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1. Introduction

Taylor (1979) suggests that, in quantitative theoretical investigations under
rational expectations, macroeconomic stabilization policies ought to optimize
the unconditional expectation of the policymaker’s objective function. That
perspective on policy assessment has proven popular; some prominent recent
examples include Rotemberg and Woodford (1998), Woodford (1999), Clarida,
Gali and Gertler (1999), Erceg, Henderson and Levin (2000), Kollman (2002)
and Schmitt-Grohe and Uribe (2007). Blake (2001) and Jensen and McCallum
(2002, 2006) also provide an example of time-invariant monetary policy based on
optimization of the unconditional value of the criterion function.

However, even in the simplest possible models, analytical derivations
of unconditionally optimal (UO) policy have proven elusive. Damjanovic,
Damjanovic and Nolan (DDN, forthcoming) develop a straightforward, intuitive
and easy-to-implement approach for analytically deriving policies that are
unconditionally optimal in both non-linear and linear-quadratic (LQ) settings.
They also demonstrate that one can linearize a canonical New Keynesian model
around the non-distorted steady-state to obtain a ‘familiar’ LQ approximation
to the UO policy problem; that is, familiar in the sense that the loss function is
defined solely over terms in inflation and output.

This paper takes up an important issue not addressed in that earlier paper:
Can one devise a tractable LQ formulation to the UO policy problem when the
steady-state of the model is distorted? The advantages from being able to do
so include, as Benigno and Woodford (2007) note, the possibility, under certain
conditions, to rank alternative policies'. However, there is also scepticism, (see,

Benigno and Woodford, 2007), as to whether it is possible to obtain a purely

1See also Kim and Kim 2007.



quadratic approximation to the unconditional loss function.

In this paper the approach of DDN is extended to demonstrate that it is
possible to obtain a purely quadratic approximation to social welfare around the
unconditionally optimal steady state, where lump-sum subsidies are not allowed.
This is a primary contribution of the paper. A specific application of the approach
is provided employing the canonical New Keynesian model.

Two main results then emerge. First, unconditionally optimal monetary policy
is characterized by a trend in inflation and a positive nominal interest rate.
That trend in inflation complicates the linear-quadratification?. This explains our
second result: the second-order accurate approximate loss function is no longer
defined solely over terms in output and inflation, as found in DDN for the non-
distorted steady-state case. However, the loss function that one obtains is easily
interpreted in terms of the underlying distortions in the economy.

In section 2 the basic problem is set out in a general form. The problem
is analyzed and it is shown that one can derive a purely quadratic second-order
approximation to the unconditional expectation of the objective function. Section
3 begins the application; first a canonical New Keynesian, Calvo-price-setting
model is set up. Section 4 formalizes the policy problem and demonstrates the
application of the various steps in the approach of section 2. There is then a
brief discussion of the implications for optimal monetary policy when the steady
state is distorted and the authorities are optimizing over the unconditional loss

function. Section 5 offers some conclusions.

2 As shown in Damjanovic and Nolan (2006)



2. The general problem

Consider a discounted loss function of the form
Ly =(1-08)E; Zﬁjl(%ﬂ'aﬂtﬂ')a (2.1)
j=0
where F; is the expectations operator conditional on information up through date
t, 8 is the time discount factor, I[(z;y;, 1, ;) is the period loss function and z; is
a vector of target variables. Specifically, z; = [Z;, 2, 1], where Z; is a vector of
predetermined endogenous variables (lags of variables that are included in z; and
i), z; is a vector of non-predetermined endogenous variables (including ‘jump’
variables), the value of which will generally depend upon both policy actions and
exogenous disturbances at date ¢, and 7, is a vector of policy instruments, the value
of which is chosen in period t. 1, denotes a vector of exogenous disturbances. For
simplicity, assume that y, is a function of primary i.i.d. shocks, (ei)ioo.
Further, let the evolution of the endogenous variables z; and Z; be determined

by a system of simultaneous equations,
F (Etl'prl,.fl:t,,ut) = 0. (22)

Let us further assume, following Taylor (1979), that the policy maker seeks to
minimize the unconditional expectation of the loss function (2.1), subject to

constraints, (2.2)3. That is, he or she searches for a policy rule

2 (Etil?tﬂ,xt, Mt) =0 (2'3)

such that
p = argmin FL,(p), (2.4)

3Interestingly, Taylor’s approach, we think, basically boils down to a recommendation:
Policymakers ought to seek to minimize the unconditional value of the loss function. This
appears partly, perhaps largely, in response to the issue of time inconsistency. See Taylor (1979)
for further discussion. McCallum (2005) is an interesting discussion of these, and related, issues.
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where E is the unconditional expectations operator. We call such a policy

"unconditionally optimal" and denote it ‘UO-policy’.

