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Option Pricing When the Regime-Switching

Risk is Priced

Tak Kuen Siu Hailiang Yang John W. Lau

ABSTRACT

Recently, there has been considerable interest in investigating option valuation problem in the

context of regime-switching models. However, most of the literature consider the case that the

risk due to switching regimes is not priced. Relatively little attention has been paid to investigate

the impact of switching regimes on the option price when thissource of risk is priced. In this

paper, we shall articulate this important problem and consider the pricing of an option when

the price dynamic of the underlying risky asset is governed by a Markov-modulated geometric

Brownian motion. We suppose that the drift and volatility ofthe underlying risky asset switch

over time according to the state of an economy, which is modeled by a continuous-time hidden

Markov chain. We shall develop a two-stage pricing model which can price both the diffusion

risk and the regime-switching risk based on the Esscher transform and the minimization of
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the maximum entropy between an equivalent martingale measure and the real-world probability

measure over different states. The latter is called a min-max entropy problem. We shall conduct

numerical experiments to illustrate the effect of pricing regime-switching risk. The results of

the numerical experiments reveal that the impact of pricingregime-switching risk on the option

prices is significant.

Keywords: Option valuation; Regime-switching risk; Two-stage pricing procedure; Esscher trans-

form; Martingale restriction; Min-max entropy problem.
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§1. Introduction

Option valuation is an important topic in modern financial economics. Since the seminal works

of Black and Scholes (1973) and Merton (1973), there has beenextensive research on both

the theoretical and practical aspects of option valuation.The original works of Black and

Scholes (1973) and Merton (1973) assume that the price dynamic of the underlying risky asset is

governed by a geometric Brownian motion (GBM). Under the assumptions of a perfect market

and the absence of arbitrage, they are able to derive a closed-form pricing formula for a standard

European call option. The pricing formula is preference-free and has widely been adopted by

market practitioners. It has been coined as one of the most important formulas in economics.

Despite its compact form and popularity, the Black-Scholes-Merton pricing formula is obtained

under the GBM assumption, which cannot explain some important empirical features of financial

time series, such as heavy-tailness of the unconditional return’s distribution and time-varying

conditional volatility. The Black-Scholes-Merton pricing model also cannot explain some stylized

empirical behavior of option prices, namely, implied volatility smile or smirk. Many models

that extend the celebrated Black-Scholes-Merton have beenproposed and tested empirically

in the literature. Some important models include the jump-diffusion model of Merton (1976),

the stochastic volatility models of Hull and White (1987) and Wiggins (1987) and the regime-

switching models by Niak (1993) and Buffington and Elliott (2002a, b), etc. These models

provide a relatively realistic way to explain the empiricalbehaviors of both the option prices

and their underlying assets’ prices compared with the Black-Scholes-Merton model.

Recently, regime-switching models become more and more important in different branches

in modern financial economics. The origin of regime-switching models can track back to the

original work of Hamilton (1989) in which a discrete-time Markov-switching autoregressive time
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series models was proposed. Applications of regime-switching models penetrate different areas

in modern financial economics. Some works on these applications include Elliott and van der

Hoek (1997) for asset allocation, Pliska (1997) and Elliott, Hunter and Jamieson (2001) for short

rate models, Elliott and Hinz (2002) for portfolio analysisand chart analysis, Niak (1993), Guo

(2001) and Buffington and Elliott (2002a,b) for option valuation and Elliott, Malcolm and Tsoi

(2003) for volatility estimation.

In this paper, we shall consider the pricing of an option whenthe price dynamic of the

underlying risky asset is governed by a Markov-modulated geometric Brownian motion. We

suppose that the drift and the volatility of the underlying risky asset switch over time according

to the state of an economy, which is modeled by a continuous-time hidden Markov chain. Most

of the literature on option pricing under regime-switchingmodels consider the case that the risk

due to switching regimes is not priced. In this case, the riskpremium due to switching regimes

is assumed to be zero. However, in practice, the risk premiumdue to switching regimes can

be substantial, especially for some long-lived options, since there can be significant structural

change in the state of an economy over a long period. Guo (2001) uses Arrow-Debreu securities

