be the case that Yy u3(0) = 1. ?°
Using equation (61) and that kz(0) = 0, we can re-write (B.57) as:

 _ ~ - /\9(1—7‘[)
Kp = Kke(l) (1 A+p+r—(0+1) (71?—15)) (5.55)

> )\97T+P+7—(1+TC)(7F—75))
= Kkg(1 — — B.59

E()()\9+P+7—(1+TC)(7F—P) (5:59)
Now, combine equations (64) and (65) to get:

*

PV Y K= (0 )

Since, in this case, Yg* = K%, and Yg* = K7 = K* — K}, this equation can be rewritten

~% ~% p+,y ~% ~% K*
'e —Tp = (1+TC—(VF_P )) K_E

as:

Note that rearranging this gives an alternative expression for m:

~% ~% KE * * K}E
m = (1+TC)(VE—7F)F = (1 - 1) (rE_rF)F'

Substituting this into equation (B.56), we have:

7 _ 1 . 1 p—i—r)/ ~% ~ % K*
) = e =9 xmm{cp(l—g)qo?- (1+Tc ~E=p )) K_El}

and combining with equation (B.59), we get:

KE < A+p+7—(1+7)(Fr—P) )
17-

K \ N +p+7— 1+ (e —p)
~rropio ™ g (e~ 0 i)
or, equivalently
1=0 (%) min {%;1}, (B.60)

26That Y 1% (8) = 1 also can also be derived algebraically from equations (61), (64) and (65).

21



— 1 K* _ ~% ~% .
where v = AT)e0=9) (K_E> and m = p+ v — (14 1¢) (7 — p*). Now, note that equation

(B.60) implies that

1e UZAgn—i—mm.vAgn—l—m
Ag+m @* " Ag+m

which in turn implies that

Ao +m Ag+m @?
[AS ; —
Agrt+m \| Agm+m m

and therefore that

2
o < max{ et [ Aetm g7 (B.61)
Agrt+m" \| Ayt +m m

Furthermore, (B.60) implies that:

1< Uzwﬂz and 1<l tM
Ag+m ¢ Ag +m
which in turn rearrange to:
2
0 2 Mﬂ and v Z M
Agt +m m AgTT +m
and therefore imply that
2
v > max Ao+ m ; Ao+ m U . (B.62)
Agt+m \| Agm+m m

Combining equations (B.61) and (B.62), we get:

A+m | Ag+m ¢?

¥ = max R
At +m’' \| Agt +m m

Then, given the definition of v, we can write this as:

1 K* Ap(1—m) A(1—1)\ @2
(1+TC)¢(1—§)K_E_maX{1+ /\97r+m’\/<1+ /\97t+m)Z}'

which rearranges to equation (70).
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B.6 Proof of Lemma 4

Formally, we define the government’s optimization problem as seeking taxes tx, 75, T3, Ty
and an allocation to achieve the supremum of worker steady state utility subject to the
constraint that all aggregate variables must be consistent with the equations and inequal-
ities in Proposition 2 —i.e. the allocation must be a steady state.

Since we are seeking a supremum to the government’s problem, all the strict inequal-
ities in Proposition 2 can be replaced with weak inequalities, since all the inequalities
are continuous functions of the aggregate variables. After this replacement, all the con-
straints of the government’s problem are either equalities or weak inequalities.

Consider a compact neighborhood of combinations of feasible taxes and allocations
around the optimal taxes Tg, 1%, T3, Tjy- Such a compact set exists, since all the con-
straints of the government’s problem are equalities and weak inequalities. Since the
government’s objective function is continuous over this compact set, it follows that,
within this compact set, the maxium of the government’s objective function must be
attained at the tax rates 7, 7, 73, Tjy, by the Weierstrass theorem.

At the optimal tax rates T, 75, Ty, Tjy and optimal allocation, it must be the case that
rg > rf, since, by the Inada conditions on the production function, rz = oo, if Kg = 0,
and if Kg > 0 then equation (70) implies that it must be the case that r; > rf, since
¢ < 1. Since r; > rf, it must also be the case that Ki > 0, since the Inada conditions
imply r} = oo otherwise.

Then, the only inequality constraints on the government’s problem that may bind at
the optimal allocation are that Rp = (1+ %) (¥ — p*) > r and ﬁ > ¢. Since all the rel-
evant functions are continuously differentiable, we may apply the Kuhn-Tucker theorem
to deduce that the optimum must satisfy the Kuhn-Tucker first order conditions, with
Lagrange multipliers on these latter two inequality constraints that may bind. Combin-
ing the steady state conditions in Proposition 2 to get an expression for worker’s post
tax utility as a function of Kg and Kr and differentiating yields the first order conditions
in the Lemma.

O

C Data

To calibrate the entrepreneur’s stake in the business, we use data from two sources:
the Survey of Consumer Finances (SCF) and the (National) Survey of Small Business
Finances (SSBF). Both surveys contain information regarding business ownership, with

the difference that the first is a household survey, while the second is a survey of small
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businesses. We can identify in each of them groups of respondents that are in line with
our notion of entrepreneurship. We use both sources as validation for our results.

The Survey of Consumer Finances is a a triennial cross-sectional survey of U.S. fami-
lies which provides information on individual household portfolio composition, includ-
ing investment in private firms. While the SCF was initially administered in 1983, it was
not until 1989 that questions about business ownership were introduced. Therefore, we
use all survey waves from 1989 until 2013. We restrict the sample to households who
report owning a business in which they have an active management interest, and are
between 25 and 65 years old. This represents, on average, 14.3% of the sample. If a
household is an active participant in multiple businesses, we examine the average share
across businesses.”’

The (National) Survey of Small Business Finances collects information on private,
non-financial, non-agricultural businesses in the U.S., with fewer than 500 employees.
There are four surveys to date, but only the last three (1993, 1998 and 2003) collect
ownership share information and are useful for our purposes. The surveys detail the
demographic and financial characteristics of the firms and their principal shareholder.?®
Approximately 90% of these firms are managed by the principal shareholder. We apply
the same sample restrictions as in the SCE.

Figure 4 displays the evolution of the ownership share over time. Both surveys indi-
cate that ownership is highly concentrated, entrepreneurs holding, on average, 84% of
their firm’s equity. In particular, the average share is 85% in SCF and 83% in (IN)SSBE.
Ownership rates are very stable not only across surveys, but also across the time horizon
we consider. For this reason, for our calibration exercise we work with their average over

time and surveys, which is 84%.

2’We obtain similar results if we only focus on the business in which the household has the largest
investment.

281n 2003 information was collected for up to three owners. We only focus on the main owner, i.e. the
one with the largest ownership in the business.
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Figure 4: Ownership Share in the U.S.
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Notes: The orange bars show the average share that entrepreneurs in SCF own in their business. The black
bars show the average share of small businesses in the (N)SSBF that is owned by the principal shareholder.
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