2.1. Solution

The first step is to formulate the non-linear policy problem and identify the non-
stochastic steady state around which approximation needs to take place. Next,
the possibility of a second-order accurate approximation to welfare is addressed;
specifically the possibility of a loss function that is solely a function of quadratic
terms. However, an alternative approach to analyzing (2.2)-(2.4) is to solve a non-
linear problem and to analyze the linearized optimality conditions. So, finally in
this section we establish the equivalence of the LQ approach (which is the central

topic of this paper) with that alternative approach of "optimize then linearize".

2.1.1. Necessary conditions for an optimum

Consider the following Lagrangian function which derives from the above optimal

policy problem:

L (Y, e, 1) = B (U, py) + & F (Yo, w, 1) + o (Beveir — ) - (2.5)

DDN (forthcoming) show that the necessary conditions for the optimality of policy,
©, is that it implies a path for the endogenous variables, x; and y,, and that there
exists Lagrange multipliers, (§,, p;) , that together satisfy the first order conditions
(2.6), (2.7) and constraints (2.2)*,

OH _ al(xta#t)+§taF(yt,xt>Nt)

Oy ox ox =0 (26)
a aF (yt L, lut)

i — = TR — ) 2.7
Em & Em Pt ) ( )

4The notation ¢F is a shorthand for the tensor product, Z?:l & F;.



where H (y;xy,p,) is the Hamiltonian for (2.5), such that £ (yix:,p,) =
E (H (yrxe, 1)) - This basic optimization problem is discussed in a little more
detail in DDN (forthcoming).

Judd (1999), Woodford (2002) and Benigno and Woodford (2005) demonstrate
very clearly that the choice of the steady-state is crucial (along with the
solution concept for forward-looking policy problems) in being able to obtain
LQ approximations to general non-linear, forward-looking policy problems. To
choose the deterministic steady state, around which log-linearization takes place,
one needs to solve the system of first order conditions (2.6), (2.7) and constraints

(2.2). The steady state (X, &) is defined by the system (2.8):

F(X,X,p) = 0 (2.8)
o(X,p) | OF(X, Xop) | OF (X, X,p)
0z, +< ox +< Ay =0

where X, £ and p indicate the vectors of steady state values of endogenous
variables, Lagrange multipliers and the average value of shocks, respectively. We
refer to (X, ) as the "unconditionally optimal steady state".

We emphasize, that the "timeless perspective" approach discussed in Woodford
(2002) implies different first order conditions, and therefore, a different center of
approximation. That difference will be shown to lead to very different optimal

monetary policy.

2.2. The possibility of pure second order approximation

The value of the loss function FEl (x4, p,) should not change if we combine it
with the unconditional expectation of the constraints EF (y;,x, i1,). Thus, the

appendix demonstrates that the second order approximation to this combination



has a pure second order form. That is,

El ("Et?:ut) = E [l (xtaﬂt) + §F (yt>xta :ut)]
— EQ,+£EQp +tip+ 03, (2.9)

The notation O3 denotes third or higher order terms. (); and () are pure second
order terms of the log-approximation, around the unconditionally optimal steady
state, to the loss function [ (x4, 4;) and dynamic constraints F' (Exy1, Ty, fi;) -

1 0%l . 0%l

= - (X*— 2X p—211; | ;
Qi 2< ax2$t1?t+ Naxauxtﬂ’t)a

1. 9 0%F  O%F\ _
Qr = §X <W+8—y2>xt$t

2 82 82

F F F_
+XX%xtxt+l + Xumxtut + Xumxtﬂﬂt-

It is straightforward to show that the maximization of the unconditional objective
(2.9) subject to the linearized analogues of equations (2.2) yields the same solution
as log-linearization of the first order conditions (2.6). This latter approach
is proposed by Khan, King and Wolman (2004) in the context of conditional
optimization, and is extended in DDN (2007) to unconditional optimization. See

Appendix 6.2 for a confirmation of this assertion.

3. Example: Calvo model with distorted steady state

A more or less canonical dynamic New Keynesian model is developed and two
issues in particular are pursued. First, what variables appear in the approximate
loss function? Second, some insight is sought into the nature of optimal monetary
policy although we leave for future research a full characterization of (dynamic)

UO monetary policy.



3.1. The Households

As noted, the model is almost standard. However, it turns out that optimal,
steady-state inflation is positive. An important implication of that trend in
inflation is that it renders price dispersion, defined below, a variable of first-order
importance.® As a result, the linear-quadratification of the model becomes a little
more algebraically intensive. These issues are analyzed more fully in Damjanovic
and Nolan (2006).