related to the cost of switching to complete the market by hedging away the additional uncertainty

induced by regime switching. Elliott et al. (2005) introduce the use of the Esscher transform for

determining an equivalent martingale measure under the Markov-modulated geometric Brownian

motion in which the risk due to switching regimes is not priced. In our case, we price the regime-

switching risk. We shall develop a two-stage pricing model which can price both the diffusion

risk and the regime-switching risk. The first stage of the method involves the use of a well-

known tool in actuarial science, namely, the Esscher transform to determine a set of equivalent

martingale measures satisfying a martingale restriction.In the second stage, we determine an
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equivalent martingale pricing measure by minimizing the maximum entropy between an equiv-

alent martingale measure and the real-world probability measure over different states. The latter

is called a min-max entropy problem. We shall conduct numerical experiments to illustrate the

effect of pricing regime-switching risk.

This paper is structured in the sequel. Section two presentsthe price dynamics in the model.

In section three, we present the two-stage pricing method. We shall present and discuss the

results of numerical experiments in section four. The final section concludes the paper.

§2. The Price Dynamics

We consider a financial model consisting of two primary assets, namely, a money market account

B and a stockS, that are tradable continuously. In the sequel, we shall describe the price

dynamics of these two assets.

First, fix a complete probability space(Ω,F ,P), whereP is a real-world probability measure.

Let T denote a finite time horizon[0, T ], whereT < ∞ . Define a hidden Markov chain{Xt}t∈T

on (Ω,F ,P) with a finite state spaceX := (x1, x2, . . . , xN). Following Elliott et al. (1994), we

identify the state space of{Xt}t∈T by a finite set of unit vectorsE := {e1, e2, . . . , eN}, where

ei = (0, . . . , 1, . . . , 0) ∈ RN . This is called the canonical representation of the state space of

{Xt}t∈T . Write Q for the generator or rate matrix[qij(t)]i,j=1,2,...,N for the hidden Markov chain

{Xt}t∈T . Then, with the canonical representation of the state space, Elliott (1993) and Elliott et

al (1994) provide the following semi-martingale decomposition for {Xt}t∈T :

Xt = X0 +

∫ t

0

QXsds + Mt , (2.1)

where{Mt}t∈T is anRN -valued martingale with respect to the filtration generatedby {Xt}t∈T

and the measureP.

Let rt denote the instantaneous market interest rate of the money market account at timet.
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We suppose that

rt = r(t, Xt) = 〈r, Xt〉 , (2.2)

wherer := (r1, r2, . . . , rN) ∈ RN with ri > 0, for eachi = 1, 2, . . . , N .

Then, the price dynamic of the money market account{Bt}t∈T is governed by:

Bt = exp
(

−

∫ t

0

rudu
)

, B0 = 1 . (2.3)

Let {µt}t∈T and {σt}t∈T denote the appreciation rate and the volatility of the stockS, which

are assumed to be governed by:

µt := µ(t, Xt) = 〈µ, Xt〉 , σt := σ(t, Xt) = 〈σ, Xt〉 , (2.4)

where µ := (µ1, µ2, . . . , µN) ∈ RN and σ := (σ1, σ2 . . . , σN ) ∈ RN with σi > 0 for each

i = 1, 2, . . . , N .

Let {Wt}t∈T denote a standard Brownian Motion on(Ω,F ,P). Then, we suppose that the

price dynamic of the underlying stock{St}t∈T is governed by the following Markov-modulated

geometric Brownian motion with jumps:

dSt = µtStdt + σtStdWt , S0 = s . (2.5)

Let Yt denote the logarithmic returnln(St/S0) from S over the interval[0, t]. Then, the price

dynamic ofS can be written as:

St = Su exp(Yt − Yu) , (2.6)

where

Yt =

∫ t

0

(

µs −
1

2
σ2

s

)

ds +

∫ t

0

σsdWs . (2.7)

§3. The Pricing Method
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In this section, we shall present a two-stage pricing methodfor an option under the regime-

switching framework presented in the last section. Our goalis to develop a method which is able

to price the risk due to switching regimes. In the first stage,we shall adopt the regime-switching