There are a large number of identical agents in this (closed) economy where
the only input to production is labour. Each agent evaluates utility using the

following criterion:

By AU, Ni) = o Y B <1og<n>—1—jv ([mGai) ) (3.1)

t=0
E; denotes the conditional expectations operator at time ¢ > 0, 3 is the discount
factor, Y; is consumption and N,(7) is the quantity of labour supplied to industry
7; labour is industry specific. v > 0 measures the labour supply elasticity while A
is a ‘preference’ parameter.

Consumption is defined over a Dixit-Stiglitz basket of goods

Y, = [/Olyt(z')%ldi} _ (3.2)

The average price-level, P;, is known to be

P = {/Olpt(i)l_edz’] 1—i9. (3.3)

S0f course, it is possible to avoid this complication by appropriate indexing. Although
a popular assumption in quantitative investigations, it is far from uncontroversial. On the
other hand, we are interested in applying the approach of Section 2 and so the complications
consequent on optimal trend inflation are of some interest to us.




The demand for each good is given by

(i) = (&) Vi (3.4

where p;(i) is the nominal price of the final good produced in industry i and Y;%
denotes aggregate demand.

Agents face a flow constraint of the following sort
PtY; + Bt = [1 + ’l'tfl] Btfl + WtNt(l - T) -+ Ht. (35)

As all agents are identical, the only financial assets traded in equilibrium will
be those issued by the fiscal authority. Here B, denotes the nominal value of
government bond holdings, at the end of date ¢, 1+ 4, is the nominal interest rate
on this ‘riskless’ one-period nominal asset, W, is the nominal wage in period ¢ (our
assumptions mean that we do not need to index wages on i), and II, indicates any
profits remitted to the individual. We assume the labour income is taxed at rate 7.
The usual conditions are assumed to apply to the consumers limiting net savings

behavior. Hence, necessary conditions for an optimum include:

Un(Yi, Vi)
_oNhy) NYY; = w, (1—7); .
U{,(}Q’Nt) A t 1t wt( T), (3 6)
A

and

Et{ﬁU},/(KerlaNtJrl) P } 1 (3.9)

Uy (Yo Ny) P 1+i)
Here w; denotes the real wage. The complete markets assumption implies the

existence of a unique stochastic discount factor,

Y, P,
Qt,t+k = ﬁ i

-, 3.9
YiirPrtr (3.9

where
k

E{Qu} = B |

=0

1
L+ iy




3.2. Representative firm: factor demand

As noted, labour is the only factor of production. Firms are monopolistic
competitors who produce their distinctive goods according to the following
technology

Yi(i) = A [N(0)]"7 (3.10)

where N;(i) denotes the amount of labour hired by firm ¢ in period ¢, A; is a
stochastic productivity shock and 1 < ¢.

The demand for output determines the demand for labour. Hence we find that

Ny(i) = (P;(j)>_6¢ (%>¢. (3.11)

We assume that there is an economy wide labour market so that all the firms pay

the same wage for the same labour. As a result, as asserted above, we may write
wy(i) = wy, Vi. We assume that all households provide the same share of labour

to all firms. The total amount of labour will be

N, = / Ny (i)di = (%Y / (PtT(j))%dz': (A7) A, (3.12)

where we define A; as our measure of price dispersion:

A = /0 1 (%@)w di. (3.13)

3.3. Representative firm: price setting

As in Calvo (1983), each period a fixed proportion of firms are allowed to adjust
prices. Those firms choose the nominal price which maximizes their expected
profit given that they may have to charge the same price in £ periods time, with
probability o®. As usual, we assume that firms are cost-takers. Let p/(i) denote
the choice of nominal price by a firm that is permitted to re-price in period t. As

10



all firms who are permitted to reprice will choose the same price, optimal repricing
implies

(p;)ww—w (72) o @B Y2} [otesnwere A Y (P Pevi)

Z - > neo(aB)* (P ) Pyyy)t 0 : (3.14)

where p, is a cost-push shock. The price index then evolves according to the law
of motion,

]1/(170) '

P=[1-a)p! " +aP} (3.15)

Because the relative prices of the firms that do not change their prices in period
t, fall by the rate of inflation, we may derive a law of motion for the measure of
price dispersion

Ar=al 7+ (1—a)(p,/P)"". (3.16)

4. UO (Monetary) Policy

Proposition 4.1 sets out the relevant Ramsey problem.

Proposition 4.1. The Ramsey plan is a choice of state contingent paths for the
endogenous variables {miirx Apir, ka,qu,XHk,ZHk},?;O from date t onwards
given { EyAvk, Evpy +k}:ozo so as to maximize social welfare function (4.1) subject
to constraints (4.2)-(4.4):

- 1 1
max EE; kzzoﬁk <((1)g+u;3r;; ~ % log Ay x — Ut+k) ; (4.1)
subject to:
e The Phillips block
pi? X = 24 (4.2)
X, = 1+aBE X nl )
(1+0)¢ (p u
Zt = T jKtt + a/BEtZtJrlﬂ-ffl’

11



e The law of motion of prices

Ay = OéAt—lﬁgw) +(1—a) p;0¢' (4.3)

e Prices: p; is the relative price set by firms updating at time ¢,

1
1—anf=t\ 12
by — (7t ) | (4.4)

11—«

It is useful in formalizing this policy problem to define some variables as follows:

1-0
Discounted marginal revenue is X; = E;» (Ba)” (%) ; discounted

—0¢
marginal cost is Z; 1= E; ), (Ba)k K t;’“ (IJ;’W ”Zﬁ’“ ( Pik) ; period marginal

cost 1S Uyqp 1= F)\UA;)I; (A;:‘kY;Jrk)(UHM; and @ := 9%11_77 < 1, which indexes the
steady state distortions in this economy.

One can set up the Hamiltonian for this problem, as proposed in section 2, as
follows:

1 1
H = (———logu, — = log A, —
((v+1)¢0g“t 6 BT “)

+p, (Xi — 1= Bar] Xi11)

py (14 v)o uy 0
+(10t (Zt - j @ Kt - Baﬂ'tfle_l

& (20— 9l X)

12



The necessary conditions for an optimum include:

0

My (1+U)¢£,

~ H = —— Laid
“ By (v+1)¢ Pt g @A
9 pe (L4 0)¢ wy 0
8—A,5H = < Lt > A_tg + 0 — EtantJertj:l;
0 _ _
8—X,5H = Pt *Ptﬂﬁaﬂe T tpte¢ 0+1§
0
8_ZtH = ¢t 7¢t716aﬂf¢+§t;
wﬁﬂ——4wﬂ Bar? X, — o, Babpri®Z
t@m = Pr—1POTy t — P 1PAUPT " Ly
00 eaﬂeq
t
—N 0PNy 17" — 04y I— o ;
0 _ _
pta_ptH = —§0p—-0+1) ti% +99 O, (1 —a)p, %+ pis.

To reduce a little on notation, denote

py (L+v)o uy

)

which represents marginal production costs.

4.1. The steady state

(4.6)

The value of the endogenous variables in steady state should solve the system of
constraints (4.2), (4.3), (4.4), (4.6) and the first order conditions (4.5). As a result

one obtains the following steady state equations:

(v+1)pc=1—DPAc;

Y
nA (1 — an) = (é - 900) ;

§=—p(1—apn?);

p= €Xp0¢70+1 = —p (1 _ aﬁw9¢) Xp0¢70+1;
op=(06—0+1)p—0¢n(1—a)p’.

13
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Using these equations, one can derive the following expression

(0 — 1) pBar’ 1 X + ppabpr’ Z 4+ nabpAn? + (5p9(im—0: =0, (4.8)
which can be used to infer a value for the optimal steady-state inflation rate. Using
parameter values typically found in the literature, that expression implies that
optimal steady state inflation is of the order of 0.2% a year. This small positive
trend in inflation reflects a number of conflicting effects. On the one hand, a small
amount of inflation can boost demand, as it partially offsets other distortions in
the economy. On the other hand price dispersion, which is rising in inflation, acts
rather like a cost shock on firms, for reasons analyzed in Damjanovic and Nolan
(2006). Hence, one finds that optimal trend inflation has a U-shaped relation to
price stickiness «; it is increasing in o when initial price dispersion is relatively
small, and declines once initial price dispersion is sufficiently large. Optimal
inflation declines in the discount factor, 5. As discussed in more detail in DDN
(forthcoming), UO policy, in contrast, say, to timeless perspective policy, gives
some weight to the distribution of initial conditions. In particular, it reacts to the
value of the initial output gap. That is partly why some stimulation of output via
inflation is desirable. So, the smaller the discount factor the higher is the relative
weight on initial conditions and the higher the optimal inflation rate. Finally,
we note that the nominal interest rate is positive in the UO steady state. That
conclusion follows from the Euler equation (3.8) which yields 1/(1+1i) = /7 < 1.

We leave a fuller characterization of UO monetary policy to further research.