Esscher transform to determine a martingale condition. TheEsscher transform is a well-known

tool in actuarial science. It has been adopted for developing premium rules and approximating

aggregate claim distributions. The seminal work of Gerber and Shiu (1994) pioneers the use of

the Esscher transform for option valuation in an incompletemarket. Their work highlights the

interplay between financial and actuarial pricing, which isan important topic of modern actuarial

research as pointed out in Bühlmann et al. (1996). In fact, the Esscher transform is a convenient

and flexible tool for option valuation. In general, we have more than one set of risk-neutral

Esscher parameters satisfying the martingale condition implied by the regime-switching Esscher

transform. In other words, the regime-switching Esscher transform is not enough to determine a

unique martingale pricing measure. So, we require some additional conditions to determine an

equivalent martingale pricing measure. We shall select a equivalent martingale pricing measure

by minimizing the maximum entropy between an equivalent martingale measure and the real-

world probability measure over different states. Some works on the minimization of entropy for

option pricing include Buchen (1996), Avellaneda (1998), Frittelli (2000), Miyahara (2001) and

McLeish and Reesor (2003), and others.

First, we shall describe the regime-switching Esscher transform. Let{FX
t }t∈T and{FS

t }t∈T

denote theP-augmentation of the natural filtrations generated by{Xt}t∈T and{St}t∈T , respec-

tively. DefineGt to be theσ-algebraFX
t ∨FS

t , for eacht ∈ T . Write θt for the regime switching

Esscher parameter at timet, which can be written as follows:

θt := θ(t, Xt) = 〈θ, Xt〉 , (3.1)
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whereθ := (θ1, θ2, . . . , θN) ∈ RN .

Following Elliott (1982), write(θ · Y )t :=
∫ t

0
θudYu, for eacht ∈ T . Then, we define the

regime switching Esscher transformQθ ∼ P on GT as follows:

dQθ

dP
:=

e(θ·Y )T

E[e(θ·Y )T |X0]
= ΛT , (3.2)

whereE[·] denotes an expectation underP.

Note that the expectation in the denominator of the regime-switching Esscher transform is

unconditional. This is different from Elliott et al. (2005)in which the corresponding expectation

is conditional onFX
t . With the unconditional expectation, the risk due to switching regimes is

priced.

Define a(G,P)-martingale{Λt}t∈T as below:

Λt := E[ΛT |Gt] , t ∈ T . (3.3)

Lemma 3.1: Define

λi(θi) := θiµi −
1

2
θiσ

2
i +

1

2
θ2

i σ
2
i , i = 1, 2, . . . , N , (3.4)

andλ(θ) := (λ1(θ1), λ2(θ2), . . . , λN(θN )) ∈ RN .

Then,

Λt = e(θ·Y )t

〈

e(Q+diag(λ(θ)))(T−t)Xt, 1N

〉

〈e(Q+diag(λ(θ)))T X0, 1N〉
. (3.5)

Proof: First, note that
∫ t

0
θudYu|F

X
t ∼ N(

∫ t

0
θu(µu −

1
2
σ2

u)du,
∫ t

0
θ2

uσ
2
udu) underP. Then,

E[e(θ·Y )T |FX
T ] = exp

[

∫ T

0

θt

(

µt −
1

2
σ2

t

)

dt +
1

2

∫ T

0

θ2
t σ

2
t dt

]

. (3.6)

Then,

E[e(θ·Y )T |X0] = E
{

exp
[

∫ T

0

θt

(

µt −
1

2
σ2

t

)

dt +
1

2

∫ T

0

θ2
t σ

2
t dt

]}

. (3.7)
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Let Ji denote the occupation time of{Xt}t∈T in statei, for eachi = 1, 2, . . . , N . Write J :=

(J1, J2, . . . , JN) ∈ RN .

The generalized moment generating functionalE[e(θ·Y )T |X0] of the processY with respect toθ

underP can be written as:

E[e(θ·Y )T |X0] = E
[

exp
(

N
∑

i=1

λi(θi)Ji

)
∣

∣

∣
X0

]

= E
[

exp(〈λ(θ), J〉)|X0

]

(3.8)

Following the method in the proof of Proposition 2 in Elliottand Osakwe (2006) (see Pages

261-262 therein),

E[e(θ·Y )T |X0] =
〈

e(Q+diag(λ(θ)))T X0, 1N

〉

, (3.9)

whereIN := (1, 1, . . . , 1) ∈ RN .

For eachi = 1, 2, . . . , N , write

(θ · Y )t,T :=

∫ T

t

θudYu . (3.10)

Let Ji(t, T ) denote the occupation time of{Xt}t∈T in statei. Write

J(t, T ) := (J1(t, T ), J2(t, T ), . . . , JN(t, T )) . (3.11)

Then,

E[e(θ·Y )t,T |Gt] = E[e〈λ(θ),J(t,T )〉|Gt] . (3.12)

Following the method in Elliott and Osakwe (2006),

E[e(θ·Y )t,T |Gt] =
〈

e(Q+diag(λ(θ)))(T−t)Xt, 1N

〉

. (3.13)

Note that

E[ΛT |Gt] =
e(θ·Y )tE[e(θ·Y )t,T |Gt]

E[e(θ·Y )T |X0]
(3.14)
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Hence, the result follows.

�

By the fundamental theorem of asset pricing (see Harrison and Kreps (1979), Harrison and Pliska

(1981, 1983) and Delbaen and Schachermayer (2004)), the absence of arbitrage opportunities is

“essentially” equivalent to the existence of an equivalentmartingale measure under which the

discounted stock price process is a martingale. LetS̃t := e−
∫ t

0 ruduSt, for eacht ∈ T . Here, the

martingale condition is given by considering an enlarged filtration as follows:

S̃u = Eθ[S̃t|Gu] , for any t, u ∈ T with t ≥ u , (3.15)

whereEθ[·] denotes an expectation with respect toQθ.

Proposition 3.2: Let

λ̃i(θi) := −ri + (θi + 1)µi −
1

2
(θi + 1)σ2

i +
1

2
(θi + 1)2σ2

i , i = 1, 2, . . . , N , (3.16)

and λ̃(θ) := (λ̃1(θ1), λ̃2(θ2), . . . , λ̃N(θN )).

Then, the martingale condition is satisfied if and only if

〈

e(Q+diag(λ̃(θ)))(t−u)Xu, 1N

〉

−
〈

e(Q+diag(λ(θ)))(t−u)Xu, 1N

〉

= 0 ,

(3.17)

for all Xu ∈ E and for all t, u ∈ T with t ≥ u.

Proof: By the Bayes’ rule,

Eθ[S̃t|Gu] =
E[ΛtS̃t|Gu]

Λu

= S̃u

E[e−
∫ t

u
rsdse((θ+1)·Y )t|Gu]

E[e(θ·Y )t|Gu]
(3.18)

The martingale condition is satisfied if and only if

E[e−
∫ t

u
rsdse((θ+1)·Y )t |Gu]

E[e(θ·Y )t |Gu]
= 1 (3.19)
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Note that

E[e−
∫ t

u
rsdse((θ+1)·Y )t |Gu]

= E
{

exp
[

−

∫ t

u

rsds +

∫ t

u

(θs + 1)
(

µs −
1

2
σ2

s

)

ds +
1

2

∫ t

u

(θs + 1)2σ2
sds

]
∣

∣

∣
Gu

}

= E
[

exp
(〈

λ̃(θ), J(u, t)
〉)

∣

∣

∣
Gu

]

=
〈

e(Q+diag(λ̃(θ)))(t−u)Xu, 1N

〉

, (3.20)

and that

E[e(θ·Y )t|Gu] =
〈

e(Q+diag(λ(θ)))(t−u)Xu, 1N

〉

. (3.21)

Hence, the result follows:

�

From Proposition 3.2, the risk-neutral Esscher parameters(θ1, θ2, . . . , θN) satisfy the following

system ofN equations

〈

e(Q+diag(λ̃(θ)))T ei, 1N

〉

−
〈

e(Q+diag(λ(θ)))T ei, 1N

〉

= 0 ,

i = 1, 2, . . . , N . (3.22)

Note that for a(N × N) matrix M ,

exp(M) =
∞

∑

n=0

Mn

n!
, (3.23)

whereM0 = I (i.e. a (N × N) identity matrix) and0! = 1 by convention.