4.2. The quadratic form

Having recovered the optimal steady state, one can obtain a quadratic loss
function, an equation of the form (2.9). The details of the derivation are set
out in the appendix:

EU =EQ,+ pEQx + 0EQz + EEQzx +nEQA +0EQ,,

14



where

1
Q = —§uuf;
1 /o 1 1o 11 5
— —X<X2>——X—X2=——— 7
Qx 2 ! Bamd-17" 271 2 Barf-17"
1,50 1 5 1 P ~ )
Qz = 327}~ 3@ — L Pon"Z (Zuur +067ii)
1, 5 1 ~ %)
Qu = 5ZZ3*Z§<(9¢*9+1)pt+Xt> =0;
1, ~5 9oL o 2 1 0% (A =\
Qa = FAAF—(L—a)p™5 (06p)" — jalAw <At—1 +9¢>7rt> ;
1 5 1 ar?1 arf?1 2
@ = PTG (01a7r91_1 T

One can simplify this expression in a number of ways; consider the following

expression:’

EU = %E [uﬂf + 0@ + A X2+ AaA2 + Aﬂaﬂ . (4.9)
It is possible to write equation (4.9) in a way that relates it more clearly to the

‘standard’ loss function often employed which is defined over simply output and
inflation. First, recall the definitions of u; :

Uy :(v+1)3t+(v+1)¢<ﬁ—ﬁt>.
Now note that ¢; can be represented as
Ct = Us — gs-

g: can be thought of as the ‘labour wedge’ of inefficiency (note the role price
dispersion):

9= NN "o

which in log-linearized form is simply:

ou OF _wy (ﬁ P >
py (1+0)o )
?tzﬁt_/lzt-
So we can further simplify (4.9) as

N2 - ~
EU= —%E [¢ (L+0) (V= ¥7) + G + A X7 + Al + A7 | (4.10)

6The coefficients of equation (4.9) are positive for reasonable calibration.
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The term 2* represents the ‘target’ level of output ¥;* = A\t—ﬁt —val\ (and where
details concerning coefficients are again given in the Appendix). The ‘target’
rate is increasing in productivity and declining in the cost-push shock; it is also
declining in price dispersion. The variable )/(\'t represents, in effect, the losses to
the firm forced to charge suboptimal prices due to price stickiness and expected
inflation, to which they may not be able to react.

This form of the loss function can easily be nested to familiar cases, either
the non-distorted steady state where ® = 1, or where the steady state of the
model economy remains distorted but where the social discount rate is equal
to the private rate of discount, § = 1 (in which case the UO policy and the
timeless perspective policies coincide). In both special cases optimal monetary
policy corresponds to price stability and the loss function (4.10) reduces to a
familiar form defined simply over inflation and output. Specifically, if the optimal
steady state is characterized by price stability, then A, = 0. Moreover one can
easily show that price dispersion, ﬁt, is a second order term in that case. Lastly,
the labour wedge g; is then simply a cost -push shock, ji,, and can be considered
as a term independent of policy.

Finally, for completeness, the full set of linearized equations of the model

economy are set out at the end of the Appendix.

5. Conclusion

This paper developed a straightforward approach for analytically deriving UO
(monetary) policy. It demonstrated that, in general, one is able to obtain a
purely quadratic approximate unconditional loss function in the case of a model
economy with a distorted steady state. In an application, it was shown that the
loss function may be somewhat more complex than in a model with no steady-

state distortions; inflation and output are no longer the sole arguments in the loss

16



function. However, the loss function so obtained is easily interpreted in terms of
the underlying distortions in the economy. Furthermore, optimal inflation and
nominal interest rates are positive in the steady state. From the perspective of
UO policy, therefore, one may have the beginnings of a theory as to why central

banks appear to target a positive rate of inflation.
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6. Appendixes

6.1. The possibility of the second order approximation

The first part of the appendix demonstrates the key result in Section 2.2, namely
the existence of the quadratic form, (2.9). The first line of the following block
of equations corresponds to the top line of (2.9), the subsequent lines being its
quadratic approximation:

El (xh p‘t) = FE [l (xﬁ p‘t) + é.F (yt7 Lty //‘t)]
al . 282 ol o o
(‘9F 8F
YEE(F+ XS5 + X—7,
Oz dy
oF 0’F oF oF SN
§<X8—+X28 )El‘tl‘t—f' §<Xa—y+XXa Q)Eytyt

oF O*F oF
E(XX—20: + Xpu——2100, + Xu———1: 10 03.
+¢ ( axayﬂftyt + “axaﬂt“t + Mayauytut) +
This can be rewritten as

81

1 PN .
+§XExta:t (8 +£— +£—> + EQi+E(EQF +ti.p+ O3.

Here (); and QQr are pure second order terms:

02l ol
Q = <X28 zxt:ctJrQXua 3 xtut>,
O*F O*F O*F O*F 02
= —X2 T+ XX z Xp——=0, + X Tially.
Qr 5 <(‘9x2 +355 92 ) Loy + 7 ayxtxtﬂ + Maxauxtﬂt + NayauxtvLLut

Using the constraints Eyz; 1 = y;, the steady state conditions (2.8) and the
property of unconditional expectations that Ez;,,; = Fz;, we can show that the
firts line of expression (6.1) equals to [ + £F = [ is a steady state value of loss
function, which is a term independent of policy (¢.i.p.). Thus we have proved that

the loss function can be represented in a pure quadratic form.