In practice, to solve the above system ofN equations, we need to adopt a finite number of terms

in the series expansion toexp(M) to approximateexp(M). We shall illustrate this and highlight

some features of the solutions to the system ofN equations through the following example in
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which we consider the case that there are two regimes and thatexp(M) is approximated by the

following second-order approximation:

exp(M) ≈ I + M +
1

2!
M2 . (3.24)

Example 3.3: First, we suppose thatq11 = −q12 = −η and thatq21 = −q22 = η. In this case,

we need to solve the following pair of equations:

〈

e(Q+diag(λ̃(θ)))T e1, 12

〉

−
〈

e(Q+diag(λ(θ)))T e1, 12

〉

= 0 ,

〈

e(Q+diag(λ̃(θ)))T e2, 12

〉

−
〈

e(Q+diag(λ(θ)))T e2, 12

〉

= 0 . (3.25)

We need to evaluate
〈

e(Q+diag(λ̃(θ)))T ei, 12

〉

and
〈

e(Q+diag(λ(θ)))T ei, 12

〉

, for eachi = 1, 2. By

employing the approximation in (3.24),

〈

e(Q+diag(λ̃(θ)))T e1, 12

〉

≈ 1 + λ̃1(θ1)T +
1

2

[

λ̃1(θ1)
2 − λ̃1(θ1)η + λ̃2(θ2)η

]

T 2 . (3.26)

Then,

〈

e(Q+diag(λ̃(θ)))T e1, 12

〉

−
〈

e(Q+diag(λ(θ)))T e1, 12

〉

≈ A1θ
3
1 + A2θ

2
1 + A3θ1 + A4 + A5θ2 , (3.27)

where

A1 =
1

2
σ4

1T
2 ,

A2 =
1

2
(3µ1 − r1)T

2σ2
1

A3 = σ2
1

(

T −
1

2
ηT 2

)

+
1

2
(µ1 − r1)(σ

2
1 + 2µ1)T

2

A4 =
1

2
(µ1 − r1)T

2 + (µ1 − r1)
(

T −
1

2
ηT 2

)

+
1

2
(µ2 − r2)ηT 2

A5 =
1

2
σ2

2ηT 2 .
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Similarly,

〈

e(Q+diag(λ̃(θ)))T e2, 12

〉

−
〈

e(Q+diag(λ(θ)))T e2, 12

〉

≈ B1θ
3
2 + B2θ

2
2 + B3θ2 + B4 + B5θ1 , (3.28)

where

B1 =
1

2
σ4

2T
2 ,

B2 =
1

2
(3µ2 − r2)T

2σ2
2

B3 = σ2
2

(

T −
1

2
ηT 2

)

+
1

2
(µ2 − r2)(σ

2
2 + 2µ2)T

2

B4 =
1

2
(µ2 − r2)T

2 + (µ2 − r2)
(

T −
1

2
ηT 2

)

+
1

2
(µ1 − r1)ηT 2

B5 =
1

2
σ2

1ηT 2 .

Hence, the pair of equations (3.25) can be approximated by the following pair of equations

A1θ
3
1 + A2θ

2
1 + A3θ1 + A4 + A5θ2 = 0 ,

B1θ
3
1 + B2θ

2
2 + B3θ2 + B4 + B5θ1 = 0 . (3.29)

In general, there are more than one set of the risk-neutral Esscher parameters(θ1, θ2) ∈ ℜ2

satisfying a pair of cubic polynomials with two variables (3.29). The number of pairs of solutions

of (3.29) depends on the values of the coefficientsAi, Bi (i = 1, 2, 3, 4, 5).