El (20, 11,) = EQi + €EQp + Li.p + 03,
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6.2. Alternative approaches to recovering UO policy

The approach of some researchers is to solve non-linear problems and then linearize
the resulting optimality conditions. For example, in the context of conditionally
optimal monetary policy, that is the approach taken by Khan, King and Wolman
(2003). This section demonstrates that this alternative approach also works in
the case of unconditionally optimal policy. Specifically, the maximization of the
unconditional objective (2.9) subject to the linearized analogues of equations (2.2)
yields the same solution as log-linearization of the first order conditions (2.6). The
first order conditions to the non-linear problem are written as

OH  Ol(we, ) OF (yi, s, i1y o
oz, o +& O +pi1 =0;
oH ¢ OF (yi, e, pty)

ayt t ayt Pt

The log-linearized versions of these equations are:

on - _ ﬁHm el
or, oz a 2%t “a ot
(‘9F 82F 62F 82F
+p+ppt 1 +02 (6.2)
O0H F O*F 82F 82F
—p— ppt+02, (6.3)

which we can simplify by plugging (6.3) into (6.2) and using the steady state
conditions (2.8) as

a_H — 8_2133\ + —821 M
Bz, 82 t ot
82F 82F 82F 82F
aF 82F 82F
5 5,5 1+§X Qyt 1+§X8 8 CL’t 1+£Ma 8 /'Lt 1= = 0. (64)
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We turn now to the L(Q approach. Utility can be represented as (2.9). Hence, the
relevant optimization problem is

max Bl (30, 5o 7i) = max o (X2 L 5.2, + oxu=2L 2.3
X = X — R _—
ty Yty Mt 2 axz tLt Naxau 17223
1, OPF_ . O*F_
+§X 32 (W%xt +a—y2ytyt

9°F 92F O°F
XX——E2; + EXpu=——FETifi, + EXpu=———FEG i
+¢ 920y Ty + & H ozon Tefty + & M agap Y

subject to log-linearized constraints

oF _ oF oF

F(E = X— X—17; —7, = 0; 6.5
(B, @, py) D2y Ty + oy Yt + Maut oy ; (6.5)
U = Eui. (6.6)

The new Hamiltonian can be written as

~ 1 9% ol 1 O*F O*F
H = - |(X?=28 +2Xpu=——724ji S X2 =BT + =5 Ui
2 ( G2 Tt + ”axaﬁt”t) + 2 ¢ (8:02 T T Oy? ytyt)
O*F O*F O*F
XX ——Z + EXpm—Tlly + EXp=———i 1

OF OF _. OF _ . ~
Fs¢ | Xo— + X —ye + ppo—1y | + 72l — re—12.
Oxy Jy Oy

where s; and r; are the corresponding Lagrange multipliers attached to linearized
constraints (6.5, 6.6). The resulting first order conditions are

OH , 021 ol ,02F
0%F ?F oF .
+§Xmet + fX,Um,Ut + StXa_CL'txt —Tt—1,
and _ , ) )
OH . 0°F_ O*F _ O*F _  _ OF
a—/y\t =&X oy° Yt + gXXaa:(?yxt + fXﬂayau,Ut +5:X oy + pry.
So, it follows that we may write
1 0H 2l 9%l O2F
Xom <X 92t *N—axaw> X G
O*F . O?F oF
O*F 0%F O*F oF

X—y_ X—77_ —0n Sp_1—.
g 8:1]2 yt 1+§ 8$ayxt 1+§:u8yau:u’t71+st lay

22



This is identical to (6.4) with the following relations between Lagrange multipliers

sy =&, T = PPy
6.3. A2: The second order approximation to unconditional welfare.

In Section 4.2 of the main text we asserted the existence of the following quadratic
equation,
EU =E(Qi+pQx +¢Qz +EQzx +nQa + Q) -

where (), is the second order term of the loss function, and Qx, @z, Qzx, Qa, @p
are the second order terms of the log linear approximation to constraints (4.2)-
(4.4). This section demonstrates how one derives that equation. The model can
be rewritten in the following linear-quadratic representation

1 1
mlogut—alogAt—ut)—OS
= L 1R +ia2) 4
= (v+1)¢ d) t— Uy 2ut p;

(Xt —-1- 60&71'?;11)(,54_1) - 03

~ 1~ ~ N 2
= X (Xt + §Xt2> — 60{71'0_1)( (Xt+1 + (9 — 1) 41 + = (Xt+1 + (9 - 1) 7Tt+1) ) )