�

Example 3.4: Consider the rate matrix in Example 3.3. However, we adopt the following first-

order approximation toexp(M). That is,

exp(M) ≈ I + M . (3.30)
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In this case, fori = 1, 2,

〈

e(Q+diag(λ̃(θ)))T ei, 12

〉

≈ 1 + θ̃i(θi)T . (3.31)

Then, fori = 1, 2,

〈

e(Q+diag(λ̃(θ)))T e1, 12

〉

−
〈

e(Q+diag(λ(θ)))T e1, 12

〉

≈ (λ̃i(θi) − λi(θi))T

= (µi − ri + σ2
i θi)T . (3.32)

Hence, the pair of equations (3.25) can then be approximatedby the following pair of equations:

µi − ri + σ2
i θi = 0 , i = 1, 2 . (3.33)

This implies that

θi =
ri − µi

σ2
i

. (3.34)

This coincides with the pair of the risk-neutral Esscher parameters in Elliott, Chan and Siu

(2005) in which the regime-switching risk is not priced.

�

Note that in general, there are more than one(θ1, θ2, . . . , θN) satisfying equation (3.22). In

the second stage of our pricing method, we select a set of risk-neutral Esscher parameter

(θ1, θ2, . . . , θN ) satisfying the martingale restrictions (3.22) that minimizes the maximum entropy

between an equivalent martingale measure and the real-world probability measure over different

states. First, we define the entropy betweenQθ andP conditional onX0 ∈ E as follows:

I(Qθ,P|X0) := E
[dQθ

dP
ln

(dQθ

dP

)
∣

∣

∣
X0

]

=
E[(θ · Y )T e(θ·Y )T |X0]

E[e(θ·Y )T |X0]
− ln E[e(θ·Y )T |X0] . (3.35)
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Note that

λ(zθi) := zθiµi −
1

2
zθiσ

2
i +

1

2
z2θ2

i σ
2
i . (3.36)

The derivative ofλ(zθi) with respect toz is:

λz(zθi) = θiµi −
1

2
θiσ

2
i + zθ2

i σ
2
i . (3.37)

Whenz = 1,

λz(θi) = θiµi −
1

2
θiσ

2
i + θ2

i σ
2
i . (3.38)

Consider a functionMX0(z) on z defined as below:

MX0(z) := E[ez(θ·Y )T |X0]

=
〈

e(Q+diag(λ(zθ)))T X0, 1N

〉

. (3.39)

Then, the derivative ofMX0(z) with respect toz is:

MX0
z (z) =

〈

e(Q+diag(λz(zθ)))T X0, 1N

〉

. (3.40)

Whenz = 1,

MX0
z (1) =

〈

e(Q+diag(λz(θ)))T X0, 1N

〉

. (3.41)

Hence,

E[(θ · Y )T e(θ·Y )T |X0] = MX0
z (1)

=
〈

e(Q+diag(λz (θ)))T X0, 1N

〉

. (3.42)

This implies that

I(Qθ,P|X0) := E
[dQθ

dP
ln

(dQθ

dP

)
∣

∣

∣
X0

]

=

〈

e(Q+diag(λz(θ)))T X0, 1N

〉

〈e(Q+diag(λ(θ)))T X0, 1N〉
− ln

〈

e(Q+diag(λ(θ)))T X0, 1N

〉

.

(3.43)
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Define

Θ := {θ ∈ ℜN |θ satisfies (3.22)} .

Let I(Qθ,P) denote the maximum entropy betweenQθ andP over different values ofX0. That

is,

I(Qθ,P) := max
i=1,2,...,N

I(Qθ,P|X0 = ei) . (3.44)

Then, we select a set of the risk-neutral Esscher parametersθ := (θ1, θ2, . . . , θN) ∈ Θ such that

I(Qθ,P) is minimized.

Note that the elements inΘ are determined by approximatingexp(M) with a polynomial with a

finite order. For example, a second-order polynomial is usedto approximateexp(M) in Example

3.3. In this case,Θ contains a finite number of elements, sayΘ := (θ(1), θ(2), . . . , θ(N)). Then,

the risk-neutral Esscher parameter can be determined by solving the following minimization

problem:

min
j=1,2,...,N

I(Qθ(j) ,P) . (3.45)

The maximum entropyI(Qθ,P) also involves the termexp(M). To evaluateI(Qθ,P), we can

also approximateexp(M) by a polynomial with a finite order. In order to be consistent,the

order of polynomial for approximatingexp(M) in the evaluation ofI(Qθ,P) can be chosen to

be the same as that in solving the martingale condition.

Now, we consider a European option with payoffV (ST ) at maturityT . GivenGt, the conditional

price of the option is:

Vt := Eθ
[

exp
(

−

∫ T

t

rudu
)

V (ST )
∣

∣

∣
Gt

]

. (3.46)
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Note that(S, X) is a two-dimensional Markov process with respect toG. Then, givenSt = s

andXt = x, the price of the option at timet is:

V (t, s, x) = Eθ
[

exp
(

−

∫ T

t

rudu
)

V (ST )
∣

∣

∣
St = s, Xt = x

]

. (3.47)

The price can be computed by Monte Carlo simulation. We shalldiscuss this in some detail in

the next section.

§4. Numerical Experiments

In this section, we shall conduct numerical experiments to illustrate the effect of pricing regime-

switching risk. We shall consider two models, namely, ModelI and Model II. Model I refers

to the pricing model in which the regime-switching risk is priced. We assume that in Model I,

the termexp(M) is approximated by the second-order approximation in (3.24) as in Example

3.3. Model II refers to the pricing model in which the regime-switching risk is not priced. We

can see from Example 3.4 that this corresponds to the case that exp(M) is approximated by a

first-order approximation in (3.30). We shall compare the prices of standard European-style call

options obtained from Model I and those from Model II. The option prices from Model I and

Model II are computed by Monte Carlo simulation and the simulation procedure is described in

the sequel.

Suppose we wish to evaluate the price of a standard European call option at the current time

t = 0 with maturity T and strike priceK. First, we note that the call optionC(0, S0, X0) can

be evaluated as follows:

C(0, X0, S0) = Eθ
[

exp
(

−

∫ t

0

rudu
)

(ST − K)+
∣

∣

∣
S0, X0

]

= E
[dQθ

dP
exp

(

−

∫ t

0

rudu
)

(ST − K)+
∣

∣

∣
S0, X0

]

=
E[e(θ·Y )T e−

∫ T

0
rudu(ST − K)+|S0, X0]

E[e(θ·Y )T |X0]
. (4.1)
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The key idea of the simulation procedure is to first approximateE[e(θ·Y )T e−
∫ T

0
rudu(ST−K)+|S0, X0]

andE[e(θ·Y )T |X0 = x] separately by Monte Carlo simulation and then use the ratiosof the two

approximations to approximateC(0, X0, S0).

Since the Markov chainX and the log return processY are continuous-time processes, we

need to consider their discrete versions for the simulation. We divide the time horizon[0, T ] into

N subintervals[tj , tj+1] (j = 0, 1, . . . , J − 1) of equal length∆ = T
J

, wheret0 = 0 and tJ = T .

For the discrete-time version of the Markov chainX, we suppose that the transition probability

matrix in a subinterval isI+Q∆ givenX0. Given the simulated path ofX, the sample paths of

the processes{µtj}
J
j=1, {σtj}

J
j=1, {θtj}

J
j=1 and{rtj}

J
j=1 are identified. Then, we adopt the Euler

foward discretization scheme to discrete the processY as follows:

Ytj+1
= Ytj +

(

µtj −
1

2
σ2

tj

)

∆ + σtj ξtj+1
, (4.2)

where{ξtj+1
}j=0,1,...,J−1 and ξtj+1

∼ N(0, ∆).

Given {Xtj}
J
j=1 andY0 = 0, we then sample{Ytj}

J
j=1 using (4.2) recursively.

The simulation procedure is summarized as follows:

Step I: For eachl = 1, 2, . . . , L, simulate the discrete-time version of the Markov chainX and

obtain{X(l)
tj
}J

j=1

Step II: Given {X
(l)
tj
}J

j=1, identify the sample paths of the processes{µ
(l)
tj
}J

j=1, {σ
(l)
tj
}J

j=1,

{θ
(l)
tj
}J

j=1 and{r(l)
tj
}J

j=1, for eachl = 1, 2, . . . , L

Step III: For eachl = 1, 2, . . . , L, simulate the discrete-time version of the log return process

Y and obtain{Y (l)
tj

}J
j=1

Step IV: Approximate the call price by:

C(0, S0, X0) ≈

∑L

l=1 e
∑J

j=1 θ
(l)
tj

(Y
(l)
tj

−Y
(l)
tj−1

)
e
−

∑J
j=1 r

(l)
tj (S0e

Y
(l)
T − K)+

∑L

l=1 e
∑J

j=1 θ
(l)
tj

(Y
(l)
tj

−Y
(l)
tj−1

)
. (4.3)
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Note that the above simulation procedure is applicable for both Model I and Model II. The main

difference between Model I and Model II is on the set of risk-neutral Esscher parameters.