(Zt — Ct — ﬁaﬂ'filZH_1) - 03
7 1 72 -~ 1 2 09 2
= Z Zt + §Zt —cl|lc + §Ct BO{’/T 7 Zt+1 + 9(;571}4,_1 + = 5 (Zt+1 + 9(;5’/Tt+1> 3
(Zt - p9¢*"+1xt> —03
~ o 1 ~ o)\
= Z (Zt + Z2> p’0t X ((9¢— 0+ 1)pr + X + 5 ((9¢— 0+1)p: +Xt> ) ;
At — OéAtfl’/Tt (1 — Ol) - 03

~ 1~ 2
= A<At+§A?> 7CLA’/T <At 1+9¢’ﬂ't+ (At 1+9¢)’/Tt> >

~(1-a)p’ (%pt + 5 (0D1) > ;

1
1 o—1
Pt — <¢> - 03;
l-«a
1 mo—1 1 arf ! ar?~! 2
= =p; | —p———— 6 -1 .
b <pt * 2pt> pl amf=1 i = 2PT = amd—1 \"T— anf—1 it
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The linear relations are therefore,

X, — Bax?~? (XtJrl + (6 — 1)%#1) = 02
Zt — %/C\t — Ba7r9¢ <Zt+1 + 9¢%t+1> = 02
Zi-((06-0+Dpi+X:) = 02
~ —~ 0o
At — aﬂ0¢ (Atfl + 9¢/7?t) — (1 — OZ) %0¢ﬁt = 02,
_ am’t
A e 02,
and the following are the quadratic relations:
1
Ql = _51“137
_ 1 2 1 loo 11 2.
@x = 2X (Xt) ﬁom@*lXQXt T 2Bamf1TY
1,5 1 1 = N 2
Qz = §ZZt2 - §cct2 - §Ba7r9¢Z (Zt+1 + 9¢>7rt+1> ;
1,5 1 a2
Qo = 322} —25((06—0+Dpi+ %) =0;
1, ~ 1 . 1 ~ ~
Qa = 8B} —(1-a)p"3 (007)° - 07" (At_l + eqm)
1 o5 1 anf~1 anf?=1 2
@ = PRGOS <91 —ar?-1 L)m

One can simplify these expressions as follows.

Simplification of Qp: Use (6.11) in (6.14) to find that

1_
Qp = *51_[7%2,

where we define

1

0—1

I (1 — aﬂe_l)”’ arf~1 ((9 — Dot

11—« 1—anm 1— anf—1
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Simplification of Q= : Use (6.8) in (6.12),

2E§22 _ ZQ B (1 _ aﬁﬂ‘%) &2 — Bar?® (Z + 9(1)%15)2 (6.15)

= (1-Bar®) 72 — (1 - apr®) & — Bar® (067,) (22 + eaﬁt)

= ((9¢> 0+ 1P+ )?t) ((1 — Bar?®) ((9¢> —0+1)p + )?t) — 28axn® (0¢) %t)
— (1 - apr”) & - Ban® (09)* 77

= X?(1-apn®) — (1-apn®)e
—Bar’ (09)° 77 + (1 - Ban®) (06 — 0 + 1)° B} — (06 — 0+ 1) 26ax"® (09) 7Py
) <9¢> (ar®=! — Bar®) — (0 —1) ax?~! (1 - a57r0¢)> 2,

1— amf-1

Furthermore from (6.7) one can find an expression for E27, X,
~ 2 = o~ Es ~
EX? = E (Bar’1) <X3+1 F2(0— 1) Fopr1 Xews + (0 — 1) 7r§+1> :

which implies that

N 1 [1-(Bar® 17 o _
287X = ( (6((;3;721)2) )th (9 - 17 (6.16)

Now, combining (6.16) with (6.15)

1 ~
EQz = 7Z§E {(1 — aﬁﬂ0¢) Etz + Z';r7/r\t2 + Zthz} )

where
P (09— 0+1) [0¢ (apr?® —an® tar’ 1) + (0 — 1) an® ' (1 - Ban?)]
T (1 — and-1)? ’
7 1 — Bar? 1 — BZax?~! Op 1— (Bomefl)2 Bar?® — arf—1

1—anf=1 B2aro-1 0—1 (5(”071)2 1—amf-1

Simplification of @, :

2 ~ p %

“Qa=A7-(1-0) N (06p:)* — an”® (&4 + 9¢/7Ft)2
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One can simplify (6.13) using (6.10)
~ \2 1 ~ p~% Opamd—t _ 2
ar® (Ba s 007) = o <At+(1a>Tm“>

B 1 A2 1 <9¢(1—a7r9¢)a7r9_1>2A2

amf® "t qrbe 1—anf-1

Next, using constraint (6.10), one finds E2£t7/r\t

—~ —~ —0¢ ome*l R
anPhiy =Bt 00 <(1 ~ ) R T - “”%) i

Recall that A = ( — )p’%, so that

1—amf®

ar?t — anf®

aw9¢£t_1 = ﬁt + 9(1) < ) 7/1'\,5 + O2.

1—amf-1
This implies

0 1

N2 —1_ g9\ ? 0-1 _ 00 ~
E(an®B1) = A} + E <9¢%> T2+ 200 <%) ERA,.

One can simplify the final terms in the expression as follows

0o

2y P = (6.17)
2 _
1= (aﬂ"%) Eﬁf B 0¢°  an?" — an? R,
a1 — qrf¢ 1—anf=1 1—anf-1
2 1 —ar%an?=1 - 0¢ 2
f BQa=-E——Y YT R2 _par | — | 72
A (1 — an??) @a am?® — qrf-1 71 or [1 — Oz7T9_1:| it

Hence, using these simplifications, we return to the quadratic expression.

EU = E(@Q+pQx +¢Qz+EQzx +1Qa +6Qp);

(
1 1 1 S 1 C ~ N
= —éEuuf - 5PWEXE - §QDZE I:EC? + Z7"7Tt2 + ZVLthi|
1 06 01 09 > o 1—an%anf—1 ~q
7§An (1 —arn’) E(ar T =T | T T e et A
1
—§H6E7?t2;
1 R o ~ . ~
= —§E <uut2 + 0 4+ Ao X2+ Apmi® + AAAf> , (6.18)
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where

)

_ 0¢
A, = o <Zm _ ﬂ)

Bamf—1
A =0ZZ; + AnD, + 116;
0—1)

(1 —an?ar
> 0.

Ax =An(1- onr‘%’) o T

6.3.1. Further simplification

We log-linearize the expression of the marginal disutility from labour u, as
U, = (v+1)£t+(v+1)¢<f@—ﬁt>.

We employ the following representation of marginal production costs

~

Ct = Ut — gt

where g, is the labour wedge defined as

gt - =—=

_ovor _w_p 1
ON'"ON ¢ ut(l—l—v)gbAt (6.19)

The first two terms in the quadratic loss function (6.18) can be simplified as
follows:

27



~9 ~D ~9 ~ ~\2
ully +pccy = Ug + ety — Gi)

= (u+c) T +¢c(Gi)” — 20ctge

= (u+pc) <ﬂt(u+7ipc)§t)2+soc(l(u+¢c)¢c)§t2
= m<(v+l)3t+(v+l)¢<fftgt>ufc(pc<£tﬁt>>2

pe ~2
roe(1- g )

2

= (v+1)¢<%&+fiﬁt¢c(&sﬁt>)

g (Do vd T

- ool (- (25 )3

©c ~

— w+no(F-v) +oa

where we define Y,* and G as

% . 7/\ ~ 'U o~
}/t . At,ut<7(v+1)¢+u)At
. we
G : = (v+1)¢((v+1)¢>fso6)

To obtain this result we recall that the steady state value of the Lagrange
multiplier ¢ satisfies the following equation:

1
(v+1)¢

wc+u= (1 -®Ac)+u=

1
(v+1)¢
6.4. Linearized equations of the model

For completeness, we provide details of the linear approximate model, consisted
of the first order conditions (4.5) a system of constraints (4.2), (4.3), (4.4), (4.6).
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The linearized block of equations is thus:

0 =N PN
uta—utH = —uty —@c(p, +¢)
8 1 -~ ~ —~ ~ ~ 0¢ '~ o~
A——H::—-&+w%%+quQ+AmrwAm Ey (41 + 00T 141)
/AW 10)
0 =N RPN - _ -~ ~
—H = pm*p&me1@F1+w44dm)f@%’”1@y+w¢*9+bp0
0X;
8 =N R R o~
a7 H = P Bam® (B, + 097) + €,
o . =R ~ =N . ~
ﬂta—mH = —(0-1)pBar’lX (pt,l +O-1)7 + Xt) — pBalbor?®Z ((pt,l + o7 + Zt)
SN N an?®=t o~ .
—mw¢Aﬁ¢Qh+AF4+0@n>—&ﬂlia<&+ﬂm+%9—nwa
0 ~ s ~
Pt%H = —£(0p—0+1)Xp'0TP (§t + X +(1—-0+00) pt)
t

+00mp~"% (1= a) (7, — 66p1) + op (3, + )

- ﬁa’iTeilEt <)?t+1 + - 1 7Tt+1> = 0

ZZt — CCt Baﬂ9¢ZEt (Zt+1 + 9¢7Tt+1) =0

~(6o—0+Dp+X) = 0

AR —adx® (Byoy +007:) = (1—a)p ™0¢p = 0
. amf~1

A L 0

G+ +h,—-AN = 0
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