Now, we shall consider some specimen values for the parameters in both Model I and Model

II. Here, we suppose that there are two states in the economy(N = 2). State 1 represents a

“Good” economy while State 2 represents a “Bad” economy. Thetransition probabilities of the

two-state Markov chain areq11 = −q12 = −η and q21 = −q22 = η. Then, we suppose that the

model parameters are given by:

r1 = 0.05 ;

r2 = 0.01 ;

(µ1, σ1) = (0.35, 0.1) ;

(µ2, σ2) = (0.05, 0.2) ;

η = 0.5 .

Before presenting the pricing results, we consider an example to illustrate the implementation

of the two-stage pricing method.

Example 4.1: Consider the above specimen values of the model parameters and assume that

T = 0.5 (i.e. a half-year option). Here, we consider Model II. In this case, we obtain the

following two equations from the martingale condition:

0.0000125θ3
1 + 0.00125θ2

1 + 0.031θ1 + 0.145 + 0.000625θ2 = 0

0.0002θ3
2 + 0.0007θ2

2 + 0.0182θ2 + 0.03645 + 0.0025θ1 = 0 (4.4)

Figure 1 presents the graphs of the above system of polynomials.
[

Figures 1 about here
]
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From Figure 1, we see that there are three possible pairs of solutions. These pairs of solutions

and their corresponding maximum entropies are presented asfollows:

(θ̂1, θ̂2) I(Qθ̂,P)

(−6.03,−1.21) 1.48

(−29.64, 1.86) 3.22

(−64.29, 4.77) 0.43 (4.5)

We then pick the pair of solution(θ̂1, θ̂2) = (−64.29, 4.77) since it minimizes the maximum

entropy.

To visualize the effect of pricing regime-switching risk onthe risk-neutral Esscher parameters

over time, we plot̂θ1 and θ̂2 against time for both Model I and Model II in Figure 2.
[

Figure 2 about here
]

From Figure 2, we see that the impact of pricing regime-switching risk on the risk-neutral

Esscher parameters is significant.

�

Then, we consider the computation of the call prices. We assume thatX0 = e1, S0 = 100,

J = 100 andM = 50, 000 Figure 3 displays the plots of the call price vensus the strike price

K for different maturities.
[

Figure 3 about here
]

From Figure 3, we see that the impact of pricing regime-switching risk on the call prices is

significant. In particular, the call prices from Model I are substantially lower than those from

Model II for in-the-money options and nearly-at-the-moneyoptions when the maturities are 3

months, 6 months and 9 months. For longer maturity options (i.e. the maturity is 12 months),
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the call prices from Model I are higher than those from Model II for different values of the

strike price.

Figure 4 presents the plot of the call price against the time to maturity.
[

Figure 4 about here
]

From Figure 4, we see that the effect of pricing regime-switching risk on the qualitative

behavior of the call price against the maturity is significant for in-the-money options and at-the-

money options.

Figure 5 displays the three-dimensional plot of the call price against the strike price and the

time to maturity.
[

Figure 5 about here
]

§4. Conclusion

We developed a two-stage pricing model for valuing an optionwhen the price dynamics

of the underlying asset is governed by a Markov-modulated geometric Brownian motion. The

key feature of the model is that we are able to price both the diffusion risk and the regime-

switching risk. The two-stage procedure involves the use ofthe Esscher transform to determine

the martingale condition in the first stage and a min-max entropy problem in the second state.

We conducted numerical experiments to investigate the effect of pricing regime-switching risk.

We found that the impact of pricing regime-switching risk onthe option prices is significant.
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Figure 2
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Figure 3: Call price vs Strike Price
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Figure 4: Call price vs Time to Maturity
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Figure 5: Call price
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